MAT 21C: PRACTICE PROBLEMS LECTURE 11

PROFESSOR CASALS (SECTIONS B01-08)

ABSTRACT. Practice problems for the eleventh lecture of Part II, delivered May 31
2023. Solutions will be posted within 48h of these problems being posted.

Problem 1. Evaluate the following functions f(x,y) at the indicated points (z,y).

(a) Evaluate f(x,y) = ™ cos(x + y) at (0,0), (w,0), (0,7) and (m, 7).
We can evaluate the function by plugging in the xz and y values into f(x,y) as
follows. First, we find that f(0,0) is

f(0,0) =e"Pcos(0+0)=1-1=1.
Then, we find that f(7,0) is
f(r,0)=e"%cos(m+0)=1--1=—1.
Then, we find that f(0,7) is
f0,m) =e""cos(0+7)=1-—1=—1.
Finally, we find that f(m, ) is

flr, ) =e""cos(m+7) =€ cos(2m) =€ -1 =¢".

(b) Evaluate f(z,y) = 2%y — z + 3y* + 4 at (0,0), (1,0), (0,1) and (1,1).
We can evaluate the function by plugging in the z and y values into f(x,y) as
follows. First, we find that f(0,0) is

f(0,00=0°-0-0+3-0*+4=4.
Then, we find that f(1,0) is
f(1,0)=1*-0-1+3-0°+4=—-1+4=3.
Then, we find that f(0,1) is
f(0,1)=0"1-0+3-1>+4=3+4=T.
Finally, we find that f(1,1) is
f(L,)=1"1-1+4+3-1°+4=1-1+3+4="T.

(¢) Evaluate f(z,y) = /z +y + sin(rzy) at (0,0), (1,0), (0,1) and (1, 1).
We can evaluate the function by plugging in the x and y values into f(z,y) as
follows. First, we find that f(0,0) is

£(0,0) = /0 +0+sin(r-0-0) = V0 = 0.
Then, we find that f(1,0) is

f(1,0) = /1 +0+sin(r-1-0)=+v1+0+0=1.
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Then, we find that f(0,1) is

f(0,1) =0+ 1+sin(r-0-1)=v/0+1+0=1.

Finally, we find that f(1,1) is

f1,1) =1+ 1+sin(r-1-1) = /2 +sin(xr) =v2+0=V2.

Problem 2. For each of the following functions f(z,y), compute the two partial
derivatives 0, f and 0, f.

(a) f(z,y) = e™cos(z +y).
We compute the partial derivative 0, f by treating y as a constant. Thus, we
find that, using the product rule,

O.f = e™y(cos(x +y)) + —sin(z + y)e™ = ™ (y cos(x + y) — sin(z + y)) .

Similarly, to compute the partial derivative 0,f, we treat x as a constant.
Hence, via the product rule, we get

Oy f = e™rcos(z +y) + —sin(x + y)e™ = ™ (xcos(x + y) — sin(z + y)) .

(b) f(z,y) = 2%y —x + 3y* + 4.
We compute the partial derivative 0, f by treating y as a constant. Thus, we
find that

O f =22y —1+0=2zy — 1.

Similarly, to compute the partial derivative J,f, we treat x as a constant.
Hence, we get

Oyf = 2% — 0+ 6y = z° — 6y.

(¢) f(z,y) = o +y+sin(rzy).
We compute the partial derivative 0, f by treating y as a constant. Thus, using
the chain rule, we find that

1 + 7wy cos(mzy)
2¢/x + y + sin(mzy) '

o.f = % (x+y+ sin(mcy))fl/2 (1 + 0+ cos(may)(my)) =

Similarly, to compute the partial derivative J,f, we treat z as a constant.
Hence, via the chain rule, we get

1 + 7z cos(mxy)

—lx in(ray)) Y2 mxy)(mxr)) =
00 = 5 oty sinfaa) (04 1 coslmay) () = - R

(d) f(il', y) - 33'7 ln(y3 COS(;UQ)) — enyQ \/g
We compute the partial derivative 0, f by treating y as a constant. Thus, using
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the chain rule and the product rule, we find that
1 : .9 2
———(y* - —sin(2?) - 22) — ™V g2
S co(2?) (y (z°) - 2z) Y VY
,I'? ) (—21’3]3 sin(xQ)) xy?, 5/2

= T2’ In(y” cos(z)) + y3 cos(z?) o

O.f = T2°In(y®cos(z?)) + 2"

228y sin(x?) 2

6 3 2 _ emy?5/2
= 72" In(y’ cos(z?)) + 7 cos(2?) v

— 7251In(y® cos(2?)) + 22° tan(2?) — ey,

Similarly, to compute the partial derivative 0,f, we treat x as a constant.
Hence, via the chain rule and the product rule, we get

1 2 2
o 7 2 2 T T
3yf = l’m(gy COS(%))—ey'I'2y'\/§—€y'm
2.7
_ 3y x - ewyg . 2151/3/2 . ewyg . L

y? 2\/Y
7
Yy

i)
Problem 3. For each of the following functions f(x,y), evaluate the partial derivatives

0. f at the indicated points.

(a) For f(z,y) = ™ cos(z + y), evaluate 0, f at (z,y) = (0,0).
We found 0, f in the previous problem, which was

axf =" (y COS(«T + y) — Sin(x + y)) .
Then, we can evaluate this at (0,0) and we find that
al‘f|(x,y):(0’0) = 60'0 (O COS(O + O) — S]n(o -+ O)) =1- 0 — 0

(b) For f(z,y) = 2*y — x + 3y? + 4, evaluate 9,.f at (x,y) = (5,1).
We found 0, f in the previous problem, which was

Opf =22y — 1.
Then, we can evaluate this at (5,1) and we find that
axf‘(%y):(&l) = 2 5 . 1 _ 1 — 10 . 1 _ 9

(¢) For f(z,y) = /z +y + sin(rzy), evaluate 0, f at (z,y) = (2,0).
We found 0, f in the previous problem, which was

1 + my cos(mzy)
2/ +y + sin(ray)
Then, we can evaluate this at (2,0) and we find that
1+7-0cos(m-2-0) 1+0 1

uf =

Oy 5T AN :
f}(x’y):(Q’O) 2\/2‘1‘0‘1‘8111(7('2‘0) 2 2+O+0 \/§
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(d) For f(z,y) = 2" In(y® cos(2?)) — e*¥" /g, evaluate 0, f at (z,y) = (, 1).
We found 0, f in the previous problem, which was
O f = 72%In(y® cos(z?)) + 22° tan(z?) — ™ y/2.
Then, we can evaluate this at (7, 1) and we find that
0ul ey = T(m) (L cos(()?)) + 2(m) tan((m)?) — e1* 157
= 7r°In(cos(7?)) + 278 tan(7?) — €”.

Problem 4. For each of the following functions f(x,y), show that (z,y) = (0,0) is
the only critical point:

(a) f(z,y) =2® +y°.
To find a critical point of a function, we have to show that d,f and J,f are
both 0 at this critical point. Thus, we first need to compute both of the partial
derivatives. The partial derivative with respect to x is

O, f =2x
and the partial derivative with respect to y is
o, f =2y.
We see that
0.f =0if and only if z =0
and

0y f = 0 if and only if y = 0.
Thus, the only critical point is (z,y) = (0,0).
(b) f(z,y) =2* —y*
Similarly to the last question, need to first compute both of the partial deriva-
tives. The partial derivative with respect to x is

O.f =2x
and the partial derivative with respect to y is
Oy = —2y.
We see that
0.f =0if and only if z =0
and

0y f = 0 if and only if y = 0.
Thus, the only critical point is (z,y) = (0,0).
(c) f(z,y) = —2* -y
Similarly to the previous questions, need to first compute both of the partial
derivatives. The partial derivative with respect to z is

O.f = —2x
and the partial derivative with respect to y is
Oy f = —2y.

We see that
0.f =0if and only if z =0
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and
0y f = 0 if and only if y = 0.
Thus, the only critical point is (z,y) = (0,0).

Problem 5. For each of the following functions f(z,y), find all the critical points:
(a) f(z,y) = (z—=5)* = (y+7)*+5.

To find a critical point of a function, we have to show that J,f and J,f are
both 0 at the critical points. Thus, we first need to compute both of the partial
derivatives. The partial derivative with respect to x is

Oof =2(x —5)
and the partial derivative with respect to y is
Oyf =2(y—1).
We see that
0.f =0if and only if z =5
and

O,f =0if and only if y = 7.
Thus, the only critical point is (z,y) = (5,7).
(b) flw,y) ="
To find a critical point of a function, we have to show that d,f and J,f are
both 0 at the critical points. Thus, we first need to compute both of the partial
derivatives. The partial derivative with respect to = is

o.f = eV _op
and the partial derivative with respect to y is
Oyf = e —2y.
Since exponentials will never be 0 for finite values of x and y, we then see that
O,f =0if and only if z =0

and
0, f = 0 if and only if y = 0.
Thus, the only critical point is (z,y) = (0,0).
(c) f(z,y) =223 + 62y — 3y> — 150z.
To find a critical point of a function, we have to show that d,f and 9, f are
both 0 at the critical points. Thus, we first need to compute both of the partial
derivatives. The partial derivative with respect to z is

O f = 622 + 63% — 150
and the partial derivative with respect to y is
O, f = 122y — 9>
We can then set both of these equal to 0. First we consider that
Oy f =122y — 9y* = 0 if and only if y(122 — 9y) = 0,
so then we find that the partial derivative with respect to y is zero only if

y=0ory=4/3z.
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We then consider that
O f = 622 + 6y* — 150 = 0 if and only if 2 4 y* = 25.

We then consider the two cases from the d, case and plug them in:
So if y = 0, then 22 = 25, so x = £5.
If y = 4/3x, then

2* + (4/32) = 25

(1+16/9)2* = 25

25/927% = 25
2 = 9
r = =3

Then, we can find that since y = 4/3x, then y = (4/3)(£3) = +4.
From this we can conclude we have 4 critical points. If y = 0, then x = +5,
and if = £3, then y = +4. Thus, we get the following critical points:

(37’ y) = (57 0)7 (_57 0)7 (3a 4)a (_37 _4)'

(d) flz,y) =2 +y' — day.
To find a critical point of a function, we have to show that J,f and 0, f are
both 0 at the critical points. Thus, we first need to compute both of the partial
derivatives. The partial derivative with respect to z is

O, f =42 — 4y
and the partial derivative with respect to y is

O,f = 4y* — 4x.
We can then set both of these equal to 0. First we consider that

O, f = 4a® — 4y = 0 if and only if 2% =y,
so then we find that the partial derivative with respect to x is zero only if
y=x".

We then consider that

O,f = 4y* — 4z = 0 if and only if y* = =.

We then consider the results from the 0, f case and we know that since y = 22,

then

r = X.

The only three cases where 2° = 2 is when = 0,41. Thus, we find that if
2 =0,theny = 0> =0. If z =1, then y = 13 = 1, and if x = —1, then
y = (—1)> = —1. Thus, we have the following three critical points:

(x7y) = (070)’ (17 1)7 (_17 _1)'
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(e) fla,y) = e v =mh5,
To find a critical point of a function, we have to show that d,f and J,f are
both 0 at the critical points. Thus, we first need to compute both of the partial
derivatives. The partial derivative with respect to x is
Opf = eV (1 - 2?)
and the partial derivative with respect to y is
0,f = r =3~y

We can then set both of these equal to 0. Since exponentials will never be 0
for finite values of x and y, we then see that we can divide out the exponential.
First we consider that

Opf = " V=" /3(1 — 22) = 0 if and only if 1 — 2 =0,
so then we find that the partial derivative with respect to z is zero only if
z?=1or z = =+1.
We then consider that
oy f = eV =% /3(_9y) = 0 if and only if — 2y = 0.

Thus, we see that y = 0. We can combine these results to find that we have
the following two critical points:

(.T,y) = (170)7 <_170>'

(f) f(z,y) =2+ 3y — 17.
To find a critical point of a function, we have to show that J,f and 0, f are
both 0 at the critical points. Thus, we first need to compute both of the partial
derivatives. The partial derivative with respect to z is

o.f=1
and the partial derivative with respect to y is
Oy f = 3.

We can see that these partial derivatives can never be 0 anywhere, so there are
no critical points.

Hint: The first two functions in (a), (b) have each only one critical point. The one in
(¢) has four critical points, the one in (d) has three and the one in (e) has two critical
points. Finally, the function in (f) has none.



