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1. (25 points) Let V = R3 and consider the vectors
v =(3,2,0), we=1(1,1,1), w3=(6,-5,1), wvy=(1,0,0).

Define the subspaces Uy := span(vy, va,v3), Us = span(vy, v2) and Us = span(vs, vy).

(a) (10 points) Show that V = U;.

Solution. Since U; C V, it suffices to show V' C U;. Equivalently, that {vq, vy, v}
span V' (and so they are a basis). It is clear that v; and v, are linearly independent,
as they are not a multiple of each other. Let us show that vs & span(vy, vs).

By contradiction, if v3 € span(vy,ve) then Jaj,as € R such that v = ajv; + agvs.
Since the third component of vy is zero, this forces a; = 1. But then we must have
U3 = 101 + agv9, which is

(3ay,2a,,0) + (1,1,1) = (6,—5,1).

There is no a; solving this equality, since we would have 3a;+1 = 6 and 2a;+1 = —5,
a contraction. Therefore vs & span(vy, vs).

(b) (5 points) Show that V' = U, + Us.

Solution. By Part (a), V = Uj. Since U; C U,y + Uz, we must have V' C U, + Us.
Conversely, since Uy, Uz C V| their sum is also a subspace Uy + U3 C V. This
concludes V' = U, + Us.
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(c) (5 points) Prove or disprove whether V' = Uy @ Us.

Solution. It is not true that V = U, @ Us. Since U; = U, @ span(vs) equals V', vy
must be a linear combination of vy, v9,v3. Given that v, is not linearly dependent
with vs, it must be that Uy N Us # {0}. (This intersection is in fact a line, 1-
dimensional.) So V' it is not a direct sum of U, and Us.

(d) (5 points) Find two vectors wy, ws € V such that V' = span(vy, wy, ws).

Solution. There are (infinitely) many choices. For instance, we can take w; =
(0,1,0) and wy = (0,0, 1), the coordinate basis.
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2. (25 points) Consider the vector space V' = R[z] and the vectors
pi(r) =1—22 +32°, po(x) =2 +2°, ps3(z)=1—41 —2° — 42® + 32°.

(a) (10 points) Show that the subset U = {p(x) € R|x] : p(2) = 0} is a vector subspace.

Solution. For any polynomial p(z) = ag + a1z + . .. + a,x", the equation p(2) =0
is
ap+ 2a; + ...+ 2", =0,

which is a linear equation on the variables aq, ..., a,. Therefore U is the solution
set of a linear homogeneous equation, so it is a vector subspace.

Alternatively, one can check closed under sums and scalar multiplication. For in-
stance, for closed under sums, take p,q € U so that p(2) = 0 and ¢(2) = 0. We
want to show that p + ¢ € U. This is true because (p + q)(2) = p(2) + p(q) = 0.

(b) (5 points) Prove that ps(x) € span(p;(z), pa(z)).

Solution. We have the equality p3 = p; — 4ps, so ps3(x) € span(p;(z), p2(x)).
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(c) (5 points) Show that the intersection

span(pi (), p2(x), ps(z)) NU # {0}

contains at least a non-zero polynomial.

Solution. We need a polynomial in U, i.e. that has a root equal to 2, and
that it is a linear combination of pi,pe,ps. Since Part (b) implies that ps(z) €
span(pi(x), pa(x)), it suffices to look for linear combinations of p; and p,. We want
a1, as € R such that a;p; + asps has 2 as a root. This is the equation

a1p1(2) + azpa(2) = 0.
We can expand this to
ap(1—224+3-2%) +ay(2+2%) =0, ie.

93a; + 10ay = 0.

Choose any ay,as with as = —9.3a1, e.g. a1 = 10 and ay = —93. Then we have
10p; — 93p, € U and, by construction, also in span(py, p2).

(d) (5 points) For each n, find a subspace W,, C U such that dim(W¥,,) = n.

Solution. Let v; = (z — 2)? for j € N and choose W,, = span(vy, ..., v,).
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3. (25 points) Consider the function f : R® — R? given by
flxy, z9,x3) = (1 + 29,371 — T2 + 213).
(a) (10 points) Show that the subset
Up:={veV:fv)=0}

is a vector subspace.

Solution. Since f is a linear function,
f(Ul + 7)2) = f(Ul) + f(Ug) = 0, \V/Uh Vo € Uf,

fla-v)=a- f(v;) =0, Yo €Uy

Therefore Uy C V is a subspace, as it is closed under sum and scalar multiplication.

(b) (5 points) Is the subset
{veV: fv)=1}

a vector subspace? (Justify your answer.)

Solution. No. For instance, it does not contain a zero vector. It is also not closed
under sums, nor closed under scalar multiplication.
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(¢) (5 points) Consider the vector w = (1,—1,—2) € R3. Show that w € Uy.

Solution. We need to evaluate f(w), where f(z1, 22, 23) = (x1+ 22, 311 — 22 + 2x3)
and w = (1, —1, —2). We have

fw) = (14 (=1),3-1=(=1)+2-(=2)) = (0,0),

and so w € Uy.

(d) (5 points) Show that Uy = span(w).

Solution. By Part (c), span(w) C Uy because w € Uy. It suffices to show Uy C
span(w). Suppose that v € Uy is given by v = (21,22, 23). Then f(v) = 0 are the
equations

1’1+[E2:0, 35(]1—1‘2+2I3=0.

The first equation implies zo = —x; and the second 4z, + 2x3 = 0, so that x3 =
—2x1. This implies that v = a; - w where a; = 77, and thus v € span(w). This
proves Uy C span(w) and thus we conclude Uy = span(w).
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4. (25 points) Consider the vector space V = R® and the subspaces

Up := {(x1, 29, 23,14, 25) €V : 21 — 29 + 324 — 625 = 0},

U2 = Span(vh Vo, 03)7

where v; = (1,0,—1,0,1), v, = (4,1,0,1,1) and v3 = (0,0, 1, 1,0).

(a)

(10 points) Show that {vy, vy + g?)g,} is a basis for the subspace Uy NU; C V.

Solution. We need to argue that {vq, vy + gvg} are linearly independent first. This
is clear, as v, is not a multiple of vy + g'Ug. Now we need to show span(vy, v+ g?}g) =

U NUs.

For the inclusion span(ve, vy + gvg) C Uy N Uy, we just check directly that vy, € Uy
and v; + gvg € U;. For instance, vy € U; because 4 —1+3-1—-6-1=0.

For the inclusion U; N Uy C span(vq, vy + §U3). Note that vy,v3 € Uy and vy € Uy.
Since U; is 4-dimensional and span(vq,vs) is 2-dimensional, vi,v3 ¢ U; implies
that the intersection U; N span(vy,vs) is 1-dimensional. Therefore U; N Uy is 2-
dimensional, with a possible basis given by vy and any non-zero vector of U; N
span(vy, vs). Since v; + 2vs is in the intersection, it must be that {vs, v + 2vs} is
a basis.

(5 points) Find a basis for the subspace U; C V.

Solution. By Part (a), we already have 2 linearly independent vectors in U;. Since
U, is 4-dimensional, it suffices to give 2 additional vectors wy,wy C U; so that
{vg, v1 + gvg, wy,wy} are a basis of U;. Take for instance

wy = (17 1707070)7 Wo = (073707 170>7

both of which are in U;. A computation shows that w; € span(vq, vy + %vg) and
wy & span(vy, vq + §v3, wy). Therefore {vy, v1 + g’Ug, wy, ws} are a basis.
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(c) (5 points) Show that V' = U; @ span(vy).

Solution. Since U, is 4-dimensional’, any vector v € V not in U, satisfies V =
Uy + span(v). Since v ¢ Uy, this is in fact always a direct sum V' = U; @ span(v).
Therefore, it suffices to argue that v; € U;. This is indeed the case, as

1—-04+3-0—6-1+£0,

so vy & Uy.

(d) (5 points) Prove that V' # U; @ span(vy). Is it true that V' = U; @ span(vs)?

Solution. Since vy € Uy, Uy Nspan(vg) = U; # {0} and the sum cannot be a direct
sum. Since vy € Uy, the same argument as in Part (c¢) shows that V' = U; @span(vs).

Tt is cut out by one non-zero equation in 5-variables.



