Math 16A Short Calculus, section 2
Practice Final Exam Answers

. Continuity

For each of the following functions, state the domain and the
interval(s) on which the function is continuous.

(a) y=a2*+4

Domain: (—oo,00)

Continuous on: (—o00,00)

(b)y ===

x2—4

Domain: (—o0,—2) U (—2,2) U (2,00)
Continuous on: (—oo, —2) U (—2,2) U (2, 00)

(c) y =2|z]

Domain: (—oo, 00)

Continuous on: [z, z + 1) for all integers x

(d) y =4cos(d) +1

Domain: (—oo, 00)
Continuous on: (—o0, 00)

No discontinuities



2. Slope and Derivative

(a) Find an equation of the line tangent to f(z) = z* + 1 with
slope —2.

We have f’(z) = 2z, so slope —2 occurs when —2 = f'(z) = 20 = z = —1.
When z = —1, f(—1) = 2. The tangent line is:

(y—2)=(-2)(z+1) = y=—2x.

(b) Use the limit definition to find the derivative of the following
functions.

L f(zr)=a*—1

. flz+ Az) — f(z)
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3. Rates of Change

(a) The profit P from selling = units of a product is given by

1.

11.

81
P=15+ 12y — —.
X

Find the average rate of change of P on the interval [1,9].

Atz=1P=15+12—-81=-54. At =9, P=15+36—-9 = 42. The
average rate of change is:

12— (-
42— (=54 96 _
9—1 8

Find a formula for the marginal profit. What is the marginal
profit for x = 97

Marginal profit is just P’
1 6 81
P =0+12(=—=)-81((-1)z7%) = —= + —.
0+ 12(572) ~ 81D = -+ 5

Atz=9 P9 =5+5=2+1=3

(b) A sphere of radius 3 has its radius changing at a rate of 4
inches per second. How quickly is the volume of the sphere
changing?

We have: r = 3, % =4.
We want: Cil—‘t/
We know: V = %mﬁ

By related rates, we have

v _
dt

dr
2
Tre—,
dt

so at r = 3,

v o
—r = A4n(3)°(4) = 1447,



4. Rules of Differentiation (40 points)

(a) For each of the following functions, find the derivative. (30
points; 10 points each)

i f(z) = 2\/\/5;1

fila) =

i g(t)=t*+3t> =5

q'(t) = 3t* + 6t°.

iii. h(z) = 24

(x+2)(2) — 2z +1)(1) 3
(x 4 2)? (x4 2%

h'(x) =

(b) At which values for x does the graph of y = —x* + 92 have a
horizontal tangent line? (10 points)

The slope of the tangent line to the graph of y = —2° — 9z is
given by the derivative,

y = =32 +09.
A horizontal line has slope 0. If ¥/ = 0 then z = 4+/3.



5. Rates of Change (30 points)

(a) The profit P from selling = units of a product is given by

81
P=30+12yz — —.
x

Find a formula for the marginal profit. What is the marginal
profit for x = 97 (10 points)

Marginal profit is just P":
1 6 81
P =0+12(=—=) —81((-1)z7?) = —=+ —.
125 = SU(-DaY) = ot
Atz =9 P9 =2+5=2+1=3
(b) Consider f(x) = (2* — x + 2)(x* + ).
i. What is the average rate of change of f(x) on the interval
0, 1]7 (10 points)

f(1) — f(0)

o = (1= 1+2)(1+1) = (0-0+2)(0+0) =4

ii. What is the instantaneous rate of change of f(x) at x = 0,
and at x = 17 (10 points)

The instantaneous rate of change is the derivative:
fllz)= (" +2) 2z - 1)+ (2*—2+2)2z+1) = 42° + 2.
Atz =0, f(e)=2,andatz =1, f'(r)=4+2=06.



6. True/False (30 points, 5 points each)
Mark each question as (T)rue or (F)alse.

a. T The derivative of y/x is always non-negative.

b. T 7 radians = 180 degrees.

c. T A derivative of a position function with respect to time is
a velocity.

d. _F To apply the Quotient Rule to f(x)/g(z), we must have

that g(z) is always positive.

F cos(m — 6) = cos.

f. F If a function is continuous at a point, then it is differen-
tiable at that point.

@



7. Derivative Tests

(a) Apply the Second-Derivative Test to find the relative extrema
of f(x) =2 — 3z* 4+ 1. Show all of your work.

f'(z) = 32® — 62

f"(x) =6x—6

Critical numbers of f:

fl(x)=0 = z=0,2

f" undefined nowhere.

By the Second-Derivative Test, f”(0) = —6 = relative maximum at x = 0;

f"(2) =6 = relative minimum at z = 2.

(b) Apply the First-Derivative Test to find the relative extrema
of g(t) = t* — 4t> — 4. Show all of your work.

g'(t) = 4t3 — 122

Critical numbers of g:
Jit)=0 = t=0,3
¢’ undefined nowhere.

Intervals | (—o0,0) (0,3) (3,00)
Signof ' | g'(-1)=— | J(H) == | g'(4) =+
Conclusion | increasing | increasing | decreasing

t = 0 is not a relative extremum, but ¢t = 3 is a relative maximum.




8. Optimization

(a) Find two positive numbers such that their product is 75, and

so that the first plus three times the second is a minimum.
We have: xy = 75

We want: minimize S = x + 3y

We know: nothing more.

ry =70 — y:L;’,soS:x%—%. Thus,

225 12— 225

2 2 )

Our feasible domain is # > 0. The critical numbers of S are:
S'=0 = x==+15;

S’ undefined = = = 0.

The only feasible critical number is x = 15, which is a minimum:

450

3

S — §"(15) = +.

The answer is: x = 15, y = 5.

(b) A rectangular page is to contain 18 square inches of print. The
margins at the top and bottom are .5 inches and on each side
are 1 inch. What dimensions minimize the amount of paper

used?
Let A := Printable Area, and let B := Page Area.
We have: A = 18

We want: minimize B
We know: A = (x-2)(y-1), B = xy

A=(z-2)y—1)=18 = y=-+1,50 B=a("5 +1) = 28 4 2. Thus,

r—2
(x —2)(18) — (18z)(1) 1= 182 —36— 18z +a* —4x+4  (z—8)(x+4)
@22 (2 B
Our feasible domain is x > 2.
The critical numbers of B are:
B =0 = x=8,—4;
B’ undefined =— z = 2.
The only feasible critical number is z = 8, which is a minimum:

B =

Intervals (2,8) (8,00)
Sign of B’ | B'(4) = == = — | B'(10) = =F = +
Conclusion decreasing increasing

When:)s:&y:%jtlzél. The answer is: 8 x 4.



9. Sketching Graphs (60 points)

Sketch the graphs of the following functions, showing all work:
state domain and range; label all asymptotes, points of discon-
tinuity, and intercepts; and show how you obtained relative ex-
trema, points of inflection.

9(z) = (z—l—l)(x 1)

by (@ =1D)(22) = (2*)(22) -2

9(37) = (1’2 ) - (x2_1)2

') = (22 —1)*(— 2)(552(—21?2@ —1)(27)
(@ —1)(-222 42482 (22— 1)(62% + 2)
) @-0" @-

Domain: (—oo, —1) U (—1,1) U (1, 00)

Horizontal Asymptote at g(z) =1 =1
Vertical Asymptotes at v = +1

Critical numbers of g:

J(x)=0 = x=0;

¢ undefined = = = +1

Critical numbers x = £1 are from asymptotes; by Second-Derivative Test (¢”(0) =
—2), z = 0 is a relative maximum.

Critical numbers of ¢’

g"(x) = 0 nowhere;

¢” undefined — x = +1.

Since there are asymptotes at x = £1, there are no points of inflection.

Range: (—o0,0] U (1, 00)

(see graphing calculator for sketch; for instance, www.coolmath.com/graphit )



6. Sketching Graphs (continued)

2

(b) f(z) = 5

f@) = 1- @+ 1)
fl(x) = 2z(z*+1)72
1 — 722

f'(x) = 2@ +1)? =822z +1)% = 2m.

Domain: (—oo, 00)

Horizontal Asymptote at f(z) =1 =1

No Vertical Asymptotes (no zeros of denominator)

Critical numbers of f:
fl(x)=0 = z=0;
f" undefined nowhere
By Second-Derivative Test (f”(0) = 2), x = 0 is a relative minimum.

Critical numbers of f’:
f//(;(}) =00 = = :l:ﬁa
f" undefined nowhere.

1

Testing concavity, we see both © = +—= are points of inflection:

%
'Intervals (—o00, — ) (% 7= (25, )
Signof /" | f'(-1)=z=—-[f"0)=3=+]f'(1)=7 =~
Conclusion for f: | concave down concave up concave down
Range: [0,1)

(see graphing calculator for sketch; for instance, www.coolmath.com/graphit )



10. True/False
Mark each question as (T)rue or (F)alse.

a. I The absolute maximum of a function on a closed interval
never occurs at the endpoints.

b. _E The derivative of sec(x) is — sec(x) tan(x).

c. T A function can only change from increasing to decreasing
at a critical number.

d. F A function cannot intersect its horizontal asymptotes.

e. T If f'(x) > 0 for all x, then f is concave upward for all z.

f. T The Product Rule states: L[f(z)g(z)] = g(xz)f'(z) +
fx)g (x).

g. T A point of inflection of f can occur only at a critical
number of f’.



11. Chain Rule (40 points)

(a) The number of bacteria in a culture after ¢ days is modeled

by
N(t) = 400 (1 - ﬁ) .

How many bacteria are there when ¢ = 17 What is the rate
of change of the bacteria population when ¢t = 1?7 (15 points)
Att =1, N(1) = 400(1 — %) = 4002 = 300.

4

The rate of change of N(¢) in general is:
N'(t) = 400((—4)(=2)(t* + 3)~3(2t)) = 6400t(t* + 3)~>.
Att=1,
N'(1) = 6400(1)(4)~* = 100.
(b) Find the equation of the tangent line to the graph of f(x) =
(9 — 2*)7 when z = 2. (15 points)
We have: ) -
f'(x) = (7 20— 23

When x =2, f(2) =1 and f/(2) = 6. Thus, the tangent line is:

)(9 - 2%) 7 (—327) =
(y—1)=6(x—2) — y =6z — 11.

(¢) Compute the derivative of f(t) = V2 +4 — Vt? —4. (10
points)
Rewriting, we have f(t) = (2 +4)2 — (2 — 4)2. Thus,

FH) = S+ ) - (- 47 1

2
t t
VE+d JE—1
( = t\/t2—4—\/t2+4
Py ave 4

).




12. Trig Functions (40 points)

(a) Show that, if y = 2= then zy’ + y = sinz. (10 points)

We have that

,  wsinwx —(5—cosz)(l) sinz 5—cosx

y = =— -
2 T 2

Thus,
, sinx D—CoST 5 —CoST .
Yy +ty==2 - + =sinz.
x x? x

(b) Find the derivatives of the following functions. (30 points; 10
points each)

i. y = xtan(bx)

y' = (tan(5z))(1)+z(sec?(52))(5) = tan(5z)+5z sec?(5z) (z oT + s(ijlgiggxc)os(m)) :

i. T =x—4csc(mx + 1)

T'=1—4(—csc(mz + 1) cot(rz + 1)) (7) = 1 + 4mwese(mz + 1) cot(rx + 1).

iii. f(t) = Vsin®t — cos?t

Since f(t) = (sin?t — cos? )2, we have:

f'it) = %(sinzt — cos? t)%l(Q(sin t)(cost) — 2(cost)(—sint))

2(sint)(cost)

Vsin? t — cos? t




13. Higher-Order Derivatives and Implicit Differentia-
tion (50 points)

(a) A ball is propelled straight upward from ground level on Earth
with an initial velocity of 80ft/s.

i. What is the height of the ball after ¢ seconds? (5 points)
The height is given by s(t) = —16t> + 80¢.

ii. When is the ball at its highest point? (15 points)

The ball is at its highest point when s’ = 0. Since
s'(t) = —32t + 80,

we have §'(t) = 0 when t = 2.5.

(b) Find 2 if sec(zy) = 5. (15 points)

Using implicit differentiation, we have:

Liseclay) = () =

sec(xy)tan(:cy)%(xy) = 0=

d
sec(:cy)tan(:cy)(ijx%) = 0=

Y

dx T

Also acceptable:
dy  arcsec(5)

dx 2



(c) What is the rate of change of ¢ with respect to y (not y with
respect to t!) if y =/t 4+ 17 (15 points)

Using implicit differentiation, we have:

d d 1
— = —(((t+1)2
L) = arnh =
- Y72 Le gy —
2 dy
dt
0itl = &
dy

Also acceptable:
dt 5
dy v



14. Related Rates (40 points)

(a) You are given that the instantaneous rate of change for x with
respect to time is 5 when x = 3. If y = 1 + 22y, what is the
corresponding value of 2?7 (15 points)

We have: % =5 2 = 3.
We want: =2.
We know: y =1+ 2zy.

dy d
AN Yl
dt il =
dy dy dx
A P AN, "k
dt Ya TVa T
dy _ G
dt 1—2x
Whensz,y:%l,so
dy _ F06) _2
d¢ -5 5

(b) The radius r of a sphere is increasing by 3 feet per minute.

i. What is the rate of change of the volume V' when r = 10
feet? (15 points)

We have: % =3, r =10.
. dv
We want: <. 3

We know: V = 4mr°

3 -

4
V = %7“3 ==
dVv 4 dr dr
— = —(3r*=) =dnrt=—-.
i 5 Brig) =4

When r = 10,
dVv
= 47(10)*(3) = 1200,



ii. What is 2¢ when V' = 3677 (10 points)

When V' = 36m, since V = 4’;{’3, we have that » = 3. Thus, by Part i,

d
d—‘t/ = 47(3)*(3) = 1087.



15. True/False (30 points, 5 points each)
Mark each question as (T)rue or (F)alse.

a. F The surface area of a sphere of radius r is %7?7“2.

b. F If f(x) is an n* degree polynomial, then f™(x) = 0.

c. T The General Power rule is an example of the Chain Rule,
applied to the Simple Power Rule.

d. F Acceleration is the second derivative of velocity.

F_We used the Chain Rule to prove that 4[sin(t)] = cos(t).

f. F csc(2t) = =2

sin(t)”

@




