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Question: Is there an algorithm to determine whether a
given knot has unknotting number one?
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Corollary 1: [C] If the answer to this question is ‘yes’,
then there is an algorithm to determine whether a hyper-
bolic knot inS2 has unknotting number one.



Theorem 1:[C] Let K and K’ be oriented knots ir§3
whereg(K) > g(K’) andK andK’ are both either hyper-
bolic or fibered. Then, up to ambient isotopy fixikg
(resp. K’), there are finite lists of oriented spanning sur-
faces{Sy,...,Sp} for K and{S’,...,S;],} for K’ with the
property that ifK andK’” are related by a single crossing
change, then soms; and someS’j are related by a single
twist.
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bolic or fibered. Then, up to ambient isotopy fixikg
(resp. K’), there are finite lists of oriented spanning sur-
faces{Sy,...,Sp} for K and{S’,...,S;],} for K’ with the
property that ifK andK’” are related by a single crossing
change, then soms; and someS’j are related by a single
twist.

Furthermore, there is an algorithm that will take diagrams
for K andK’ as input, and output such finite lists of span-
ning surfaces.

Corollary 2:[C] Ifthere is an algorithm to determine whether
two compact, oriented surfaces 8%, each with a single
boundary component, are related by a single twist, up to
ambient isotopy, then there is an algorithm to determine
whether two knots satisfying the hypotheses of Theorem 1
are related by a single crossing change.



Theorem: [Scharlemann and Thompson, 1984t C be

a crossing circle for a non-trivial kndf such that per-
forming a crossing change alorg unknotsK. ThenK
has a minimal genus Seifert surfa&,which is obtained
by plumbing two surface$1 andS»,, whereSq Is a Hopf
band. Moreover, there is an ambient isotopy, keep{ng
fixed throughout, that tak€sto the associated crossing cir-
cle forS;.




The unknotting crossing change from the Scharlemann—
Thompson theorem untwists the Hopf band.
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Thoerem:A hyperbolic knotK has only finitely many min-
imal genus Seifert surfaces, up to ambient isotopy fixing
oK. Furthermore there is an algorithm to find all of these
surfaces.

Question:What can we say about the unknot spanning sur-
face F, obtained by untwisting a plumbed on Hopf band
associated to an unknotting crossing change?

We shall use ideas for the theory of Heegaard splittings.



Circular Heegaard Splittings

A compression bodyC, is a compact connected 3-manifold
homeomorphic to the result of adjoining 1-handleSxd1}

In S x | and capping i 2-sphere boundary components of
S x {0}, whereS is a compact orientable surface.

We callgS x| thevertical boundaryThe closure of the rest
of oC Is thehorizontal boundary

We denoteS x {0} minus capped 6 2-sphere components
by 0_C and the closure a¥C — (0:C U (0S x |)) by 0,C.

0+C
0-C

Vertical boundar



A decomposition of a compact orientable 3-manifdid
along a surfac& into two compression bodie€; andC,,
whereS = 0,Cq1 = 0+C», is called aHeegaard splitting
We call S the correspondingleegaard surface

A decomposition of a compact orientable 3-manifdid
along two surface$, andS_ into two compression bod-
les, Cq1 andC,, whereS; = 9,Cq = 0+:Co andS_ =
0-C1 = 0_Cy, Is called acircular Heegaard splittingWe
call S; U S_ the correspondingircular Heegaard surface
We callS; (resp.S-) the positive (resp. negetive) surface
of the splitting. We callg(S-) the genus of the splitting
andg(S.;) — g(S-) thehandle number of the splitting
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We obtain a handle number one circular Heegaard splitting
of the complement o), with positive surfacé-.




Theorem: [Essentially KobayashiLet K’ be a genus
fibered knot. For any integen > n the exterior ofK” has

a unique handle number one, gemasircular Heegaard
splitting, up to ambient isotopy. Furthermore there is an al
gorithm to find it, starting with any diagram fé&’ and the
Integerm.

See"Fibered links and unknotting operations”
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Theorem:[Lackenby|Let M be a complete finite-volume
hyperbolic 3-manifold with non-empty boundary. Then there
IS an algorithm to determine the Heegaard genudViof
Moreover, for any given positive integer there is an al-
gorithm to find all Heegaard surfaces fgfr with genus at
mostn, up to ambient isotopy.
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Idea of Proof;

Use (almost) normal surface theory to search for general-
Ized Heegaard splittings with strongly irreducible thick-s
faces and incompressible thin surfaces.
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Key Proposition:[Lackenby]lf one amalgamates a gener-
alised Heegaard splitting, the resulting Heegaard smiitti

Is well-defined up to ambient isotopy. In particular, it is
Independent of the order of partial amalgamations and the
choice of handle structures on the compression bodies.
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Eventually the negative surface must be incompressible.
But, the only incompressible spanning surface for the un-
knot is a disc. Further, it follows from a theorem of Scharle-
mann and Thompson that the positive surface must then be
a stabilized disc.

So to recapture the handle number one, genusircular
Heegaard splitting for the unknot, amalgamate this ungil th
desired genus is reached.
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What if K is not fibered?



Before (wherK is fibered) we had this:
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Now we have this:
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Now we have this:

We now have a problem: Choice of handles.



Now we have this:

C

We now have a problem: Choice of handles.

Solution: Look at the positive surfaces.
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these numbers and a diagram Karthere is an algorithm to
find them all such surfaces.
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THE END



