
Unknotting genus one knots

Alexander Coward

University of California at Davis

Joint work with Marc Lackenby



Theorem 1:[C, Lackenby]If K is a genus one knot with

unknotting number one, then, up to equivalence, there is

precisely one crossing change that unknotsK, except when

K is the figure-eight knot in which case there are precisely

two unknotting crossing changes, up to equivalence.



Let K be a knot inS 3. Theunknotting numberof K is the

minimum number of crossing changes required to turnK

into the unknot.

Let C be a simple closed curve in the complement ofK that

bounds an embedded disc whichK intersects transversely

in two points of opposite sign.

ThenC is said to be a crossing circle forK and a crossing

change onK is achieved by performing±1 Dehn surgery

alongC.
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A crossing change isunknottingif the resulting knot is the

unknot.

Two crossing changes areequivalentif the surgery coeffi-

cients are the same and there is an ambient isotopy, keep-

ing K fixed throughout, that takes one crossing circle to the

other.



Theorem 1:[C, Lackenby]If K is a genus one knot with

unknotting number one, then, up to equivalence, there is

precisely one crossing change that unknotsK, except when

K is the figure-eight knot in which case there are precisely

two unknotting crossing changes, up to equivalence.

Conjecture 1: For any knot,K, there are only finitely many

crossing changes that unknotK, up to equivalence.

Theorem: [Lackenby] For any given knotK, there are only

finitely many generalised crossing changes of orderq, where

q > 1, that unknotK, up to equivalence.

A generalised crossing change of orderq is achieved by

performing±1/q surgery along a crossing circle whereq ∈

N.

Theorem: [Osoinach] There are closed orientable 3-manifolds

which may be obtained by performing surgery on infinitely

many knots inS 3.
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Theorem: [Scharlemann and Thompson, 1989]Let C be

a crossing circle for a non-trivial knotK such that per-

forming a crossing change alongC unknotsK. Then K

has a minimal genus Seifert surface,S , which is obtained

by plumbing two surfacesS 1 andS 2, whereS 1 is a Hopf

band. Moreover, there is an ambient isotopy, keepingK

fixed throughout, that takesC to the associated crossing cir-

cle for S 1.

C
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−

Area

S 1

S 2

Corollary: A genus one knot has unknotting number one if

and only if it is a doubled knot.
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If K is hyperbolic, then it has only finitely many minimal

genus Seifert surfaces, up to ambient isotopy keepingK

fixed throughout, and there is an algorithm to find all of

these surfaces.

So to detect if a knot has unknotting number one, we would

like to inspect each minimal genus Seifert surface ofK to

see if it has a plumbed on Hopf band corresponding to an

unknotting crossing change.

Question 1: GivenS , a minimal genus seifert surface forK,

are there finitely many ways to decomposeS as the pluming

of two surfaces, the first of which is a Hopf band?

Question 2: How can one characterize decompositions ofS

as the pluming of two surfaces, the first of which is a Hopf

band?
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Suppose thatS 1 and S 2 are compact orientable surfaces

embedded in 3-ballsB1 and B2. Suppose that the inter-

section of eachS i with ∂Bi is a squareI × I such that

(I × I) ∪ ∂S 1 = I × ∂I and (I × I) ∪ ∂S 2 = ∂I × I. Then

the surface inS 3 obtained byplumbingS 1 andS 2 is con-

structed by gluing the boundaries ofB1 andB2 so that the

two copies ofI × I are identified in a way that preserves

their product structures.

S 1

S 2

B1

B2



Suppose that a surfaceS can be obtained by plumbing in

two ways, by combiningS 1 ⊂ B1 with S 2 ⊂ B2, and by

combiningS ′1 ⊂ B′1 with S ′2 ⊂ B′2. We say that these are

equivalentif there exists an ambient isotopy of the 3-sphere,

leavingS invariant throughout, that takesS i to S ′i (i = 1,2)

andBi to B′i (i = 1, 2).



Question 2:How can one characterize decompositions ofS

as the pluming of two surfaces, the first of which is a Hopf

band?

Possible answer:With the 2-sphere that specifies the de-

composition.

S
K



Better answer:With the following disc:

S
K

This is a clean, alternating product disc.

Let S be a Seifert surface for a knotK. Let N(S ) be a small

product neighbourhoodS × I. Let S− andS+ denote the

two components ofS × ∂I. Let M = S 3 − int(N(S )).

A product disc is a disc properly embedded inM that inter-

sects∂S × I in two vertical arcs. It therefore intersectsS−
in an arc andS+ in an arc.

Letα+ andα− denote the projections ofS+∩D andS−∩D

to S .

A product discD is clean ifα+ andα− have disjoint interi-

ors, up to ambient isotopy ofM that fixes∂S ×I throughout.
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a+a+

a−a−
Alternating Not alternating



It is clear that plumbed on Hopf bands specify clean alter-

nating product discs.The converse is also true:

Theorem: [C, Lackenby] LetS be a Seifert surface for a

knot K. Then there is a one-one correspondence between

the following:

1. Decompositions ofS , up to equivalence, as the plumbing

of two surfaces, the first of which is a Hopf band.

2. Clean alternating product discs forS , up to ambient iso-

topy that leavesN(S ) invariant and maintains the disc as a

product disc throughout.

Standard results from normal surface theory imply that al-

ternating product discs can be isotoped to be normal relative

to any triangulation ofM.

Question: Why does this not lead us quickly to an algorithm

to search for clean alternating product discs?
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Definition: A normal surface in a triangulated 3-manifold is

a properly embedded surface which intersects each tetrahe-

dron of the triangulation in a collection of disjoint triangles

and quadrilaterals.



How does one search for normal surfaces?

a

b

c

d

a + b = c + d

Let x1, . . . , xn be the number of discs of each type inF, a
normal surface.

n = 7× (number of tetrahedra inM).

Thenx1, . . . , xn satisfy a system of linear equations of the
form:

xh + x j = xk + xl
xi ≥ 0,1 ≤ i ≤ n.

These equations are called thematching equations.

SoF corresponds to an element of (N∪{0})n which we shall
call g(F). g(F) is a solution to the matching equations.
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The matching equations forM have infinitely many solu-

tions in general.

But, the matching equations will always have a finite list of

solutions, calledfundamental solutions, which give rise to

all solutions as linear sums.

The fundamental solutions may be found algorithmically.

Not all the fundamental solutions necessarily correspond to

normal surfaces, but those which do correspond to a set of

normal surfaces,N1, . . . ,Nm, calledfundamental surfaces.



DoesM contain a clean, alternating product disc,D, corre-
sponding to an unknotting crossing change?

If so then

g(D) =
m
∑

j=1

a jg(N j)

wherea j ≥ 0 for all j.

We want to bound thea js. There are generally speaking
two key facts to help us achieve this:

Fact 1: The addition of vectors corresponding to normal
surfaces is Euler characteristic additive, in the sense that

χ(F) =
m
∑

j=1

a jχ(N j).

Fact 2: If F is a normal surface andg(F) = g(F1) + g(F2)
for normal surfacesF1 andF2, thenF is obtained from the
disjoint union ofF1 andF2 by performing regular switches:
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Question:Why does the fact that alternating product discs

can be isotoped to be normal relative to any triangulation of

M not lead us quickly to an algorithm to search for clean al-

ternating product discs corresponding to unknotting cross-

ing changes?

Answer: Vertical annuli.

D ∩ S+

D ∩ S−

D ∩ (∂S × I) D ∩ (∂S × I)

These are annuli inM with one boundary component on

each ofS+ andS−. It is not clear how to bound their prove-

nance in expressions of clean alternating product discs as

normal sums of fundamental surfaces.
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Proposition:Let K be a fibred knot with fibreS . Let h :

S → S be the monodromy, whereh|∂S is the identity.

Then, there is a one-one correspondence between the fol-

lowing:

1. Clean essential product discs forS , up to ambient iso-

topy that leavesN(S ) invariant and maintains the disc as a

product disc throughout.

2. Properly embedded essential arcsα in S , up to isotopy

of α in S , such thath(α) andα can be ambient isotoped,

keeping their boundaries fixed, so that their interiors are

disjoint.

Moreover, the product disc is alternating if and only ifα

andh(α) are alternating.



Corollary: Let K be a hyperbolic fibred knot with fibreS .

Suppose thatS is obtained by plumbing two surfaces, the

first of which is a Hopf band. Then it does so in infinitely

many inequivalent ways.

Proof: Letα be the arc corresponding to the hypothesized

decomposition ofS .

SinceK is hyperbolic,h is pseudo-Anosov. Hencehn(α)

are all distinct up to isotopy.

These arcs correspond to infinitely many distinct ways to

decomposeS as the plumbing of two surfaces, the first of

which is a Hopf band.

However, all of these plumbings correspond to equivalent

surgery curves.
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Let h : S → S be a homeomorphism of a compact surface

S .

We say that two arcsα andβ onS areh-equivalent ifhn(α)

is ambient isotopic toβ for some integern.

If h is the monodromy of a fibred knot then we say that the

two arcs are monodromy-equivalent.

Unknotting crossing circles for fibred knots correspond to

certain monodromy-equivalence classes of arcs on a fibre.
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Question:Is there an algorithm to detect whether a fibred
knot has unknotting number one.

This amounts to searching for certain monodromy-equivalence
classes of arc on a fibre,S .

∞

These arcs are represented by vertices in the arc complex
of S ,A(S ).

Theorem: [Schleimer, Mazur]A(S ) is δ-hyperbolic.

Let γ ⊆ S be an essential arc corresponding to a vertex of
A(S ). Let d(γ, h(γ)) ≤ D. Then∃RD,δ > 0 such that every
monodromy-equivalence class of arcs corresponding to an
unknotting crossing change intersectsBRD,δ(δ).
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Theorem 1:[C, Lackenby]If K is a genus one knot with
unknotting number one, then, up to equivalence, there is
precisely one crossing change that unknotsK, except when
K is the figure-eight knot in which case there are precisely
two unknotting crossing changes, up to equivalence.

Outline of proof:

Proposition: LetK be a doubled knot. Then, up to ambi-
ent isotopy that fixesK throughout,K has a unique genus
one Seifert surface that is constructed by plumbing two sur-
faces, one of which is a Hopf band.

Now eitherK is fibred, or it is not.

Proposition: LetK be a non-fibred knot, with a genus one
Seifert surfaceS . Then, up to ambient isotopy ofM, it
admits at most one essential product disc.

This completes the proof of Theorem 1 in the non-fibred
case.
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WhenK is fibred, with fibreS , consider the arc complex,
A(S ), of S .

0 1

1/2
1/3 2/3

2-1

-1/2 3/2

-2 3

1

-1

0

∞

The 1-skeleton of this is the Farey graph. It has vertices for
each element ofQ ∪ ∞. Two slopesp

q and p′

q′ are joined by
an arc iff |pq′ − qp′| = 1. If one removes the vertices of
A(S ) then it identifies naturally withH2.

Let h : S → S be an orientation preserving homeomor-
phism of S . This h induces an automorphism ofH1(S ),
and hence an element ofS L(2,Z). The image of this in
PS L(2,Z) corresponds to a M̈obius map, which induces an
orientation-preserving isometry ofH2.



This will be elliptic, parabolic or loxodromic depending

on whetherh is periodic, reducible (with infinite order) or

pseudo-Anosov.



Theorem:[C, Lackenby]Let h: S → S be an orientation-

preserving homeomorphism of the genus one surface with

one boundary component, which is not isotopic to the iden-

tity. Then, up toh-equivalence, there are at most two es-

sential properly embedded arcsα in S such thatα andh(α)

can be isotoped to be disjoint. Moreover, ifh is periodic,

then there is at most one such arc up toh-equivalence.



Outline of proof:

First supposeh is reducible and has infinite order.

Thenh leaves an essential arc invariant up to isotopy. Hence

the element of SL(2,Z) is conjugate to
(

±1 n

0 ±1

)

,

wheren ∈ Z − {0}.

If we can establish the Theorem for an automorphismh: S →

S , then it also holds for any conjuguate automorphism. So

assume thath is given by the above matrix.

Now, up toh-equivalence, the only properly embedded es-

sential arcsα in S such thath(α) andα can be made disjoint

are∞ and 0, and that the latter only arises ifn = ±1. Hence

the theorem holds in this case.



Outline of proof:

First supposeh is reducible and has infinite order.

Thenh leaves an essential arc invariant up to isotopy. Hence

the element of SL(2,Z) is conjugate to
(

±1 n

0 ±1

)

,

wheren ∈ Z − {0}.

If we can establish the Theorem for an automorphismh: S →

S , then it also holds for any conjuguate automorphism. So

assume thath is given by the above matrix.

Now, up toh-equivalence, the only properly embedded es-

sential arcsα in S such thath(α) andα can be made disjoint

are∞ and 0, and that the latter only arises ifn = ±1. Hence

the theorem holds in this case.



Outline of proof:

First supposeh is reducible and has infinite order.

Thenh leaves an essential arc invariant up to isotopy. Hence

the element of SL(2,Z) is conjugate to
(

±1 n

0 ±1

)

,

wheren ∈ Z − {0}.

If we can establish the Theorem for an automorphismh: S →

S , then it also holds for any conjuguate automorphism. So

assume thath is given by the above matrix.

Now, up toh-equivalence, the only properly embedded es-

sential arcsα in S such thath(α) andα can be made disjoint

are∞ and 0, and that the latter only arises ifn = ±1. Hence

the theorem holds in this case.



Outline of proof:

First supposeh is reducible and has infinite order.

Thenh leaves an essential arc invariant up to isotopy. Hence

the element of SL(2,Z) is conjugate to
(

±1 n

0 ±1

)

,

wheren ∈ Z − {0}.

If we can establish the Theorem for an automorphismh: S →

S , then it also holds for any conjuguate automorphism. So

assume thath is given by the above matrix.

Now, up toh-equivalence, the only properly embedded es-

sential arcsα in S such thath(α) andα can be made disjoint

are∞ and 0, and that the latter only arises ifn = ±1. Hence

the theorem holds in this case.



In the cases whereh is periodic or pseudo-Anosov, consider

the dual tree,T , ofA(S ).
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-2 3

1

-1

0

∞

The isometry ofH2 corresponding toh leavesT invariant.

Now, isometries of simplicial trees are classified. They ei-

ther:

1) fix a point, in which case the isometry induced byh is

periodic, or

2) are fixed point free but preserve a unique invariant line.
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In the case of the trefoil the monodromy induces an isome-

try conjugate to a rotation by2π3 .
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In the case of the trefoil the monodromy induces an isome-
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In the case of the figure-eight knot the monodromy induces

a loxodromic isometry ofH2 which fixes an axis of the dual

tree.

0 1
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So, there are at most two ways of unknotting the figure-

eight knot.



In the case of the figure-eight knot the monodromy induces

a loxodromic isometry ofH2 which fixes an axis of the dual

tree.

1

-1

0

So, there are at most two ways of unknotting the figure-

eight knot.



In the case of the figure-eight knot the monodromy induces

a loxodromic isometry ofH2 which fixes an axis of the dual

tree.

1

-1

0

So, there are at most two ways of unknotting the figure-

eight knot.



In the case of the figure-eight knot the monodromy induces

a loxodromic isometry ofH2 which fixes an axis of the dual

tree.

1

-1

0

So, there are at most two ways of unknotting the figure-

eight knot.



And here they are:
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