Math 21C

Chapter 14 Problems

1. Describe and sketch the domain of each of the following functions.

@) f(z,y) = /zy.

Solution. The domain, zy > 0, is the union of | and Ill quadrant (including the coordinate axes).

See Figure (a).
(b) f(z.y) = V(1 —2?)(y2 —4).

Solution. The domain is described by the inequalities |z| < 1, |y| > 2, or |z| > 1,|y| < 2. See

Figure (b).

()

2. Find the limit or show that it does not exist.

a) lim -7
(2.9)=(0,0) T + y
xr

Solution. If x # 0,y = 0, then —Y
T+

(z+1)° = (y+1)?

(z,)—=(0,0) (x —1)2 — (y — 1)2
Solution. Since

(b)

=1;ify# 0,2 =0, then

the y axis is 1, while the limit along the z axis is —1. Therefore, our limit does not exist.

(z4+1)?—(y+1)? (z—-y(z+y+2) z+y+2

z-12—(y—12 (z—-y@+y—2) z+y—2

—1. Thus, the limit along



. . T+y+2
the limit is lim L
(z,y)—(0,0) T +Yy — 2

3. Find the parametric equations of the tangent line to the curve
x:tZ—l,y:tB,z:t4

at the point (0,—1,1).

Solution. Since at our point y = t3 = —1, we see that ¢ = —1. Check that our point corresponds to
t=-1: 2= (-1)2-1=0, 2= (—1)* = 1. The components of the vector paralell to the
tangent line are 2/(—1) =2-(=1) = -2, ¢'(-1)=3-(-1)2=3, 2/(-1)=4-(-1)3 =
—4. Thus, the tangent line has parametric equations x = 0—2t, y = —1+43t, z = 1 —4t.

smallskip

4. Find partial derivatives %, 0z
ou’ Ov

of x and y as functions of u and v. Express the derivatives as functions of u and v.

for given functions z = z(z, y) using the given expressions

(a) z =sin(zy), © = ue’,y = ue™".

Solution.
zy = ycos(zy) - e’ + zcos(zy) - e~V = ue™? cos(u?)e¥ + ue’ cos(u?)e™V = 2ucos(u?)
2y = ycos(zy) - ue’ — xcos(zy) - ue”" = ue™" cos(u?)ue’ — ue’ cos(u?)ue " =0
r—y 2 2
b) z=1In , T=u"+ v,y = 2uv.
(b) Tty Y
Solution.
L otty @ty -(@-y) 2%
Toa—y (z +y)? z? —y?’
, oty —lty-(w-y) 2
Yooy (z +y)2 Ca? gy
duy — vz 8ulv — 4uPv — 43 du(u? —0?) 4v
2y =2z + 02y = — = o 202 (42 —02)2 42 — 02
x2 —y (u? + v?)2 — 4u?v (u? — v?) u? —w
vy —duxr  Buv? — 4ud — duv?  du(v? — u?) 4u
T = 0%+ ay = — o =y 202~ (2 —02)2 2 — 02
x2 —y (u? + v?)2 — 4u?v (u? — v?) u? —w

5. Find the direction of the fastest growth of the function

(a) 2+ 2y% + 322 (b) e*t¥cos(z —y)
at the point (6,3,1) at the point (0,0)

and find the directional derivative of the given function at the given point in the direction

of the fastest growth.

Solution. (a) The gradient of the given function is (2z,4y, 6z). At the given point it is (12,12, 6).

The length of the gradient is v/122 + 122 + 62 = 18. The direction of the fastest
growth, which is the direction of the gradient is

(12,12,6) /2 2 1
18 333

I



6.

Solution.

Solution.

Answer. A local minimum at (

(b)

the directional derivative in this direction is equal to the length of the gradient, that

is, to 18.

The gradient of the given function is (e 1Y (cos(z—y) —sin(z—y)), e* ¥ (cos(z —y) +

sin(x — y))). At the given point it is (1,1). The length of the gradient is v/2. The

1 1

direction of the fastest growth, which is the direction of the gradient is { —, — );
: : <\/§ ﬂ>

the directional derivative in this direction is equal to the length of the gradient, that

is, to /2.

Find the equation of the tangent plane to the surface z = z? — y? at the point (3,2,5).
The surface is f(z,y, 2) = 0 where f(x,y, z) = £?—y?—z. The gradient of f at the point
(3,2,5) is (6,—4,—1). Thus, the equation of the tangent plane is 6x —4y — 2+ D =0
where D can be determined from the condition that the point (3,2,5) lies in this plane.
Thus, D = —5, and the answer is 6x — 4y — 2z — 5 = 0.

Find all local maxima, local minima and saddle points for the function

1 1
f(x,y):x2+xy+y2+5+§, x>0,y >0.

of 1 of 1
%_Zx—i-y pex 8—y—a:+2y o2
02 f 2 92f B2 f 2
91 _94 2 =1, 2 9y 2
0x2 +$3’ 0xdy T 0y2 +y3

Find zeroes of the first derivatives:

1 1
20 +y=— 202 f oy = —
1 1 —
1= T = 2?-py=---=F

: : 1 - :
This means that either = y, or 2(x+y) = ——; the latter is impossible for z > 0,y > 0.
Ty

So,z =y, 3z = 5,x=
x

this point,

1 1) Al
V3 V3)

21; ;‘ > 0,8 > 0, this is a local

Thus, there is only one critical point, (

$l-
w

2 2 2
8f—8 o°f laf:&and,since

0r2 ~ 7 0zdy " Oy?

minimum.

8. Find all local maxima, local minima and saddle points for the function

1 1
f(as,y):x2+1:y+y2+5+§, x>0,y > 0.



Solution.

of 3 of 3
- =A4x° -2 - =A4y° -2 :
5y = 42 (z +y), 9y~ Y (z+v);

% f 9 % f o f 2

~ 7 —=122%2 -2 =-2, —5 =12y -2

0z2 o © 0xdy T 0y? y

Find zeroes of the first derivatives:
4$3:2(.’E+y) ,’173—y3:0:>;1;:y

=
49 = 2(x + ) 43 =4 =1 =0,1,0r — 1

Thus, there are three critical points, (—1,—-1), (0,0) (1,1). For (—=1,—1) and (1,1), the
computation with second partial derivatives shows that both are minima, for (0,0) the

) ) ) ..l —2 =2 .
determinant of secomd partial deribvatives is ‘ = 0, so our theorem does not give

—2 -2
any answer. (Remark, that (0, 0) is neither a maximum, nor a minimum for our function,
since f(0,0) = 0 and for small z, f(z.z) = 22* — 422 < 0, f(z, —x) = 22* > 0.)
Answer. Local minima at (1,1) and (—1,—1), and a critical point which is neither a local maximum,
nor a local minimum, at (0,0).

9. Find all local maxima, local minima and saddle points for the function
flz,y) =2 +azy +y°, a #£2

(dependingly on a).

Solution. 5 5

8_£ = 2z + ay, 8_£ = ar + 2y;
o f i o f
— =2 —a, == =2
0x? 0xdy 0y?

Find zeroes of the first derivatives:
20 +ay =0

r=y=0

ar +2y =10

(since a # £2). The determinant of second partial derivatives is ;‘ =4 —ad’ If

|a| > 2, this is negative, and the point is a saddle point. If |a| < 2, this is positive, and
the point is a local minimum.

Answer. There is only one critical point, (0,0); it is a local minimum, if |a| < 2 and a saddle if
la| > 2.

10. Find the maximum and minimum values of the function f(z,y) = x2 +zy +y? under the
constraint 2 — zy + y2 = 1.



Solution. The equations are
20—y =2z +y)
2?2 —zy+y? =1.

Adding the first two equations we get = + y = 3A(z + y), subtracting we get 3z — 3y =

Az — y). This leaves us with three possibilities: either x = y and © = —y, that is,

x = y = 0; but this is inconsistent with the first equation; or A = — and z = —y, which
1 1 1

makes the first equation into 3z2 = 1, that is, (z,y)= ( > <——, —>;
NERRVE NERVE

or A = 3 and z = y, which gives z? = 1, (z,y) = (1,1) or (=1, —1). Thus, Lagrange’s
1 1 1
method gives the points (1,1), (—1,—1), — ———,——= |, and the values
gives the paints (1,1, (~1,-1), (2.~ ( %)
1
3

1
of the function at these points are 3, 3, 3’

Answer. 3 and 3.

11. Find the maximum and minimum values of the function f(x,y,z) = xyz on the sphere
22 +y?+22=3.
Solution. The equations are

yz=A-2zx
Tz = A2y
Ty =A-22

2 +yt+2°=3

Multiplying the first three eqation, respectively, by z,y, and z, we get 2\z? = 2\y? =
222 = zyz, which leaves us with two possibilities: A = 0 or 22 = 32 = 22.

In the first case, yz = 2z = xy = 0 which means that two of x, y, z should be 0. Since 22+
y?+22 = 3, there are 6 points corresponding to this case: (0,0, +v/3), (0, £v/3,0), (£v/3,0,0);
the value of zyz at each of these points is 0.

In the second case (since 22 +y2+22=3), 22 =y2 =22 =landz=+l,y=+1,2=
+1. There are 8 such points, (+1,+1,+1), and the value of zyz of each of these points is 1
or —1.

Thus, the maximum value of the function is 1 (taken at the points (1,1,1),(1,—1,—1),
(1,-1,1),(—=1,-1,1)) and the minimum value is —1 (taken at the points (—1,—1,—1),
(_17 17 1)’ (1a _17 1)’ (1a 1a _1))



