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Introduction 


One of the most complex physical setups covered briefly in an elementary differential equations course is the system consisting of one or more masses oscillating on or between one or more springs. Since the one fixed spring with one mass oscillating on it is covered rather heavily in the course, I have chosen to discuss some of the normal vibrational modes that exist in the two mass, three spring system. This paper will attempt to analyze the system’s normal vibrational modes in a rather detailed fashion for one spatial dimension and then it will generalize these results to two and three spatial dimensions. Moreover, we will speak of the two and three dimensional modes rather generally and not describe each and every one of them in great detail. 

General Setup 

Before describing any specifics, it is critical that we discuss the general setup of our system. The system should be thought of as follows: If the viewer is facing the system, we will move from his left to his right. On the far left of the system is a spring fixed to some fixed structure that will remain completely motionless without any vibrations. This spring will be called spring 1. Attached to this spring is the first mass which we will call mass 1. Attached to the right side of mass 1 is another spring. This spring, which will be named spring 2, is hooked to mass 2 on its other end. Moreover, spring 2 is not fixed. It is positioned between two masses that will be free to move. The mass that is attached to the right-most end of spring 2 will be called mass 2. Mass 2 is attached on its right to a third spring, spring 3. Spring 3 is also fixed to a structure that we will assume will remain completely motionless just as the structure at the left-most end of the system. 


To simplify matters, assume that mass 1 = mass 2 and that they occupy identical spatial volumes. All three springs are assumed to be Hookian springs in independent dimensions. This means that no matter which way they move, they obey Hooke’s law. Assume that all springs have equal spring constants. In other words, it would take an equal force to stretch springs 1, 2, and 3 the same distance.  Further assume that each of the two masses can move freely on a frictionless surface. Moreover, the masses will not be slowed by sliding, rolling, or fluid friction. This implies that the system is undamped. Moreover, the medium in which the system is immersed has no viscosity. To simplify matters, assume that the system oscillates in a vacuum at room temperature = 25.0 degrees Celsius. Also assume that when the masses are at rest in reference to the observer, the system is at equilibrium. 

In the one-dimensional case, we will assume that the system is allowed only to oscillate in the horizontal direction i. e. from left to right. In the two-dimensional case, we will allow the system to move left to right and forward and backward. In other words, the system’s motion will be restricted to the horizontal plane on which it rests. In the three-dimensional case, we will allow the system to oscillate left and right, forward and backward, and up and down. Moreover, the system’s motion will not be restricted and it will be allowed to oscillate in any direction in the three spatial dimensions.    
One Dimension 

In one dimension, the system has four fundamental modes in which it can vibrate. We will try to analyze each of these fundamental vibrational modes in detail. 

The first and simplest fundamental one dimensional mode occurs if the masses move in unison with each other. Moreover, as mass 1 moves to the right, mass 2 moves to the right with the exact same velocity. To get the system to oscillate in this fashion, both masses must be pulled or loaded to either the right or left. They must be set in motion at exactly the same time. Note that in this setup, only springs 1 and 3 are actually oscillating. Spring 2 might as well be a solid rod because the masses are moving as if they were a single body. 


The second fundamental mode is not very much more complicated than the first. It is described by both of the masses moving in exactly opposite directions with equal speeds. This means that the masses move apart from each other at the same speed until spring 2 has reached its maximum stretch and then they move towards each other at the same speed until springs 1 and 3 have reached their maximum stretch. The system can be arranged to oscillate in this fashion if the masses are either pulled as far apart as possible or pushed as close together as possible and then set in motion simultaneously.  Spreading apart of the masses or pushing together of the masses exactly the same amount from equilibrium will lend itself to allowing the masses to oscillate in exactly opposite directions. Note that during this mode of vibration, springs 1 and 3 are being contracted exactly the same amount while spring 2 is being stretched. So, all three springs are active in this mode. 


The third fundamental mode is slightly more complex. It involves one mass being at rest while the other mass travels at a maximum speed. It is rather difficult to explain this phenomenon in words, but imagine that one mass is at the point of equilibrium while the other mass is moving toward it at a maximum speed. The set up for this mode will hopefully clarify what happens during motion. While holding the left mass at equilibrium, (at its natural resting point,) pull mass 2 away from mass 1 as far as it will go without over stressing spring 2. Then, let each mass go simultaneously. Initially, mass 1 will be at a stand still at equilibrium and mass 2 will be flying toward it with maximum speed. It clearly follows that at the instant when mass 2 is at its equilibrium position, mass 1 will be moving toward mass 2 with maximum speed just as the system was as soon as the masses were allowed to oscillate initially. Note that all springs are involved with this oscillation. Spring 1 is at equilibrium when spring 2 is at its maximum stretch and spring 3 is at its maximum contraction.


The fourth and final one dimensional fundamental mode is much like mode three in complexity. It is just the opposite of mode three. Imagine mass 1 at equilibrium while mass 2 is moving away from it at maximum velocity. Similarly, when mass 2 rests at equilibrium, mass 1 travels away from mass 2 with maximum speed. The setup for this system is not coincidentally exactly the opposite of the setup for mode three. Hold mass 1 at equilibrium, but this time push mass 2 as close to mass 1 as it will go, stretching spring 3 to a maximum. Now, let both masses go at the same instant and the fourth fundamental mode should occur. Note that this mode involves the oscillation of all three springs. This time, however, spring 1 is at equilibrium when spring 2 is at its maximum contraction while spring 3 is at its maximum stretch. 


To wrap up the one dimensional case, there are again four fundamental modes of oscillation. The masses can be moving perfectly in unison, exactly opposite to one another, one can be resting while the other moves away from it or one can be resting while the other moves towards it. There are, however, an infinite number of other oscillation patterns the system could take in one dimension that do not correspond exactly with the four fundamental modes of oscillation. Imagine, for instance, that the system was set up where mass 2 was pulled a maximum distance to the right while holding mass 1 at rest. However, this time, mass 1 was pushed very slightly to the right so that it was not resting at its exact equilibrium position initially. When the system is set in motion, the movement of the masses would resemble mode three, but it would be slightly off set because mass 1 will not be resting directly at its equilibrium position. 

Two Dimensions

Whenever another spatial dimension is added to a system, things get very complex very quickly. In two dimensions, we can prove using mathematics that the number of fundamental modes is equal to four squared, which amounts to 16 fundamental modes. As not to bore the reader, these modes will be described much more generally than those for one dimension. Note from the introduction that in two dimensions, the system is restricted to move only within the horizontal plane on which the system rests. 


In the two dimensional case we mustn’t forget about our one dimensional fundamental modes. It is possible that the system will move in only the first dimension discussed. These four fundamental modes therefore still apply. This takes care of four of the sixteen for two dimensions. 


The next four fundamental modes come from pure transverse motion. For instance, imagine that you held mass 1 as low as it would go and raised mass 2 as high as it would go and then let them go simultaneously. They would make an up and down wave pattern. Note that this would be an oscillation only in the second dimension involving none of the longitudinal linear motion described previously. The same transverse motion which is currently being discussed could be caused by either pushing both masses 1 and 2 as high as they would go or lowering them as low as they would go and letting them oscillate in a wave-like fashion. The same transverse effect would be observed if one of the masses was held at equilibrium and the other was raised or lowered respectively. 


The last eight fundamental modes occur when transverse oscillations are combined with the longitudinal oscillations discussed for one dimension.  Imagine, for example, that you pulled the masses as far away from each other as possible in the one dimensional case and then held one at a maximum height and the other at equilibrium. If the masses were let go simultaneously, the viewer would observe a fundamental mode where the masses were oscillating in both a transverse and longitudinal fashion. This is quite a confusing setup, but it is just combining things that have been described previously. The system could similarly be set up to oscillate in any of the setups of the one dimensional case and then be set up to oscillate in any of the transverse oscillations described for two dimensions. By setting the system up in any of these arrangements, the viewer will find a total of sixteen fundamental modes in two dimensions. 

As you can see, the two dimensional case is much more confusing than the one dimensional case. However, it only consists of the situations described in the one dimensional case with a few added motions, namely the concept of transverse motion. Combine these transverse and longitudinal motions and you have all sixteen fundamental modes for two dimensions. As in one dimension, however, there are an infinite number of possible oscillations not exactly hitting on the fundamental modes. If either of the masses are at all off set from equilibrium, for instance, one of these off set oscillations that is not a fundamental mode will be observed. 

Three Dimensions 


The three dimensional case is, quite literally, exponentially more complex than the one or two dimensional cases. In three dimensions, the number of fundamental modes is four cubed which equals sixty-four. With 64 modes, we will be even more general than we were with the two dimensional case only describing the different types of fundamental modes. 


As stated for the two dimensional case, three dimensions do contain the one and two dimensional cases as well. So, 16 of the 64 fundamental modes in three dimensions come directly from the two dimensions previously discussed. Another 16 of them simply come from a second type of transverse motion in the third dimension.  The first 32 oscillations discussed here, however, only have to do with transverse oscillation in the vertical direction, the one that we most recently added. It is obviously very hard to visualize each of these 32 modes even in only the third vertical dimension.
 Imagine now that we allow the system to oscillate longitudinally in the first dimension, transversely forward and backward in the second dimension, and transversely in the third dimension. This will clearly create some very bizarre modes that would be very confusing to describe in detail. If you imagine something only oscillating transversely in the second and third dimensions, you might think of a circular path. A circular or elliptical trajectory is nothing more than a transverse oscillation both up and down and forward and backward with respect to the viewer. When the longitudinal one-dimensional oscillations are added, you have all 64 three-dimensional modes. When discussing the three dimensional setup, it is especially important to understand that the motion of the masses and springs can take on an arching motion much like a swing. These arks are simply portions of circles or ellipses. 


To conclude our discussion of three dimensions, we must understand that the setup is much more complex than that of one or two dimensions. I am not describing all 64 fundamental modes specifically mostly because they are too difficult for anyone to visualize. Each part of the system is moving in a very specific motion that combine to form some very strange and confusing fundamental modes. Again, it is important to understand that there exist an infinite number of oscillations in three dimensions that do not correspond with the 64 fundamental modes. To get these oscillations that do not correspond to a fundamental mode, just off set the system very slightly in the setup. 
Conclusion 


The mass spring system is a very complicated physical system that can be understood with the study of differential equations. For example, all of the one, two, and three dimensional setups above were figured out by solving multiple differential equations at once. The single mass attached to a single fixed spring system, which is much simpler, is taught when explaining linear second order differential equations. This follows logically because its motion is mapped perfectly by a second order homogeneous linear differential equation with constant coefficients. As soon as multiple masses and springs are added to the system, however, it is necessary to solve a system of linear differential equations. Even for one dimensional motion, four first-order differential equations are needed. Not coincidentally, 16 differential equations are needed for the two dimensional setup and 64 first-order differential equations are needed for the three dimensional setup. Corresponding to the numbers of equations necessary for solving each of the systems, it follows that the one-dimensional case forms a 4*1 column vector of one algebraic dimension,  the two-dimensional case forms a 4*4 matrix of two algebraic dimensions and the three-dimensional case forms a 4*4*4 tensor of three algebraic dimensions. As a student in an elementary differential equations course, I was fascinated with the very intricate systems of differential equations that could be solved and how much information the solutions could provide. That is why I decided to learn a bit more about the multiple mass-spring system. Without differential equations, we would not understand the information presented here. 
