ON REPRESENTATION OF INTEGERS BY BINARY QUADRATIC FORMS

JEAN BOURGAIN AND ELENA FUCHS

ABSTRACT. Given a negative D > —(logX )l°g2’5, we give a new upper bound on the number of square free
integers < X which are represented by some but not all forms of the genus of a primitive positive definite binary
quadratic form of discriminant D. We also give an analogous upper bound for square free integers of the form
q+a < X where g is prime and a € Z is fixed. Combined with the 1/2-dimensional sieve of Iwaniec, this yields
a lower bound on the number of such integers ¢ +a < X represented by a binary quadratic form of discriminant
D, where D is allowed to grow with X as above. An immediate consequence of this, coming from recent work
of the authors in [3], is a lower bound on the number of primes which come up as curvatures in a given primitive
integer Apollonian circle packing.

1. INTRODUCTION

Let f(x,y) = ax’> 4+ bxy + cy? € Z[x,y] be a primitive positive-definite binary quadratic form of negative
discriminant D = b* — 4ac. For X — oo, we denote by U +(X) the number of positive integers at most X that
are representable by f. The problem of understanding the behavior of U;(X) when D is not fixed, i.e. |D|
may grow with X, has been addressed in several recent papers, in particular in [1] and [2]. What is shown in
these papers, on a crude level, is that there are basically three ranges of the discriminant for which one should
consider Uy (X) separately (we restrict ourselves to discriminants satisfying log |D| < O(loglog X)).

(i) |D| < (logX)1°e2)=¢ Then Uy(X) > X (logX)~2~¢
(i) |D| > (logX)21°¢2)+€ Then Uy(X) < X

(iii) The intermediate range.

E

As Blomer and Granville explain in [2], this transitional behavior is due to the interplay between the size
h of the class group % and the typical number of prime factors of an integer n ~ X. A precise elaboration of
the underlying heuristics was kindly communicated by V. Blomer to the authors and is reproduced next. The
number of integers n < X with k prime factors p split in the quadratic number field (i.e. (%) = 1) is of the
order
X 1 (loglogX)k!
logX 28 (k—1)!

(1

. . X . .
Note that summation of (1) over k gives Jlozx? which corresponds to the number of integers at most X
represented by some form of discriminant D.

Moreover, applying Stirling’s formula, we see that the main contribution comes from integers with k ~
%log log X prime factors.

Next, ignoring ambiguous classes, these k primes yield 2* classes (with possible repetition) in % that

represent the given integer n. Hence, roughly speaking, one would expect that typically » is represented by
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each class of its genus provided 2% >> h, which amounts to

log2
2) h< (logx)™=2 ¢
corresponding to alternative (i) since 7 = D'/2 (1),

On the other hand, if D is sufficiently large, the 2* classes will be typically distinct. Assuming some mild
form of equidistribution in the class group when varying n, we expect for the number of integers n < X with
k prime factors represented by a given class to be of order

2k X (loglogX)<!
3) Z )= (loglog X)
h hlogX  (k—1)!

with total contribution O (),‘7) , attained when k ~ %loglogX (given the precision of the discussion, there is
no difference between 4 and /D). This argument corresponds to alternative (ii) above.
In this paper, we consider only the lower range (i). Our aim is to substantiate further the heuristic dis-

cussed above according to which, typically, all classes of the genus of n < X, n representable by a form of
discriminant D, do actually represent .

More precisely, we prove the following (as consequence of Theorem 2 in [2]).

Theorem 1.1. Let D be a negative discriminant satisfying
“ D] < (logX)'°¢*~°
for some fixed § > 0. Then there is §' = 6'(8) > 0 such that

#{n < X; n square free, representable by some form of discriminant D but not by all forms of the genus)}
X

S <—F—.
. (logX)2+%'

Note that though [1], [2] establish upper and lower bounds for Uy(X) in range (i) — in fact in a more precise
form, cf. Theorem 5 in [2] — their results do not directly pertain to the phenomenon expressed in Theorem 1.1.
As pointed out in [2], it was shown on the other hand by Bernays that almost all integers represented by some
form in a given genus can be represented by all forms in the genus, but assuming the much stronger restriction

(6) D < (loglogX)? .

A result in the same spirit was also obtained by Golubeva [6]. Note, however, that even these results of
Bernays and Golubeva do not shed light on the situation of shifted primes (with a fixed shift) represented by
binary forms, since such integers are themselves a zero-density subset of Z. See Theorem 1.2 for a result in
this direction that our methods can prove.

The proof of Theorem 1.1 rests on a general result from arithmetic combinatorics (Theorem 2.1 in Sec-
tion 2) that we describe next. Assume G a finite abelian group (G =% 2 in our application), |G| =/, in which

the group operation will be denoted additively. Given a subset A C G, we introduce the set
@) s(A) = {Zx,-; {x;} are distinct elements of A}.

The issue is then to understand what it means for A that s(A) # G, which is the undesirable outcome for our
purposes. It turns out that there are basically two possibilities. In the first, A is contained, up to a bounded
number of elements, in a proper subgroup H of G of bounded index [G:H]. In our application to the class
group in Section 2, we give an upper bound on the number of possibilities for such A.
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The second scenario is as follows. There are k elements x1,...,x; € A with
log|G|
log?2

(®) k<(1+4e¢)

and a subset Q,, . C G (determined by x1,...,x;), such that A C Q,, . and

€)) |Qy,

(we are assuming here that |G| is large). Note that this second scenario occurs in some sense very rarely.

Specifically, denote by K the upper bound on & in (8), and let |A| ~ m, where in our application m ~ K -

(1+ a) for a small fixed & > 0, and m corresponds to the typical number of prime factors of an integer < X
en’

, m—K )

sets A which fall into the second scenario. For small &, the latter is much smaller than (21) , and in this sense

represented by the genus of f. There are (i‘r: ) possible choices for such A, and of these at most (’1’;) (

this undesirable scenario is relatively rare.

To prove Theorem 2.1, one applies the greedy algorithm. Thus given x1,...,x; € A, we select x;] € A as
to maximize the size of s(xj,...,x¢.1). If we do not reach s(xy,...,x;) = G with k satisfying (8), then
(10) AC{)C],...,X](}U.Q

where the elements x € Q C G have the property that
(11) IsCery .oy xi, )| & fs(xr, .y x0) |-

where ~ will be made precise in Section 2. Essentially, adding an element of Q to {xj,...,x;} will not
increase the latter’s sum set by much. Assuming Q fails (9), the first alternative is shown to occur. The
argument involves combinatorial results, such as a version of the Balog-Szemeredi-Gowers theorem and also

Kneser’s theorem. The reader is referred to the book [T-V] for background material on the matter.

Once Theorem 2.1 is established, deriving Theorem 1.1 is essentially routine. We make use, of course, of
Landau’s result [11] (established in [1] with uniformity in the discriminant), on the distribution of the primes
represented by a given class C € € — namely, for &¢ the set of primes represented by a class C,

1 S dr
12 € Peip<E} = 4 C(Ee eV ogs
(12) re Pei <€)= gy | jogs + €&V

for & — oo, with €(C) = 2 if C is ambiguous and £(C) = 1 otherwise.

The nontrivial upper bound (5) is then obtained by excluding certain additional prime divisors, i.e. satis-
fying (%) # —1 where () denotes the Legendre symbol, using standard upper bound sieving.

The same approach permits to obtain a similar result considering now shifted primes, i.e. integers n of the
form n = a+ g with a fixed and ¢ a prime number. Thus

Theorem 1.2. Under the assumption (4), fixing a € 7, we have

{g+a < X; q prime, g+ a square free representable by some form of discriminant D but not by all forms of
the genus} |
X

(13) < —

(logx)2+0

On the technical side, only crude sieving bounds are needed for our purpose and they can be obtained
by the simple inclusion-exclusion principle without the need of Brun’s theory. The arguments covering the
specific problem at hand are included in the paper (see Lemmas 3.4 and 3.6), which turned out to be more
convenient than searching for a reference. Note that the proof of Lemma 3.6 involves sieving in the ideals
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and the required remainder estimates are provided by Landau’s extension of the Polya-Vinogradov inequality

for Hecke characters [11].

It is worth noting that the motivation behind Theorem 1.2 lies in a result due to H. Iwaniec [8] on the
number of shifted primes that are representable by the genus of a quadratic form. This in turn is applicable to
counting primes which appear as curvatures in a primitive integer Apollonian circle packing using a method
similar to that in [3], where the authors prove that the integers appearing as curvatures in a primitive integer

Apollonian packing make up a positive fraction of Z.

Specifically, let P be a primitive integer Apollonian packing, and let a # 0 denote a curvature of a circle
in P. From [3], we have that the set S, of integers less than X represented by certain shifted binary quadratic
forms f,(x,y) — a, where the discriminant D(f,) = —4a?, is contained in the set of curvatures of circles in P.
Let P, C S, denote the set of primes in S,. We may then compute a lower bound for the number of primes
less than X appearing as curvatures in P by bounding

U]

where the a’s range over a set of our choice. The aim is to use the %-dimensional sieve of Iwaniec to first
determine the cardinality of B3,. In [8], Iwaniec proves upper and lower bounds for the number of primes
less than N represented by ¢ (x,y) + A, where @ (x,y) is a positive definite binary quadratic form and A is an

integer. He shows
X

(logX)3/2 (logX)3/2
where S(X, ¢,a) denotes the number of primes less than X represented by ¢ (x,y) +A. Here the discriminant

< S(X,9,0) <

of ¢ is fixed, and the bounds above are obtained by considering the count over all forms in the genus of ¢:
namely, for fixed discriminant, bounds for S(X, ¢,a) are easily derived from bounds for
SiX,¢,0)= )y 1
p<X

(x.y)=1.feRy
p=f(x.y)+a

where Ry denotes the genus of ¢. In order to apply this to finding bounds for [B,| where a is allowed to grow
with X, we must understand both how S; (X, ¢,a) depends on the discriminant of ¢, and how S relates to S;
in the case that D is not fixed. The latter is explained by Theorem 1.2 for D satisfying (4), while the former
is done via a careful analysis of the dependence on the discriminant in [8] for D < logX. This is discussed
briefly in the Appendix. Note that in the application to Apollonian packings, the discriminant of ¢ is always
of the form —4a?, but our results apply to a more general discriminant.

Indeed, an appropriate uniform version of Theorem 1 in [8] combined with Theorem 1.2 above implies the
following

Corollary 1.3. Let D < 0 satisfy (4) and f be a primitive positive definite binary form of discriminant D.
Then

X
(14) {q+a < X;q prime, g+ a representable by f}| > ————
(logX)2*¢

(we assume here a € Z fixed for simplicity).

Acknowledgements: The authors are grateful to V. Blomer for several private communications, to B. Green
for helpful suggestions on a previous version of this paper, and to the referees for a thorough reading of the
paper and for their numerous useful comments.
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2. A RESULT IN COMBINATORIAL GROUP THEORY

The aim of this section is to prove Theorem 2.1 below. We will then apply this theorem to the class group
in the next section.

For a small constant € > 0 and an absolute constant C, define €, k, k; as follows':

KT = 82
_ 100
K = 2 ¢
c2'®
(15) g = €7

Theorem 2.1. Let G be a finite abelian group with |G| = I’ and let A C G. Denote by

(16) s(A) = { Zx,-; {x;} distinct elements ofA}

the set of sums of distinct elements of A, and let €,€1,k, and K1 be as in (15). There are the following
alternatives.

I s(A)=G
II. There is a proper subgroup H of G (see Lemma 2.2), such that

G:H] < % and |A\H| < c(e).

WL There are k elements x1,...,xy €A and a subset Q,, . . C G depending only on x1,...,xy, such that
logh’'
A7) k<(l+e) 1(())%0’2 +cloglogh’ +c(€)
(18) Qx| < ER +k
and
(19) A C Qxl....,xk-

Again, we note that scenario (III) makes up for a very small portion of possible A: if K is the upper bound
on k in (17) and |A| ~ m, there are (i’r: ) total choices for A, and of these at most (i‘é) ( el

h) sets A are as in
(IIT), which is small compared to the total number of possibilities for A if € is small.

0] To prove Theorem 2.1, we start with the following algorithm. Take x; € A. Assuming we have
obtained x1,...,x;, we take x;4 as to maximize
S(x1,. . xj41).

Note that one has
s(xt, ..o xp,x)] = [s(xr,. . x) U (s(xr,...x5) +x) |

= 2s(xr,..xp) | = |sCer,cx) N (s(xr, o) +x) |

..... xj)\

the density of s(xi,...,x;) in G, we therefore have

(20) Exlls(xt,....xj,x)|] = 28;0' — 87h' = §;(2— &))I.

Lhis particular choice of &1, k, k7 will become clear from the necessary constraints (55), (59), (60), (61), (67).
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On the other hand, for all x we have
21 Is(x1,...,x;,x)] < (28))H'.
Fix € > 0. For §; < % we define
Qo= {x € G;|s(x1,...,x;,x)| < (2—¢)8;n'}.

Then, from the definition of Qg and (21) we have
€]
h/

1Q0]
h/

Edlls(er, o)) < 28 (1= =20) + 2~ )1
Together with (20) this implies
8] /

Note that it follows from (22) that one of the following, (A) or (B), holds.

(A) There exist xj,...,x; € A s.t.

(23) ls(xr, ... x)| > €20
with
logh'
(24) k< —22
log2 — 5
(B) There exist elements x1,...,x; €A and a set Qy, ., C G satisfying
(25) AC{xr,.. ., fUQy Ly
log i’
(26) k< ———
log2— £
(27) |Qx1 ..... )Ckl < eh/'

(2) Suppose the set A satisfies alternative (A) above, and so we obtain A; C A such that
(28) Sh' = |s(Ay)| > e*H

Furthermore, suppose 0 < 1/2. Fix € > 0 satisfying (15) and define

(29) Q) ={xeG;|s(A;U{x})| < (1 —&)|s(A1)| + &'}

Denote by Qf the complement of Q;. If (A\A;) NQ # 0, we add an element from (A\A;) N Q{ to A; and
increase the density from & in (28) to (1 —&1)6 +¢).

Assume this process of adding elements from Q¢ can be iterated r times. We then obtain a set A} such that
s(A!) has density at least ¢’ satisfying

128 = (1—&) (1 5)
and thus |s(A})| > (1 —¢&?) for

30) r>
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We now have §' > 1 —¢&2 > 1/2. We now define a set Q, for {x1,...,x;} C A in the case §; > 1/2, where §;
is as before.

(31) Q = {x € G;s(x1,...,x,x)| < (1—(1—8;)>*)n'}.
Similarly to the bound on Qg in (22), we get
(32) Q| < (1-8;)'/%H.

This set plays a similar role in adding elements to A} as ©; did in adding elements to A;. Consider the set
with {x1,...,x;} =A) and §; = &’. Note in particular that 8’ > 1/2 implies that s(A) is not a proper subgroup
of G. If we replicate the process of adding elements to A} from Qf NA\A} as above, we thus obtain a subset
Al C Aso that s(A]) = G and

logh' log L
(33) 411 < (logg) —& te 818
unless we are in alternative (B) with (26) replaced by (33). It remains to analyze the case when the iteration
on the set A; fails.

+loglogh’

If |Q;] < el’, we are again in the situation (B) with (26) replaced by

logh’ N log é -

34
(34 log2 —¢ ¢ £

Note that so far the all the alternatives we have analyzed for s(A) are that s(A) = G or that A fits into
situation (B) with (26) replaced by (33).

Assume next that Q; defined in (29) satisfies
(35) |Qy] > el
Denoting B = s(A), we have by (28) and definition of Q; that
(36) IB| > %I
Note that, by inclusion-exclusion, for every x € 1 we have
|s(AU{x})| = |(B+x)UB| = |B+x|+|B|— |BN(B+x)| =2-|B|— |[BN(B+x)|

From the definition of Q;, we have that |s(A} U {x})| < (1 — & +&&72)-|B|, and so

(37) IBN(B+x)| > (1—¢&2)|B|forx e Q.
Hence
(38) Igx1_p> (1—€e ?)|BlonQy

Summing both sides of (38) over x € , we obtain in particular that

(39) IB| > (1—g1€72)|Q].

3 Assume (36)-(39). Thus
(40) (1g,1p%1q,) = (Ig*1_p,1g,) > (1 — &€ 2)|B| Q]
and, noting that || 1|2 - |15 % Lo, |2 > (15, 15 % 1o, ), we have

1
g 1o, 2 > (1—€172)[B|Z Q.
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Squaring and using the fact that ; is symmetric, we therefore get

(Ipxlg, x1g,,1g) = (lp*lg,,lpxlg))
= |[[lgx1q 2
> (1-ee 2Bl jou P

and so we again get
1
1% 1o, * 1o ll2 > (1 —e1e72)?|BI2 |

If we continue squaring, we get that for any given r (= power of 2)
r _o\r 1 r
(1) a1l > (1—eie72) B2 Q"

(where 183 denotes the r-fold convolution).

To show that the one other possibility is that A is contained, up to a bounded number of elements, in a
proper subgroup H of G of bounded index [G:H] as in (II) of Theorem 2.1, we rely on the following lemma,
which is originally due to Fournier [4].

Lemma 2.2. Let u be a probability measure on a discrete additive group G. Assume that for small K as in
(15) we have

42) I pllz > (1 =) |2
Then there is a subgroup H of G s.t.
1 _ -
(43) Sl < [H| <2|ull;?
and for some z € G
1y, 1/12
(44) Hu ] [ Ser

Proof. Fory € G, let u, denote the push forward of u when translating by y —i.e. t,(x) = p(x—y). From
(42) we have

2 2014112
Y| X ule=u)| > (=0 ul3
x€G  yeG
and
Y (bt ) O R(2) > (1= %)% (13
Y1.y2€G
implying

Yoty — B uOnuG2) < 2(1-(1-x)%)||ul3
Y1)2€G

< Ax|pl3.

Hence there is yg € G such that

Yl — |3 () < 4|3
yeG

and by translation of it we may assume yo = 0, meaning
Y s — 3 1) < 43
yeG
Denote
U={yeGlu—ml2<x"lul2}.
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From the preceding
w(G\U) < 4x'/3.

Since
Yl ylla < 4 ull2
\UI
yeU
it follows by convexity that
ly
e ], < ox i

and in particular

1
2 < [ +4x! 3wl

1+4K'/3
(45) ||N||2<W
Next, write
1 u)
= w3+ 27+
H |U|H 27U U]
- 2+ 10x'3 —2(1 —4k'/3)
- U]
18x1/3
G
U
Hence
5 1/6
o =il <
[Ulll2 = [z
and also
il < gl
H |U| ;, \UI
ol 5]
U]
(47) < 6K/
From (42), (46), and (47), we have
U 1/6
— (1-20x
H|U| |U|H )|U|1/2

hence
E (U, U):= |1y *1y|3 > (1 —40x"/). |U?
where E., refers to the additive energy.”

We apply now some results from arithmetic combinatorics.

First, by (2.5.4), p.82 from [12] (B-S-G in near-extreme case), there are subsets U’,U” C U such that
(48) '), |U"| > (1—10x"12)|U|

2It has been pointed out to us by Ben Green that, in fact, from this bound on E the desired result in (44) of Lemma 2.2 follows from
Fournier’s paper [4], as described in Theorems 1.3.3 and 1.4.6 of notes of Green - Wigderson [7]. We include a different argument based
on Kneser’s theorem here.
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and

U —U"| < (1+20x"12)|U].
Thus from Ruzsa’s triangle inequality, also

‘U/—U"|2

1/12
@ < (1+80x"/1?)|U|

(49) U'-U'| <

Next, we apply Kneser’s theorem (see [12], Theorem 5.5, p. 200). For T C G, denote
Sym(T)={xe G T+x=T}

the symmetry group of 7.

Then by Kneser’s theorem, see [T-V]

T —T| > 2|T| |Sym, (T —T)|

and application with T = U’ gives

(50) ISym, (U’ —U")| > (1—80x"/12)|U"|.

Denote H = Sym, (U’ —U’). Note that H C U' — U’ since 0 € U’ — U’ and thus

|H|-|U'| < Y  JHAU +2)|
e’ -U'-U’

|U'—U" —U'||max|H N (U +2z)|
Zz

IN

< (1 +300K1/12)|U'|mzax|Hﬂ (U +2)|
from (49) and Plunnecke inequalities. Therefore, there is some z € G s.t.
\(H—2z)NU'| > (1+300x"/12)~H]|
and in view of (50)
U' A (H —z)| < 1000k U]
and
(51) U & (H —z)| < 1000k 12 [U].
From (47), (51) we have

1
< Ck12,

(52) (= 1{};(

Furthermore, note that by (45), (48), and (50), we have

1

1
[H| > (1-80x!/12) - (1= 10"/12) - (14 4x'2) ||l > 5 1]l

as desired. From (46), (51), we obtain (43) proving Lemma 2.2. O

We now show that the one other alternative for s(A) is alternative (II). Returning to (35) and (41), we have

that . »
(@)

. Hence there is some r with

2

decreases in r and is between —= and —2

Vh Ven'

c 1
53 logr < —log —
(53) ogr < _log—
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such that 4 = EIING) satisfies (42) of Lemma 2.2.
1]
From (41), (44), we conclude that

1y ) /12y p(1/2
1 —H > 1—ge 2 —cx/12y |V
H Bl = (1=&e™) —ex 1B

(54) > (1—cx'/1?)|B|'/?
provided
(55) g < K

which we have from the definition of & in (15). Also, from (43) and the preceding
(56) H| > %ml\ > gh’.
Let {Hy, } be the set of cosets of H C G. Then
1115 = ; 11 (B * L |[3-
Let k7 > 0 be as defined in (15), and define
Io={a € G:[BNHy| > (1—x1)|H|}

Let I; be the complement of 1.

One has
1By * 1115 = E+ (H,BNHgy) < |BNHy|* - |H|
and hence, by (54)

(1—ck/?)B|-[H? < |H|'Y, IBNHal

acG
< \H|< Y [H||BNHq|+(1—x1) ¥ |H\|BﬂHa\)
acly a€el)
< [HP(B| % Y [BNHal).
acl;
Denote by
(57) Bo= | J (BNHy) and By = | J (BNHy)
acly ach
Hence B = By U By with
(58) Bi| = Y [BNHy| < cx/ i |B.
ach
From (15), we have
(59) K<c K2

with ¢ as in (58), so that in particular Iy # 0.
Lety € A\A}. Then y € Q; and by (37)
IBN(B+y)| > (1—¢&¢& ?)[B].

Let ¢:G — G/H =IyUl,.
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If o € I, then

|((BNHq)+y)NB| > [(B+y)NB|— ) |BNHy|
o'#o

(1—€1672)|B|— |B| + |BNHy|
(1—rx1)|H| —e167*|B]

V

V

> (1—K —2&€ %)|H|.
where the last inequality follows from (56). Thus certainly
|H0H-<P(y) QB‘ > (1 — K1 — 2818_3)|H|.

From (58), if B € I

\Hg NB| < e/ i h < e/ e H|.
where the last inequality follows again from (56). From (15, we have
(60) g <1073¢
and
61) K< c-kite!?

Note that the restriction in (61) replaces the earlier one in (59).

It follows that [Hg N B| < & |H| for B ¢ Iy while certainly
|Ho s (y) N B| > %|H|
Hence a+ ¢(y) € Iy and we proved that
Io+9(y) =1Ipin G/H forall y € A\A].
Thus
(62) ¢(A\A}) C Sym,(Ip) in G/H.

We now distinguish between two cases: Iy = G/H and Iy # G/H.

e If Iy = G/H, then |B| = |s(A})| > (1 — k1)#’. We may then construct A{ as in §2 and conclude (B)
with k < (33), | Q] < /&Il

e Assume next Ip # G/H. Note that this implies Sym (Ip) # G/H and H' = ¢! (Sym, (l))) D H isa
proper subgroup of G. Hence

€ W
—h<|H|< =
2 <IH]< 2
By (62),
A\A| CH'.

Since Iy is a union of cosets of Sym (Ip) in G/H, we have I, = ¢~ (I) is a union of cosets H. of H’, each
satisfying

|BNH,| > (1—xy)|H'| for T € I
by definition of fo, where fo = Uyeyy Sym, (Io)z.

Thus we may identify H and H' and write

A\A| CH
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with

(63) i < JH| < %/

The set s(A}) = By UB; where By and B are as in (57) with B replaced by s(A/), and we have
(64) o [s(A])NHy| > (1—xKy)|H| for a €y

(65) o [Bi| <cx!/PH

(66) o Ih#0,1y#G/H.

Next, take a set z1,...,z, € A}, withr < % of representatives for ¢(A) and denote by A> = A} \{z1,
Then
s(Az) C s(A}) and |s(A2)| >27"|s(A))].
Thus there is some o € G/H such that
I5(A2) N He| > g\s(A2)| S e 27 s(Al)] > e 272,
Hence, for each z € s(z1,...,z,)
|s(AD) NHy ()| = | (s(A2) +2) NHy gl > €27 20,
We claim that & + @(z) = B € Ip. Otherwise, B € I; and s(A}) NHg C By, implying by (65) that
|s(A}) NHg| < ex'*i
and this is impossible, provided
(67) k<2 e
which we have by (15). Hence
Ihoa+o(s(zi,...z) = a+@(s(A))
and since Iy C @ (s(A})), by (64), it follows that Iy = ¢ (s(A})) and therefore by (66)

(68) o (s(A1)) # G/H.
Next partition

Iy = (p(S(A/I)) =JuJ
with 10

J= {a € G/H,|A\ NHy| > ?} and J' = Io\J.
Thus
20

(69) ‘ U #inHa)| < 5.

act’
Take elements
Z ={zanael < le—o}u{za;a eJ'}
with @(z0) = @.
Then
s(A}) D s(2)
and
o(s(A1)) > { Y uaet;0 <uq < g} +I =+

act

ey Zr ke
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where (J) is the group generated by J C G/H. Thus |[(J)| < |@(s(A}))].
From (68), (J) # G/H and H' = ¢~ '({J)) is a proper subgroup of G.
Hence, by (69)
(70) ATV < c(e)
and since A\A| C H,
[A\H'| < c(e)

with H' a proper subgroup of G, [G: H'] < % as in alternative (II) of Theorem 2.1. We have now shown that
s(A) must fit into one of the alternatives given in Theorem 2.1. O

Remark: Assume G =]], G, with G, = Hf:l Lpoi, Where k = k(p) depends on p. The number of maximal

subgroups of G, is known to be % (see [13]). Let 0(G,¢) denote the number of maximal subgroups H of

G such that [G : H] < c. Then we have

pi-1

(7 oGyt~

p<c

However, without further information on the p-group structure of G, we may only claim a bound |G| — 1,
obtained from the case G = (Z/27Z)*. Therefore without the information on the p-group structure of G, it is

hard to put a meaningful bound the number of subgroups of G satisfying alternative (II) of Theorem 2.1.

3. APPLICATION TO THE CLASS GROUP

In this section, we apply Theorem 2.1 to the class group % of classes of primitive positive-definite binary
quadratic forms of “large" discriminant D < 0. Our first application concerns representation of any integers by
a given binary form, and our second application is restricted to shifted primes (with a fixed shift) represented
by a given binary form, which we recall is of interest, for example, in the context of counting primes in

integer Apollonian packings.

3.1. Integers represented by a form. Let n € Z be square free; n =[] p; with (p;,D) =1 and Zp(p;) #
—1.LetC j7Cj‘1 be the classes that represent p;. Then n is representable by all classes in the formal expansion
[1{C),C; '} (see [1], Cor. 2.3).

Let G = 6. Thus /' = |G| = h/g with h the class number and g = |%'/%?| the number of genera. Let
A= {Cjz} C G. We have

(72) [Tcic;'y = (T1c; ! )s)
with s(A) defined as in (16).>

Fix € > 0 a small parameter and apply Theorem 2.1 to A C G.
If s(A) = G as in (I) of Theorem 2.1, then

—1y _ —1\ 2

[Ttcici'y = (TT6; ) 4™
Since € /€ is the group ¢ of the genera, it follows that in this case 7 is representable by any form of the
genus if it’s representable by some form. Our aim is to show that the alternatives (II) and (IIT) of Theorem 2.1

3For a more detailed discussion of the relationship between the class group and integers represented by binary quadratic forms, see
Section 2 of [2].
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do not account for many sets A =

15

{Cjz-}, and in doing so to give lower bounds on the number of integers n

which are representable by any form of the genus once they are representable by some form.

We start by making a few comments that will greatly simplify the calculations later on.

Lemma 3.1.

1) Let0<T< 1(1)—0, and let ®(n) denote the number of distinct prime factors of n. The

number of square free integers n < X with primes in & (€) and such that

(73)
is at most

(74)

(ii) Denote by p; > p2 > ...

1
|o(n) — EloglogX| > tloglogX

X
72
(logX)"2

the prime factors of n < X, where n is square free. Let 0 <y < 1]%. The

number of square free n < X with primes in &?(€') and such that ®(n) <y or

(75)
is at most
(76)
Proof.
X
logX
< X
logX
< X
logX

as desired.
(ii) Write Y = X?. We may a

n
i pr

1

< X% with 6 = min(c ™",y

)

X
Vl9ogX

’y.

(1) Recalling (1) from Section 1, we obtain the estimate

1

2k

(loglog X k=1

(k—1)
> (;Jrf)loglogX}

)»

\k—% loglog X |>7loglogX

(%7r)loglogX
{7
2

e
1-27

e
1427

ssume p; > -+ > pp > er, at the cost of replacing Y by ¥2. Note also that

p1 > (%) Ir > X!/2" Estimate the number of square free n < X as in (ii) of the Lemma by

<

<

<

1

)y

y<Y
Y representable

)y

papr<f
p1>>p>Y i

Z Z X . 1
Do 1/2
y rePi');gnlableYl/r<p2’m’pr<x y p2 pr log(X / r)
2r-X 1 logx \"!
22 (logY)V2. 1o
logX (log) (r—1) glog(Yl/’
-1

X e-log(ro—")\"

VLI T (e - A
logX vo-r ( r—1

X
’)/.

vlIogX

as desired where 0 satisfies (75) with an appropriate constant c.
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In view of Lemma 3.1 we see that, given a small v > 0, all square free integers n < X with primes in
P () satisfy
1
a7) |o(n) — 3 loglogX| < v -loglogX
and for any given constant r
(78) n=pi---pry = y>exp(logX)' "
outside an exceptional set of size at most
X
(logX )HT
Denote by < the conditions (77) and (78) with v > 0 some fixed small constant.

(79)

Assume now that A satisfies the conditions of alternative (II) of Theorem 2.1. Denote by
(80) n:¢— ¢
the map obtained by squaring and let ¥” = n~!(H). Since %" is a proper subgroup of €, we have
£ h
—h< || <
Sh<|¥|<
where h = |%| is the class number.

We may assume %" is a maximal subgroup of %, and the number of such subgroups is at most 4 as pointed

out in the remark at the end of Section 2.

Note that there is a set of indices _# such that | #| < C(¢) and for j ¢ # we have CJZ- € H, hence
c J-,ij1 € ¢'. Denote ¢ the primes represented by the class C. Thus Z¢ = P-1.

It follows from the discussion at the beginning of this section that n(H je s p.,-) ! has all its prime factors

)= |J Zc.

ces’

in the set

We recall the following distributional theorem.

Lemma 3.2 (Landau; [1], Lemma 5.1). Assume D < (log& )4, A fixed.
Then

S dr o—cv/IogE
< = ogé
(81) e Zear <8l =18 = 5o [ et )

with €(C) = 2 if C is ambiguous* and £(C) = 1 otherwise.

Recall also that the number of ambiguous classes equals

Yam = #(% /€*) = number of genera < 2°(P).

4having order at most 2
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Hence from (81) we have
me (&) = Hpe2(€)ip<E}
Y () + 5% ()

C ambiguous Ccee’
not ambiguous

AN

_ L[S e e

and since |¢”| < 4 and h < DI+ < (log&)* we have

(82) T (8) < (% + h%) /2‘5 k%

Thus, in summary, the number of integers n < X obtained in alternative (II) of Theorem 2.1 and satisfying
{> is at most

X
(83) Z #{m < ;m- py -+ p, square free with primes in Z(%”), satisfying O}
r<Ce;pi...pr<X P1---Pr
<€
2<[%:%")< 2

with Z(¢") satisfying (82) and {p1,...,p,} unordered and distinct, such that Zp(p;) # —1.

To bound (83), the number of integers obtained in alternative (II), we proceed as follows. Fix p; > --- > p,

with 7 < C¢, and let Y = Pl')'('Pr' Note that this satisfies log¥Y > (logX)!~ by (78).

Write the prime factorization of m as m = gy ---g,, with ¢ > --- > g, where |r| — %loglogX| <v-
loglogX + C¢ by (77). Thus, fixing r| = (% +0)-loglogX with |o| < 2v, we obtain the following bound on
the contribution to #{ } in (83).

: ( : )1
) - log
92+ qr, 92+ qr,

a>+>qry 1N 2(%)
@gry <¥' VM

rlfl

Y 1 1
(84) < rp—— Z —
log¥ (r—1) ez P
p<X
By (82) and partial summation,
1 1
(85) Z - = (Z +0(1)) loglogX

and therefore
Y - e (1+0)loglogX
84) < ri——(1+o(1 1(7)
(84) llogY( ( )) 4(%+0‘)
_X
P1-°Dr

where ¥ = r| +r. Summing over ri,p; > -+ > p,, and r < C¢ and bounding the number of maximal sub-

(86) <r(1 _|_0(]))#(logx)(%Jro')(lflonglog(l+26))71+v

groups " of ¢’ trivially by 1 < (logX) 79 45 before gives the following estimate on (83):
(83) <X- (10gx)#75+8(10g logX)C(S)(logx)*%f%HOv

X
(87) < .
2

(logX)2 ™
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for an appropriate choice of v = v(3).

Next, consider the contribution from alternative (IIT) of Theorem 2.1. This contribution is clearly bounded
by

X
(88) )y {m < ;m square free with primes in 22 (11 (Qp,, ) H
kasin (17) p1>>py P1---Pk
2p(pj)#-1
P1e-pr<X

where 7 is as in (80) and the set Q. C €* satisfies by (18)
Q| < 26|67

and hence Q,, _,, =1 1(Qp,,..p,) satisfies

(89) |Qpy...p, | < 2€h.
LetY = Pl-)~(- o and let = ¥ — k the number of prime factors of m. Again from (81), we obtain
1
(90) Y = <2eloglogX.

PGW(QH---PQ P

The arguments leading up to (84) give then

[{m < Y;m square free with prime factors in @(Qpl_,_pk)}\ <

Y r 1\7—1 Y
o1 (Y ) < (o)™,
—1)\! -
logy (r—1)! pe?/"(ﬂmump ©0) logY
p<X

We distinguish between the following two cases in bounding (88).

Casel. p;...pr < VX.
By (91), the innermost sum in (88) is bounded by
X Z 1 < X ( 5loglogX ) k
(logX) ¢ 7 (og)T Tk

(92)
X>pi>o>p Plee
xp(pj)#—1

Case2. pi---pr > VX.
Since p; > X ﬁ, we obtain

1 1
X (logX)% . ) v <
X>p1>-pi Pr- Pk IOg Pl---Dk
1
Ap(pj)#—1.p1>X 2%
(93) X (logX)% . ! Y .
£ p2-p p1 log—=
X>py>->py k & X & pip
xp(pj)#—1 X <P1<5=5
Since for any Z we have
11 (loglogX)?
. p logZ logX
X2k <p<Z P
this gives
X £loglog X \ k-1
94 93) < (2 )
4 (93) (logX)!1=3¢\ k-1
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similarly to (92).
In evaluating (92), (94), the size of & is essential. Write

log2
h:(logX)”,p<%—5

and, from (17), k < (1 +28)% < ologlogX with o = (lgéez)p < % — g Then

(92),(94) < (log;(m(logX)%(l_ﬁ)(l_log(l_S))
X

(logX)%Jrﬁz’38

X

(logX)2+5%

<
95) <

Recall that |D| It h< \D|]7JrS and the number of genera is bounded by 2°(°) < |DIE. In view of (87),
(95) and the comments made in the beginning of this section, we proved

Theorem 3.3. Let k > 0 be a fixed constant and D < 0 a negative discriminant satisfying
(96) ID| < (logX)(!~*)le2,
Let € be the class group. Then for X large enough

#{n < X;n square free, representable by some form but not by all forms of the genus}

X
< (logX) 1/2+k’

for some ¥’ = x'(x) > 0.

3.2. Representation of shifted primes. Next, we establish a version of Theorem 3.3 for shifted primes.

More precisely we get a bound on

#{g < X prime; g+ a square free and representable by some form but not

o7 all of the forms of the genus}

We use a similar strategy based on the combinatorial Theorem 2.1.

Lemma 34. Let Y € Z be a large integer and for each prime £ <Y let Ry C Z/lZ be given where |Ry| €
{0,1,2}. Then
Y

)Y+ (logY )10

IR

(98) #{n < ¥;m(n) & Ry for each £} < (loglog¥)* [ (1 ;
)

where my(n) denotes the residue class of n mod .

Proof. Denote % ={n € Z;n < Y}. and for ¢ prime, let
%y = {n S @;ﬂg(n) € Rg}
Furthermore, for a square free integer m, write

%= (%
Lm
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We use the bound

99) N < 1 N @\%)
l <Yy
with Yy < Y to be specified in (102).

From the inclusion-exclusion principle

(100) 0 <Y-Y 1%+ Y %ol + Y 1%

<Yy 1 <lr<Yy ()<<l <Yy

with an even positive integer r € Z to be specified in (102).

Clearly
| _ |R|
(101) || = ]‘[7 Y+O( ] IRe)-
Lm Lim
From (100) and (101) we have that
(99) R| (|Ré | R |)
== < 1727+...+ Z LA el
Y <Yy 4 0 <<l <Yy 6 £
1
+ (T Rd++ T (Rl IReD)
<Yy U <<l <Yy
R ( Ly IRyn 20 (YOH))
< (-Bhy (g By
<% Y4 ) rlz>’r r! f;/o Y4 Y r
1 |Ry| 2eloglog¥ \ " 1
< exp<3~ 7). ( ——)—&- (7) +(3Y%)'Y
Y0<Z€<Y 4 ZI;!’ l r12>r T
{ prime
Take
(102) r=10%loglog and Y, =y !0 (leglog)™!
to obtain the desired bound in (98). (Il

Similarly to Lemma 3.1, we show below that we may assume ¢ + a satisfies <>, excluding a set of size at

most
X
(103) PN Y
(logX )3+
Lemma 3.5. () Let v > 0 be small. The number of square free integers n of the formn =q+a,q <X
prime, with primes in & (%) and such that
1
(104) |o(n) — EloglogX\ > vioglogX
is at most
X
105 o3y
(103) (log X)3 /2+v

for some V' > 0.
(ii) Denote py > pa > --- the prime factors of n < X, n square free. The number of n = q+ a, q prime,
with primes in & (€) and such that either w(n) < r (r a constant) or

(106) < exp(logX)' ™V

pi-.-pr
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is at most
X
107 S —
(107) <1ng)3/2+v
for some V' > 0.

Proof. (i) Writingn=qg+a=p;...px,pi € P (%) and fixing k, we obtain the following bound on the
number of square free integers as in (i) of Lemma 3.5:
X
(108) Hp< ;p~p2--~p,faisprime}’.
p2>>pyin (%) pr==pr
paepr<X1=F
We can assume r < loglogX. LetY = p2~)-(~Pr. By Lemma 3.4,
Y
{p <Yipps...pr—aisprime}| < (loglogX)*- (og7 2
(109) < (loglogX)? Y
#OE (logx 2
Substituting (109) in (108) gives
5 -2 1
X - (loglogX)’(logX) ™ ~- Z
X>py>->py pP2--.Dr
P2, prin P(€)
loglog X \ -1 1
(110) < X - (loglogX)® - (logX) 2 (%) =T
r—1)!

the contribution of (110) for r satisfying (104) is at most (105) as desired.
(ii) Letting Y = exp(logX)'~", we obtain

) Y !
y<Y cpp<X
y with primes in (%) Proprsy .
p1>>pe>Y T
p1-prey+a prime

<)y X

<Y yl/r<p,...pr<X

X .
{p< 7;p-pz-~~pry+aprlme}H
y-p2:-Pr

¥ repr.
X
<Y ) (loglogX)>(logX) 2 ———
»yéffr YUr<py,.pr<X Y P2 pr

logX\r—1 1
< (loglogX)S(logX)_z(logY)%X(log rog > (

logY r—1)!
X
< (loglogX)™ ————
(logX)2"3
X
(111) <—=
(logX)2t3

and hence we get (107) as desired.

Returning to Theorem 2.1 and alternative (II), we have

(112) X>n=q+a=py...p/m
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where n is square free and m has its prime factors in & (%”).

Proceeding as in the proof of Theorem 1.1, estimate the contribution to (II) by

(113) Z ‘ m< ;m as above and p; - -, p, - m satisfying OH
r<CeiX>py>->p; P1---Pr
¢'<¢
Let Y = m-)-(- - and write m = q1...qy,, with g; > --- > g,, the prime factorization of m, where |r| —

%loglogX| < vloglogX by assumption <.

Thus, after fixing r; we have that

(114 Hinains ¥ (4

q2---qry <y N
where
Y .
(*):‘{p<q2 q ;pl...pr.qz...qu.pfaprlme}‘
e qr
L 34 Y T -2
"L (loglogX)? <log )
92+ qr, 92+ qr,
Y
115 < (loglogX)? .
(113) (loglog X) (10gX)2<1*V) q2---qr,
s
since log¥ > (logX)'~" and 1~ > Y.
1
Thus
loglogX)? 1
(114) <<Y%2(lzv)
(IOgX) X>qy>>qp in P(6) q2°4n
loglogX)? 1 -1
(116) <Y Log O;gu—)v) ' 1 |
(log )21 " (n =D\ &,
r<X

Writing r; = (1 + 0)loglogX where |o| < v,

loglogX)5 (logx)(%+c)(l—log2—log(l+20))+s X

117 116 —_— _
( ) ( ) < (logX)zU*V) Pl Pr

Summing over ry; p; > --+ > p,,r < C¢; and the maximal subgroups ¢’ of € gives

(113) < h (logX) 2~ $+0(0),

X
(logX)z—ZV

. log2 s .
Assuming i < (logX) 2 ~°, we obtain
X < X
(logX)3+8-2v=000) (109 )3+

(118) 113) <

[
2

for an appropriate choice of v.

Next, we analyze the contribution of alternative (III) from Theorem 2.1 in the case of shifted primes.
This contribution is again bounded by (88), with the additional specification that n = g+ a (g prime). Write
again
X>n=q+a=p1- pr1pc-mwith py <--- < py,
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and recall that €, depends only on the classes Cy,...,C; € % determined by py, ..., pr. We again have

the following two cases.

Case 1:

(119)

(120)

(121)

(122)

(123)

(124)

Case 2:

Assume first that p; ... p; < VX and estimate

Z Z Hm< X p1...prm—a prime H

kasin(17) PK>oopi p1...pk. msquare free with factors in gz(flm_npk)
2p(pj)#—1
p1pe<VX
N _ _1 o X _ . . .
where Q) p =17 (Qp,...p)- LetY = = and let m = gy ---qy, be the prime factorization

of m, where g1 > --- > g, and ' = k+ ry satisfies |r' — %loglogX\ < vloglogX. Thus certainly
r1 < loglogX. Fix r; and note that |{---}| in (119) is

< Z ()

g2>+>qy in 2(Q)
1

92 qr| <
where
(**)=HP< §P1"'Pk71'42"'41r1'P—Clprime}‘
q2- - qr
1
< (loglogX)Si2 -
(IOgY) q2---qr
Since .
Z — < 2¢eloglogX
PeEZ(Q)
this gives
(120) < (IOgIOgX)S#(Zsloglogx)”*l _r
(r1—1)! (logY)?
Y
< (logX)*¥ ——
(logX) (logX)?
since Y > v/X. Hence (119) is bounded by
X Z 1 - X (gloglogX)k-
(log X)2—3¢ XopSap, P1 Pk (logX)2 3¢ X

Ap(pj)#—1

In view of (17) and the assumption on & < (logX )%_5, we conclude similarly as in the proof of
Theorem 3.3 that

123) < —————.
(logX)2+5%?
Assume p---pr > VX. In particular, since p; < pp < --- < pr, we have that p; > X7%. The
argument given above for p; - - pr < v/X may not be conclusive anymore and so we adopt a variant

of the previous approach.

Proceed as follows.

Fix p1,...,pr—1. Then specify the class {C,C~'} of (py) so that we may specify Q =Q,, .
X

Take m with prime factors in %2(Q). We are concerned with primes p = p; < o

satisfying
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the conditions
(125) e p represented by C
(126) o 7(p) # mi(a@)/m(p1 ... proim) i (€, p1 ... pem) = 1,6 < VX.

and note that the contribution from (III) is then bounded above by

(127) y Yy y #{p<

; p satisfying (125), (126)}
m

P1<-.<Pk—1 CEL m sq-free with primes in 2(Q) PrePi=1-
Zp(pj)#—1 Ik
m< Pl Pro]
We estimate the number of primes p = p; < ﬁ satisfying (125) and (126) in the following lemma,
which we prove later.
Lemma 3.6. LetY < X. Then
loglogX)®> Y

(128) {p <V, p satisfies (125), (126)}] < (108102 %)”

hl=€ (logY)?”

From Lemma 3.6, we have

e K*(loglog X )>X
#{ <K ——  ; p satisfyin (125),(126)} <
PS o m P yine (logX)2py---pr—1-mh'~¢
loglogX)"X
(129) < (loglogX)

(logX)2py -+ pg—1-mhl=¢
Next, by (90),

1
130 — < (logX)*.
(130) ZX o< (logX)
with primes in 22 (Q)

m<

Coming back to (127), after summation over C € ¥ this gives again

(10ghX;(2_48 )y ( : )

Pr<-.<pro1<x ‘P17 Pk-1
Zp(pj)#-—1
X (gloglogX)kfl
(logX)2—>¢\ k-1
X
(logX)3/2+52/5

by the bound on k in (17), as well as the assumption on /.

Hence from the preceding, we can conclude

Theorem 3.7. Let k¥ > 0 be a fixed constant and D < 0 such that

(131) ID| < (logX)(1~*)loe2,

Let € be the class group corresponding to D. Then, for X large enough and any fixed positive integer
a = o0(X), we have that

#{q+a < X; q prime, q+ a square free and representable by some form but not by all forms of the genus}

X
(132) < (logX )32+

for some ¥’ = k'(x) > 0.
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Proof of Lemma 3.6.

In order to estimate the size of the set

(133) {p <7, p satisfies (125), (126)}

we factor in prime ideals and consider the larger set

(134) {aclaeC,N(a) <Y and m (N(at)) &Ry for £ < Yo}

25

where I denotes the integral ideals in Og,K = Q(\/T)),D = Do f? with Dy < 0 square free, N (a) stands for

the norm of ¢ and ¢ runs over primes,

(135) Ry =1{0,&}, & = m(a)/m(pr--- pr—y-m) if (€, p1--pr—y-m) =1
R; = {0} otherwise.

In fact, we restrict ourselves in (134) to primes ¢ < Y such that
(136) (b, -pr-pr1-m)=1.
Define

¥ ={acloacC,Na)<Y}
and

% = {Ot S @;ﬂg(N((X)) € R[}
for ¢ prime,

=%
ln

for n square free.

Proceeding as in the proof of Lemma 3.4, estimate

N @<
<Yy
( satisfies (136)
(137) 2 - Y %+ Y Pl
1<Yy 0 <l <Yy
{ satisfies (136)

with r ~ loglogY a suitably chosen positive integer.
We evaluate |%,| using Hecke characters.

The condition that & € C is equivalent to
1 _
7 ZA),(C)A((X) =1
re?

where A runs over the class group characters %

Denote by 2y the principal character of Q(mod £).

)y

U <--<lr<Yy

If ¢ satisfies (136), the requirement 77 (N(ct)) € R, may be expressed as

(138) p%(zv(a))w_—l Zd Z (&) 2 (N(a)) = 1.
2°(mod ¢)

Thus

(139) %= ¥ [% 2] [Ta38).

N(o)<Y " Ae?

|ty4,]
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We will use the following classical extension of the Polya-Vinogradov inequality for finite order Hecke
characters.

Proposition 3.8. (i) Let Z be a non-principal finite order Hecke character (mod f) of K. Then

(140) | ¥ #(@)|<c(DIN) P log DN 53
N(o)<x
(i1)
(141) Y 1=cix+0(|D|"(log|D])*)x"/?
N(o)<x
where

1= L]f (1 - %)L(l,%).

This statement follows from [L], (1), (2) p. 479; for (142), see [1], (2.5).

Analyzing (138) and (139), we have that

1 {-2
(142) = ¥ T1(1- = 2i(N@)) +0(1,)
N(a)<Y ln
where T, is a bound on sums
(143) Y Z(a)with 2 (a) = A(a) 2" (N(a))

N(a)<Y

where A € €, 2" is a (mod n)-Dirichlet character with ny|n and either A or 2" non-principal. By (140),
we have

(144) T, < C|D|-nY'? < C|D|YY'/3
so the collected contribution of 7, in (137) is at most

(145) CIplygy'3 <y'/?
imposing the condition

(146) IDIYS < Y.

Analyzing further (142) using (141), we obtain
(147)

=5 I [1-=50-9) T 11 1-50-9)] T (-7 ()] +our
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Substituting (147) in (137) gives

Cl 3 2 2 1 2
ly (1-2+5) (1-2). (1-5-7%)+
A A A
( satisfies (136) ( satisfies (136) ¢ satisfies (136)
2p(0)=1 2p(0)=0 Zp(0)=—1
1 3\"
o(r-( ¥ 3) +r"y)
"\, J4
{ prime
ID|€ _ (loglogX)3 3loglogYo\" _1n
s pUoBlosX)? oy (oglosly sy
(148) < (logYy)? * r * 0

Taking r = 10?loglogY and Yy = y10~*(loglog¥)~! , we have that (146) holds and we obtain (127). This proves
Lemma 3.6. O

Theorem 3.7 may be combined with Iwaniec’s result [8] on representing shifted primes by the genus of a
binary quadratic form (see the Appendix for a brief quantitative review of that argument, when the quadratic
form Ax? 4 Bxy + Cy* = f(x,y) is not fixed). Thus, fixing a # 0, and assuming D = B> — 4AC not a perfect
square, it follows from [8] that

#{q+ a < X;q prime and ¢ + a square free and representable by the genus of f}

X
(149) > G

and this statement is certainly uniform assuming |A[,|B|,|C| < logX

Corollary 3.9. Let f be as above with discriminant D < 0, and assume for some ¥ > 0
|D| < (logX)(17K)10g2
with X sufficiently large. Then

#{q+a < X;q prime, such that g+ a is representable by f}

X
> (logX)3/2+E .

4. APPENDIX

In this section we give a flavor of the ingredients of the half-dimensional sieve, and how these ingredients
extend to the version of Iwaniec’s theorem which gives Corollary 3.9 in the Introduction. Let ¢(x,y) be a
primitive positive definite binary quadratic form of discriminant —D where D < logX, and let

N 1 (X ) ¢ ) a) = Z 1
P<X.p /D
p=f(xy)+a
(xy)=1,f€Ry

where Ry denotes the genus of ¢. Then Theorem 1 of [8] gives us the following lower bounds for S;.

Theorem 4.1. For a € Z and ¢ a primitive positive definite binary quadratic form of discriminant —D where
D <logX, let S| (X, 9,a) be as above. Then for € > 0 we have
X.D°¢
S1(X,0,a) > ——=5
1(X,6,4) >e (logX)3/2

where the implied constant does not depend on D.
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The following two lemmas are essentially Theorems 2 and 3 from [8] in the case D < logX, where the

integer m represented by Ry is assumed to be square free and (m,D) < 2.
Lemma 4.2 (Iwaniec). Let —D < 0 be the discriminant of f(x,y) = Ax* +2Bxy + Cy?, and write
_D=_2% .plef’l ...pfﬂr’ D,= p%.D,

where 0, > 1 for 1 <i <r, and 6, > 0. Write m = 6n = 2%2n where m is a positive square free integer (so
0 < & < 1) such that (n,2D) = 1. Then m is represented by the genus of f iff the conditions on m in Table 1

are satisfied .

With the notation above, for p # 2, let

g};(n):{l|0<l<p7<;,> - (A.j&)},
L) (n) = {1|0<l<p, (;) <W)}

STable 1 also specifies a quantity x and 7 for each described case. These do not have to do with whether m is represented or not, but will
be used later.



ON REPRESENTATION OF INTEGERS BY BINARY QUADRATIC FORMS 29

TABLE 1. Representation of 222n by f

Description of 6, H T Conditions on n Conditions on D

0, >1,pi#2 | 5 | p, (2)=(222) none (1)
plm. 8,=0 11 none (-TD) —1 )

=0,6,=0 1 1 none =-1(4) 3)
&=0,6,=2 |lor2 |4 n=A(4)orn=—-AD; (4) Dy=—-1@4)orD,=1(4) | (4)
6=0,6,=3 2 8 n=A8)orn=A(1-2D,) (8) none ®)
&=00=4 1 4 n=A(4) none (6)
&=0,0>5 1 8 n=A(8) none @)
&e=1,6,=0 | | none =—-1(8) (8)
&=10=2 1 |4 n=A122 (4) Dy=—1(4) 9)
=1,6,=3 2 8 |n=—-AD;(8)orn=A(2—D,) (8) none (10)

where k(—D),) denotes the square free kernel of —D),. Note that each of .Z, and .Z) always contains (p —
1)/2 elements. Define % (n) as follows:

{l|0<i<4,l=A(4)orl=—-AD; (4)} ife,=0,0, =
{110<1<8,I=A(8)orl=A(1-2D,) (8)} ife =0, 6, =3
{1|0<l<4,1=A4)} ife,=0,0,=4

Ln)=L {1|10<I<8,I=A(8)} ife,=0,6,>5
{110<1<8,l=-AD,(8)or[=A(2—D,) (8)} ifer=1,6,=3
{110<l<4,1=-A21 (4)} ife,=1,60=2,Dy=—1(4)
{0} if & > 6,.

Note that % (n) contains k elements, where x is as in Table 1. With this notation, we have

Lemma 4.3 (Iwaniec). Let D, 6, m, n, and 8 be as in Lemma 0.2, and let ©, be the corresponding value of
T inthe case p =2 in Table 1. Define Q = v - [1,p, pi, and let

-}l (52) -1

where k(—D) is the square free kernel of —D. Then m = 2%n is represented by the genus of ¢ iff m satisfies
the conditions in Table 1, all the prime factors of n belong to P, and

n=L(Q)

where L > 0 is an integer satisfying the conditions

e 0<L<OQ,
o L=1(m) for somel € £ (n),
e for each p;|D; there exists | € £, (n) such that L=1 (p;).
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Furthermore, if £ denotes the set of L satisfying these conditions, (@) =1foreachL € Z.

Let & = {primes p /D s.t. (@) =—1},1et E =06, and let 9z (N) = ¢(N -E)/¢(E). For D fixed, it is

crucial to the %-dimensional sieve that the condition

logp 1
(150) —zlogz| <c¢
,;’z ¢e(p) 2
peP

is satisfied for some constant ¢ for all z > 1. In our case of D < logX, this holds in the following form for

some constant C not depending on D:

logp 1
(151) — ~logz| < C1D*?
;E’z ¢e(p) 2 ‘
peEP
for any z > 1. This can be seen from the proof of Theorem 3.2.1 of [5] and the fact that
Z logp logz
k(=D) 2
(T)=17P§z

where the implied constant depends only on €. As in [8], let

Co:= lim [] (1—%1(17))@

z—yo0 p<z
peEP

+D%-0(1)

for which Iwaniec shows in [8]

Lemma 4.4 (Iwaniec). Let Cy be as above. We have

Co=e"*T] (1_(1911)2> 11 (1_1)1/2. 1 <1_1>(_kfxm>/2

pla p|Da p plDa
peP

Finally, we recall the following theorem:

Lemma 4.5 (Bombieri, Vinogradov). Let m(x,k,l) denote the number of primes less than x which are |

modulo k. There exists an absolute constant U such that

Z max n(x,k,l)—(;(i]j) < 0 x)zo’
k< (1n\§U (Lk)=1 o

We are now ready to introduce the notation relevant to our problem and recall the lemmas resulting from

the %-dimensional sieve. For L and 0 as above, and 1 < s < %,

e D =2or 1= greatest divisor of 2D prime to Q- a

« M={meN|m="L5p<X,p=06L+a(08), (mDy)=1}

Mg={meM|m=0(d)}

Y = 0(E)- M| = Li(X)

Rq(M) = Myl - 507
— VX

Y = 06D(logX)V

AM /Sy =#{meMst. mZ0(p), y'/* > pe 2}
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By Lemma 4.3, the following is precisely what is needed to evaluate S;:

I =r) )» !
la|<f(x,y)+a=p<X d LeZ X>p=06L+a(Q0)
(x.y)=1.f€Ry ql((p—a)/8)=q<P
((p—a)/6,2D)=1,p>|q|

Z Z Y 1+2

meM
2|u5 (5L+a Q5) 1 g|m=g<€P

(152)

where # < 2|D|. It is the innermost sum in (152) that we evaluate with the help of the sieve. Note that if
(d,QA) = 1, there exists an integer d’ such that d’'Q+L =0 (d) and

My={m|m="2% p <X p=a+5L+08d (084)}.
From [8] we then have
LiX LiX

(1,08d)=1

With the notation above, the expression in (151) combined with the %—dimensional sieve gives the follow-

ing in our case:

Theorem 4.6.

s er CoY o dr (logX)® )
AV e\ §E) viegm <1 CECTEIIL) R

pld=pe P
Co- /24

> 05 T </ W=

+ (logX)® - o(1 )) +0(X1log 2°X).

The estimation of the remainder term comes from Lemma 4.5 and (153). Also, for sufficiently large X
(such that (X!/2(logX)~13-Y)1/s > X'/3) and 1 < s < § we have

AMyMH="Y 1+ Y L

meM p1pameM
qlm=>qe€P glm=-qeP

Y S<plpeP?

We have a lower bound for A(M, y!/ %), and we would like a lower bound for the first sum in the equation

above. To this end, Iwaniec shows:

Lemma 4.7 (Iwaniec). Let |08| < (logX)'> and s > 1. Then

4e72Co /s — 452X
1< 1 25 —1)———+= (1 1
i me08)s P gy )
q|lm=q<P

Y S<pipre?

Together with Theorem 4.6, for 1 < s < % and Q6 < logX, this gives us

2eY Co X s dt p— )
mgu 1> \/7 (P(QS) : (]0gX)3/2 ’ (/1 \/ﬁ —8s2\/27S10g(2S— 1) +0(])> +O(X10g ZOX),

glm=-q<P

where the implied constants do not depend on D.
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We now compute a lower bound for the expression in (A.5) as in [8]. Since D in our case is 1 or 2, the

expression Qp in (4.8) of [8] becomes

(154) Qp=c- —
);’ L)e:fz ¢(Q9)

2|D8 (8L+a,08)=1
where c is a constant not depending on D (coming from the products over p|D; in (4.8) of [8]) and 6 = 1 or 2

as in Table 1. Note that the innermost sum of the expression in (4.8) is > D¢ for € > 0. This follows from
2| =Tpp,(p—1)/2>¢ D'~¢ . Define

= L L ¢(Q9)

S LeZ
|08|<log!® X (6L+a,08)=1
2|Dé

and note that, since 6 <2 and D <logX in our case,

Qa—Qa < L 8D| - ;
| |_Q5>%glsx¢(Q5) < ol Q5>§glsx V05\/9(Q)
pl6=-p|D
|8D|
1
log® X

Combined with Theorem 1 of [8], this gives us the following bounds for S;(¢,X,a) where D < logX and
6=1or2:

[2e7 . X
> 04/ —Cy-Qp— (1 1)) +0(Xlog 2 x
S > p Co a(logX)3/2( +0(1))+0(Xlog )

= 0¥pQp (1+0(1))+0(Xlog °X)

_ X
(logX)3/2

where the implied constants do not depend on D,

0= sup

1<s<4/3 </1S \/t(ctltﬁ -
Co=Wp= 72[1-1(11)—1/2 8 (1@_11)2>H(11)‘5(p S D¢

p|2Da p p[2Da p 2Da p
(S
P

and Qp >, D¢ as well for € > 0. This gives us the desired generalization of Iwaniec’s theorem to Theo-

8s” Z(SS_ D log(2s — 1)) ,

rem 4.1.
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