Chapter 1
TheField of Realsand Beyond

Our goal with this section isto develop (review) the basic structure that character-

izes the set of real numbers. Much of the material infirst section is a review

of properties that were studied in MAT10Bowever, there are a few slight differ-
ences in the dinitions for some of the terms. Rather than prove that we can get
from the presentation given by the author of our MAT127A textbook to the previous
set of properties, with one exception, we will base our discussion and derivations
on the new set. As a general rule thefidgions offered in this set o€Compan-

ion Noteswill be stated in symbolic form; this is done to reinforce the language

of mathematics and to give the statements in a form that clarifies how one might

prove satisfaction or lack of satisfaction of the properties. YOUR GLOSSARIES
ALWAY S SHOULD CONTAIN THE (IN SYMBOLIC FORM) DEFINITION AS
GIVEN IN OUR NOTES because that is the form that will be required for suc-
cessful completion of literacy quizzes and exams where such statements may be
requested.

1.1 Fields

Recall the followingDEFINITIONS:

e TheCartesian product of two setsA andB, denoted byA x B, is

{(@,b)y:ae AADbe B}.
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e A function h from Ainto B isasubset of A x B such that
(i) (Va)[ae A= (db)(be B A(a,b) € h)];i.e,domh = A, and
(i) (va) (vb) (Vc)[(a,b) e h A (a,c) e h= b =(];i.e, hissingle-valued.

e A binary operation on a setA is a function fromA x Ainto A.

e A field is an algebraic structure, denoted (&, +, -, e, f), that includes a
set of objectsF, and two binary operations, additiga-) and multiplication
(+), that satisfy the Axioms of Addition, Axioms of Multiplication, and the
Distributive Law as described in the following list.

(A) Axiomsof Addition ((F, +, e) is a commutative group under the binary
operation of additiorf+) with the additive identity denoted l®);

(Al) +:FxF—>F

(A2) (V) (YY) (X,y € F = (X + y =y + X)) (commutative with respect
to addition)

(A3) (VX) (VY) (V2) (X, y,ze F = [(X+Y) +Z= X+ (Y + 2)]) (asso-
ciative with respect to addition)

(A4) (Fe)[e e F A (VX) (X € F =X + e = e+ x = X)] (additive identity
property)

(AS) W) (xeF= @(—X)[(=x) e FA X+ (=X) = (=X) + X =€)])
(additive inverse property)

(M) Axiomsof Multiplication ((F, -, f) is a commutative group under the

binary operation of multiplicatior(-) with the multiplicative identity
denoted byf);

M1) -:FxF—>F

(M2) (¥x) (VY)(X,y e F = (x-y =Yy X)) (commutative with respect
to multiplication)

(M3) (vx) (Vy) (V2) (X, y,ze F= [(x-y)-z= X (y- 2)]) (associative
with respect to multiplication)

(M4) @f)[feFAf#ern(Wx)(xeF=x-f="f.x=x)] (mul-
tiplicative identity property)

(M5) (Vx)(x e F —{e} =

[B(x)) (xTeFAX- xH=x1-x=1)]

(multiplicative inverse property)
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(D) TheDistributive Law
(V) (YY) (VD) (X, y,ze F=[x-(y+2) = (X-y) + (X-2)])

Remark 1.1.1 Properties (Al) and (M1) tell usthat IF is closed under addition and
closed under multiplication, respectively.

Remark 1.1.2 The additive identity and multiplicative identity properties tell us
that a field has at |east two elements; namely, two distinct identities. To see that two
elementsisenough, notethat, for F = {0, 1}, the algebraic structure (F, &, ®, 0, 1)
where® :F x F > Fand ® : F x F — [ are defined by the following tables:

D[ O0[1] ®[0[1]
O0]1

0|00}
101

1110

isafield.

Remark 1.1.3 The fields with which you are probably the most comfortable are
therationals (Q, +, -, 0, 1) and thereals (R, +, -, 0, 1). A field that we will discuss
shortly isthe complex numbers (C, +, -, (0, 0), (1, 0)) Snce each of these distinctly
different sets satisfy the same list of field properties, we will expand our list of
propertiesin search of ones that will give us distinguishing features.

When discussing fields, we should distinguish that which can be claimed as
a basic field property ((A),(M), and (D)) from properties that can (and must) be
proved from the basic field properties. For example, given that (F, +, -) isafield,
we can claim that (Vx) (Vy) (X,y € F = x + y € F) as an alternative description
of property (A1) while we can not claim that additive inverses are unique. The
latter observation isimportant because it explains why we can’t claim e = w from
(F, +, -, e, f) being afield andx + w = X + e = x; we don’'t have anything that
allows us to “subtract from both sides of an equation”. The relatively small number
of properties that are offered in thefaetion of afield motivates our search for
additional properties dfelds that can be proved using only the bdstd properties
and elementary logic. In general, we don't claim as axioms that which can be
proved from the “minimal” set of axioms that comprise théwiéon of afield. We
will list some properties that require proof and offer some proofs to illustrate an
approach to doing such proofs. A slightly different listing of properties with proofs
of the properties is offered in Rudin.
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Proposition 1.1.4 Properties for the Additive Identity of afield (F, +, -, e, f)
1L (WX)(XxXeFAX+X=X=X=¢)
2. (W) (xeF=x-e=e-x=¢)
B (W) (VY)[(x,yeFAXx-y=€e)= (x=evy=¢)]

Proof. (of #1) Suppose that x € I satisfies x + x = X. Since x € F, by the
additive inverse property, —x € Fissuchthat X + —x = —x + X = e. Now by
substitution and the associativity of addition,

e=X+(—X)=XX+X)+(—X) =X+ X+ —-X)=xX+e=X.

(of #3) Supposethat X,y € F aresuchthat x - y = eand x # e. Then, by the
multiplicative inverse property, x ! e F satisfiesx - x™t = x™1.x = f. Then
substitution, the associativity of multiplication, and #2 yields that

y:f-y:(x_l-x)-y:x_l'(x-y):x_l'e:e.

Hence, for X,y € F, x -y = e A X = eimpliesthat y = e. The claim now follows
immediately upon noting that, for any propositions P, Q, and M, [P = (Q v M)]
islogically equivaentto [(P A —=Q) = M]. m

Excursion 1.1.5 Use #1 to prove #2.

***The key herewastowork from x - e = X (e + €).***

Proposition 1.1.6 Uniqueness of Identities and Inverses for a field (F, +, -, e, f)

1. The additive identity of a field is unique.
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2. The multiplicative identity of a field is unique.
3. The additive inverse of any element in IF is unique.
4. The multiplicative inverse of any element in IF — {e} is unique.
Proof. (of #1) Supposethat w € F is such that
(") XeF=X4+w=w+X=X).

In particular, since e € I, we have that e = e + w. Since e is given as an additive
identity and w € F, e + w = w. From the trangitivity of equals, we conclude that
e = w. Therefore, the additive identity of afield isunique.

(of #3) Suppose that a € I is such that there existsw € F and x € [F satisfying
atw=w+a=e and at+tx=x+a=e.
From the additive identity and associative properties

w=w+e = w+(@+x)
= (w+a)+Xx
= e+X
= X

Since a was arbitrary, we conclude that the additive inverse of each element in a
field isunique. m

Excursion 1.1.7 Prove #4.

***Completing this excursion required only appropriate modification of the proof

that was offered for #3. You needed to remember to take you arbitrary element in F

to not be the additive identity and then simply change the operation to multiplica-

tion. Hopefully, you remembered to start with one of the inverses of your arbitrary
element and work to get it equal to the other &nhé.
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Proposition 1.1.8 Sums and Products Involving Inverses for a field (F, +, -, e, )

1. (va)(vb)(a,beF = —(a+b) =(—a) + (=h))
2. (Va)(ae F = —(—a)=a)
3. (Va)(vb)(a,be F= a-(—b)=—(a-b))

4. (Vva)(Vb)(a,beF= (—a)-b=—(a-b))

ol

. (Va)(vb)(a,be F= (-a)- (—=b) =a-b)

[o2]

. (Va) (a eF—{el = (a‘l £en [a‘l]_l =an—(al) = (—a)‘l))
7. (Va) (vb) (a,b e F—{e} = (a-b)~* = (a71) (b7}))

Proof. (of #2) Suppose that a € F. By the additive inverse property —a € F
and — (—a) € F isthe additiveinverse of —a;, i.e.,, — (—a) + (—a) = e. Snce —a
Isthe additive inverse of a, (—a) + a = a + (—a) = e which also justifies that a
Is an additive inverse of —a. From the uniqueness of additive inverses (Proposition
1.1.6), we concludethat — (—a) = a. m

Excursion 1.1.9 Fill inwhat ismissing in order to complete the following proof of
#6.
Proof. Suppose that a € F — {e}. From the multiplicative inverse property,
a~! e F satisfies . If a~! = e, then, by Proposition
@
1.1.4(#2), a~1 - a = e. Since multiplication is single-valued, this would imply that
which contradicts part of the prop-
@ (©)
erty. Thus, al #e.
Sinceal e F—{e}, by the property,(a‘l)_1 €
4
F and sati;ﬁes(a‘l)_1 cal=a"1. (a‘l)_1 = f, but this equation also jugtes
that (a‘l)_l is a multiplicative inverse for al. From Proposition ,
)

we conclude tha(a‘l)_1 = a.
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From (#5), (— (a™%)) - (—a) = a='-a = f from which we conclude
that — (a~?1) isa for —a. Snce (—a)~tisa mul-
(6)
tiplicative inverse for(—a) and multiplicative inverses are unique, we have that
—(a™) = (-a) ! as claimed.m

*** A\ coeptable responsesare: (1) a-a~! = f,(2) e = f, (3) multiplicative identity,
(4) multiplicative inverse, (5) 1.1.6(#4), and (6) multiplicative inverse.***

Proposition 1.1.10 Solutions to Linear Equations. Giverpald (F, +, -, 0, 1),
1. Va)(vb)(a,beF= @'x)(x e FAa+x =Dh))
2. (Va)(vb)(a,beFra#0= A'x)(x e FAa-x=Dh))

Proof. (of #1) Suppose that,® € F and a # 0. Since ae F — {0} there
exists @l e Fsuchthata a! =a1.a = 1. Becausea! e Fandbe F,

X = a~l.b e F from (M1). Substitution and the associativity of multiplication
e

yield that
a-x=a- (a‘l-b) = (a-a‘l)-bzl-bzb.
Hence, x satjges a- x = b. Now, suppose that € [ also satigies a-w = b. Then
w=1w= (a_l-a)-wza_l-(a-w)za_l-b=x.
Since a and b were arbitrary,
(Va) (Vb)(a,be F= (Ax)(x e FAa+x =D)).
|

Remark 1.1.11 As a consequence of Proposition 1.1.10, we now can claim that, if
X,w,z € Fand x+w = X+ z,thenw =z and if w,z € F, x € F— {0} and

w - X = z- X, thenw = z. The jusfication is the uniqueness of solutions to linear
equations in geld. In terms of your previous experience with elementary algebraic
manipulations used to solve equations, the propositionfjastivhat is commonly
referred to as “adding a real number to both sides of an equation” and “dividing
both sides of an equation by a nonzero real number”
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Proposition 1.1.12 Addition and Multiplication Over Fields Containing Three or
More Elements. Supposethat (F, +, -) isafieldanda, b, c,d € F. Then

l. a+b+c=a+c+b=---=c+b+a
2.a-b-c=a-c-b=.---=c-b-a
3 @+o)+(b+d)=@+Db)+(c+d)
4. (a-c)-(b-dy=(a-by-(c-d)
Proposition 1.1.13 Multiplicative Inversesin afield (F, +, -, 0, 1)

(a,b,c,deFAb#A0Ad#0)
L (va)(Vb)(vc)(Vd)[ —b-d#0A(a-bY) - (c-dY) =(@-c) (b-d) }
2. (va)(vb) (vo)[(a,b,ce FAC#0) = (a-c )+ (b-c7t) =(@a+b)-c?]

3. (va)(vh)[(a,be FAb#0) = ((-a)-b™Y) = (a- (-b)™!) = — (a-b71)]
4. (va) (vb) (vc) (vd)[(ae FAb,c,de F—{0})) = c-d1+#£0
Afa-b™).(c.d )t =(@-d)-(b- 0 =(a-b"Y-(d-cY)]

. (va) (vb) (Vvc) (Vd)[(a,ce FAb,de F—{0})) = b-d #0OA
(a-b™)+(c-d=@-d+b-c)-(b-d)™}

ol

Proof. (of #3) Suppose a,b € F and b # 0. Snce b # O, the zero of the
field is its own additive inverse, and additive inverses are unique, we have that
—b # 0. Sncea € Fandb € F— {0} impliesthat —a € F and bt € F — {0}, by
Proposition 1.1.8(#4), (—a) - b™! = — (a- b™1). From Proposition 1.1.8(#6), we
know that — (b=1) = (—b)~*. Fromthe distributive law and Proposition 1.1.8(#2),

a-(<b)l+a.bl=a. ((—b)—1+b—1) —a. (— (b—l) +b—1) —a.0=0
from which we conclude that a - (—b)~! is an additive inverse for a - b~1. Since

additive inverses are unique, it follows that a - (—b)™! = — (a- b_l). Combining
our resultsyields that

(-a)-bt=— (a- b_l) =a-(=b)7!

asclaimed. m
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Excursion 1.1.14 Fill in what is missing in order to complete the following proof
of #4.
Proof. (of #4) Supposethata € Fand b, c,d € F— {0}. Snced € F— {0}, by
Proposition , d~1 £ 0. From the contrapositive of Proposition 1.1.4(#3),
1)
c# 0andd~! # Oimpliesthat . In the following, the justifications

@
for the step taken is provided on the line segment to the right of the change that has
been made.

@b ea ™ = (@b (o @)

©)

@

(®

)

-d))
©)

+d)

)

(N

®)
= (@ -dy-(b-o%

®

From Proposition 1.1.8(#7) combined with the associative and commutative prop-
erties of addition we also have that

@-dy-(b-c)™*

@@-dy-(b7t.c™
(@-dy-b™1).ct
fa- (a5 -

(10
(a. [2—1) . d) .(i—l
(a-b™1) . (d-cY).

Consequentlya - b=1) - (c- d‘l)_1 =@-dy-(b-ot=(ab?.(d-ctas
claimed. m

*** A coceptable responses are: (1) 1.1.8(#6), (2) c-d~1 £ 0, (3) Proposition 1.1.8(#7),
(4) Proposition 1.1.8(#6), (5) associativity of multiplication, (6) associativity of
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multiplication, (7) commutativity of multiplication, (8) Proposition 1.1.8(#7), (9)
associativity of multiplication, (10) (a- (bt - d)) - c=Lx**
Thelist of properties given in the propositionsis, by no means, exhaustive. The

propositions illustrate the kinds of things that can be concluded (proved) from the
core set of basic field axioms.

Notation 1.1.15 We have listed the properties without making use of some nota-
tional conventionsthat can make things look simpler. The two that you might find
particularly helpful are that

e theexpression a+ (—b) may bewritten asa—b; (—a) + (—b) may bewritten
as—a—b;and
e the expression a - b~ may be written as a . (Note that applying this nota-

tional convention to the Properties of Multiplicative Inverses stated in the last
proposition can make it easier for you to remember those properties.)

Excursion 1.1.16 On the line segments provided, fill in appropriate justifications
for the steps given in the following outline of a proof that for a, b, ¢, d in a field,
(@+b)y—(c—d)=(@—-c)+ (b+d).

| Observation | | Justification |

(a+b)— (c—d) = (@+b) + (~(c + (~d))) noational
(@+Db)+ (=(c+(=d)) = @+b) + ((—0) + (=(=d)))

@+b) + ((—=0) + (=(=d))) = (@+b) + ((—¢) + d)

(€

2
@+b)+(-c)+d)y=a+ (b+ ((—-c) +d))

(©)
a+ b+ ((—c)+d)=a+((b+(-c)+d)

(4)
a+ ((b+ (—c)+d)=a+ (((—c) + b) +d)

5)
a+ (((—c)+b)+d)y=a+ ((—c) + (b+d))

(6)
a+((—c)+(b+d) =@+ (-c))+ (b+d)

@
@+ (—c)+bO+dy=(@—c)+ (b+d)

®
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*** A cceptable responses are: (1) Proposition 1.1.8(#1), (2) Proposition 1.1.8(#2),
(3) and (4) associativity of addition, (5) commutativity of addition, (6) and (7) as-
sociativity of addition, and (8) notational conventibi:

1.2 Ordeed Fidds

Our basicfield properties and their consequences tell us how the binary operations
function and interact. The set of basield properties doesn’t give us any means of
comparison of elementsnore structure is needed in order to formalize ideas such
as “positive elements in &eld” or “listing elements in dield in increasing order.”
To do this we will introduce the concept of an ordefesdd.

Recall that, for any se$, arelation on Sis any subset 08 x S

Definition 1.2.1 An order, denoted by <, on a set Sisarelation on Sthat satisfies
the following two properties:

1. TheTrichotomy Law: If x € Sand y € S, then one and only one of
X<y)yor (x=y)or (y<Xx)
istrue.

2. TheTransitiveLaw: (Vx) (Vy) (V2) [X,Y,Z€ SAX <YyAYy <Z= X < Z].
Remark 1.2.2 Satisfaction of the Trichotomy Law requires that
(") (YY) X,y e S= (X=Yy) VX <Y) V(Y <X))
be true and that each of

(") (YY) X,y e S= (x=y) = ~(X <y) A= (y <X))),
(M) (VY) (X, ye S= (X <y) = ~(X=Yy) A~ (y <X))),and
(") (YY) X,y e S= ((y <X) = ~(X=y) A= (X <Y)))
be true. The first statement, (VX) (Vy) (X, Yy € S= X=Yy) V(X <Y) V (Y < X))

is not equivalent to the Trichotomy Law because the digunction is not mutually
exclusive.
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Example 1.2.3 For S= {a, b, c} witha, b, and cdigtinct, < = {(a, b), (b, ©), (a, ¢)}

isan order on S. The notational convention for (a, b) e<isa < b. The given or-
dering has the minimum and maximum number of ordered pairs that is needed to
meet the dénition. This is because, given any two distinct elements of S, x and
y, we must have one and only one(®fy) €< or (y, X) e<. After making free
choices of two ordered pairs to go into an acceptable ordering for S, the choice
of the third ordered pair for inclusion will be determined by the need to have the
Transitive Law satiged.

Remark 1.2.4 The dgnition of a particular order on a set S is, to a point, up to
the dé¢iner. You can choose elements ok S almost by preference until you start
having enough elements to force the choice of additional ordered pairs in order
to meet the required properties. In practice, orders argrasl by some kind of
formula or equation.

Example 1.2.5 For Q, the set of rationals, letc Q x Q be dgined by(r, s) e<<
(s+ (—r)) is a positive rational. TheQ, <) is an ordered set.

Remark 1.2.6 The treatment of ordered sets that you saw in MAT108 derived the
Trichotomy Law from a set of properties thayaed a linear order on a set. Given

an order < on a set, we write X< y for (x < y) v x = y. With this notation, the

two linear ordering properties that could have been introduced and used to prove
the Trichotomy Law are the Antisymmetric law,

("X) (VY) (X, y € SA(X,Y) eSS A(Y,X) €)= X =Y),
and the Comparability Law,
(VX) (YY) (X, y € S= (X, y) €< V (Y, X) € 2)).

Now, because we have made satisfaction of the Trichotomy Law part of the def-
inition of an order on a set, we can claim that the Antisymmetric Law and the
Comparability Law are satfged for an ordered set.

Definition 1.2.7 Anordered field (I, +, -, 0, 1, <) is an ordered set that safises
the following two properties.

(OF1) (vx) (YY) (V2) [X, ¥, Ze FAX <y=X+Z <y +7]
(OF2) (vx) (Vy) (V2) [X, ¥, ze FAX <yAO<z=Xx-z<Yy-Z]
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Remark 1.2.8 Inthe definition of ordered field offered here, we have deviated from
one of the statements that is given in our text. The second condition given in the
text isthat

(V) (YY) [x,ye FAX>0AYy>0=x-y>0];

let’'s denote this proposition bfalt O F2). We will show that satisfaction ¢O F1)
and(altOF2) is, in fact, equivalent to satisfaction @@ F1) and (O F2). Suppose
that (O F1) and(O F2) are satigied and let xy € F be such tha® < x and0 < vy.
From (O F2) and Proposition 1.1.4(#2) = 0-y < x-Yy. Since x and y were arbi-
trary, we conclude thatvx) (vy) [x,y e FAXx > 0Ay > 0= x -y > 0]. Hence,
(OF2) = (altOF2) from which we have thafOF1) A (OF2) = (OF1) A
(altOF2). Suppose thatO F1) and (altO F2) are satigied and let xy, z € F be
such that x< y andO < z. From the additive inverse property-x) € F is such
that[x + (—X) = (—x) + x = 0]. From (O F1) we have that

0=X+4+(=X) < y+ (—X).

From (alt O F2), the Distributive Law and Proposition 1.1.8 (#4),< y + (—X)
and0 < z implies that

O<y+(=x)-z2=-2+(=x)-=( -+ (=(X-2).

Becauset and- are binary operations offf, x-z € Fand(y - z) + (— (X - 2)) € FF.
It now follows from(O F1) and the associative property of addition that

0+Xx-2<((Y D+ (~(X-DN+X-2=(Y- D+ (= (X-2)+X-2) =y -2+0.
Hence, x z < y- z. Since X, y, and z were arbitrary, we have shown that
(VX) (VY) (V2) [X, ¥, Ze FAX <yAO<z=X-Z2<Yy-Z]

which is(OF2). Therefore(OF1) A (altOF2) = (OF1) A (OF2). Combining
the implications yields that

(OF1) A (OF2) & (OF1) A (altOF2) as claimed.

To get from the requirements for a field to the requirements for an ordered field
we added a binary relation (a description of how the elements of the field are or-
dered or comparable) and four properties that describe how the order and the binary
operations “interact.” The following proposition offers a short list of other order
properties that follow from the basic set.
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Proposition 1.2.9 Comparison Properties Over Ordered Fields.
For an ordered field (FF, +, -, 0, 1, <) we have each of the following.

1. 0<1

2. (W) (VYY) [X,yeFAXx>0Ay>0=x-y> 0]

3 (W) [xeFAx>0= (—x) <0]

4. (W) (VY)[x,yeFAx <y= -y < —X|

5. (VX) (VYY) (V2) [X, ¥, ZEFAX <YyAZ<O0=Xx-2>Yy-Z]
6. (VX)[x eFAX#0= x-x=x%> 0]

7. (V) (VYY) [x,yeFAO<x <y=0<y?t<x7!]

In the Remark 1.2.8, we proved the second claim. We will prove two others.
Proofs for al but two of the statements are given in our text.

Proof. (or #1) By the Trichotomy Law one and only oneof 0 < 1,0 = 1, or
1 < Oistruein the field. From the multiplicative identity property, 0 # 1; thus,
we have oneand only oneof 0 < 1 or 1 < 0. Supposethat 1 < 0. From OF1,
we havethat 0 = 1+ (-1) < 0+ (-1) = —-1;i.e, 0 < —1. Hence, OF2
impliesthat (1) - (—1) < (0) - (—1) which, by Proposition 1.1.8(#3), is equivalent
to —1 < 0. But, from the trangitivity property, 0 < —1 A =1 < 0 = 0 < O which
Isacontradiction. m

Excursion 1.2.10 Fill in what is missing in order to complete the following proof
of Proposition 1.2.9(#4).

Proof. Suppose that x,y € F are such that X < y. In view of the additive
inverse property, —x € F and —y € FF satisfy

—X+X=X+-—-Xx=0 and

@

From ,0=X+—-X <y+—X e,
2 3

and0+ -y < ( ) + —y. Repeated use of commutativity and as-

(4)
sociativity allows us to conclude th&y + —x) + —y = —x. Hence-y < —x as
claimed. m
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*** Acceptableresponsesare: (1) —-y+y=y+-y=0,(2) OFL, (3)0 < y+ —X,
(4) y + —X.***

Remark 1.2.11 From Proposition 1.2.9(#1) we see that the two additional prop-
erties needed to get from an ordered set to an ord¢edd led to the requirement
that (0, 1) be an element of the ordering (binary relation). Frén 1 and(OF1),
we also havethat < 1+1 =22 < 2+ 1 = 3; etc. Using the convention
1+1+1---+41=n,the general statement beconles n < n+ 1.

nof them

1.2.1 Special Subsetsof an Ordered Field

There are three special subsets of any ordered field that are isolated for special con-
sideration. We offer their formal di@itions here for completeness and perspective.

Definition 1.2.12 Let (F, +, -, 0, 1, <) be an ordered field. A subset Sof F is said
to beinductiveif and only if

1. 1e Sand
2. (™) (xeS=>x+1€)S).
Definition 1.2.13 For (F, +, -, 0, 1, <) an ordered field, define
Nr=[)S
Se&
where S = {S C F : Sisinductive}. We will call Ny the set of natural numbers of
F.

Note that,T = {x € F : x > 1} is inductive because & T and closure oF un-
der addition yields that+ 1 € F whenevex € F. Becausévu) (U <1=u¢ T)
andT e S, we immediately have that amye Ny satidiesn > 1.

Definition 1.2.14 Let (F, +, -, 0, 1, <) be an ordered field. The set of integers of
I, denoted Zg, is

Zrp={aeF:aeNprv —aeNpva=0}.
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It can be proved that both the natural numbers of a field and the integers of a
field are closed under addition and multiplication. That is,

(Vm)y(vn)(neNrFAMeNr=n+meNrAN-me Np)
and
(Vmy(vny(neZrpArmeZr=n+meZr AN-meZp).

This claim requires proof because the fact that addition and multiplication are bi-

nary operations ofi only placesn+mandn-min IF becaus®&y c F andZr C F.
Proofs of the closure dNr = N under addition and multiplication that you

might have seen in MAT108 made use of the Principle of Mathematical Induction.

This is a useful tool for proving statements involving the natural numbers.

PRINCIPLE OF MATHEMATICAL INDUCTION (PMI). If Sis an inductive
set of natural numbers, theh= N.

In MAT108, you should have had lots of practice using the Principle of Mathe-
matical Induction to prove statements involving the natural numbers. Recall that to
do this, you start the proof by flaing a setSto be the set of natural numbers for
which a given statement is true. Once we show that9.and
(Vk) (k e S= (k+ 1) € S), we observe tha® is an inductive set of natural num-
bers. Then we conclude, by the Principle of Mathematical Induction,ShatN
which yields that the given statement is true forfall

Two other principles that are logically equivalent to the Principle of Mathemat-
ical Induction and still useful for some of the results that we will be proving in this
course are the Well-Ordering Principle and the Principle of Complete Induction:

WELL-ORDERING PRINCIPLE (WOP). Any nonempty set S of natura num-
bers contains a smallest element.

PRINCIPLE OF COMPLETE INDUCTION (PCI). SupposeS is a nonempty
set of natural numbers. If

(VMmy(meNAkkeN:k<mlcS=>me9

thenS=N.
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Definition 1.2.15 Let (F, +, -, 0, 1, <) be an ordered field. Define
Q= {r e F: (3m)(@n) (m,n eZr AN#OAT = mn‘l)}.
The set Qr iscalled the set of rational numbers of .

Properties #1 and #5 from Proposition 1.1.13 can be used to show the set of
rationals of afield isalso closed under both addition and multiplication.

The set of real numbers R isthe ordered field with which you are most familiar.
Theorem 1.19 in our text asserts that R is an ordered field; the proof is given in
an appendix to the first chapter. The notation (and numerals) for the corresponding
specia subsetsof R are:

N=J=1{123,4,5, ...} the set of natura numbers
Z=M: MmeN)yv(im=0v(-meN)}={.,-3-2,-1,0,1,2,3,...}
Q={p-qg'={:p.qeZAq#0}

Remark 1.2.16 The set of natural numbers may also be referred to as the set of
positive integers, while the set of nonnegative integersis.J U {0}. Another common
termfor JU{0} isthe set of whole numberswhich may be denoted by W. In MAT108,
the letter N was used to denote the set of natural numbers, while the author of our
MAT127 text isusing the letter J. To makeit clearer that we are referring to special
sets of numbers, we will use the “blackboard bold” form of the capital letter. Feel
free to use either (the oldY or (the new)J for the natural numbers in thgeld of
reals.

While N and Z are not fields, both Q and R are ordered fields that have severa
distinguishing characteristics we will be discussing shortly. Since @ ¢ R and
R — Q # @, it is natural to want a notation for the set of elements of R that are not
rational. Towards that end, we let Irr = R — Q denote the set of irrationals. It

was shown in MAT108 that /2 isirrational. Because /2 + (—ﬁ) =0¢ Irr

and v/2- /2 = 2 ¢ TIrr, we see that Irr is not closed under either addition or
multiplication.

1.2.2 Bounding Properties

Because both Q and R are ordered fields we note that “satisfaction of the set of
orderedfield axioms” is not enough to characterize the set of reals. This natu-
rally prompts us to look for other properties that will distinguish the two algebraic
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systems. The distinction that we will illustrate in this section is that the set of ra
tionals has “certain gaps.” During this (motivational) part of the discussion, you
might find it intuitively helpful to visualize the “old numberline” representation
for the reals. Given two rationalsands such thatr < s, it can be shown that
m=(r +s)-2-1eQissuchthat <m <s. Thenr; = (r + m)- 2~ e Q and

st =(m+s)-271 e Qare suchthat <r; < mandm < s; < s. Continuing this
process indgnitely and “marking the new rationals on an imagined numberline”
might entice us into thinking that we cafill'in most of the points on the number
line betweernr ands.” A rigorous study of the situation will lead us to conclude
that the thought is shockingly inaccurate. We certainly know that not all the reals
can be found this way because, for exampl&,could never be written in the form

of r +s)-271forr,s e Q. The following excursion will motivate the property
that we want to isolate in our formal discussion of bounded sets.

Excursion 1.2.17 Let A={peQ: p> 0A p*> <2} and
B={peQ:p>0Aap®>2}. Now we will expand a bit on the approach used
in our text to show that A has no largest element and B has not smallest element.
For p a positive rational, let

p?—2 2p+2
p+2 p+2°

a=p

Then

2_2:2(p2—2)
(p+23?

(@) For p e A justifythatq > pandq € A.

(b) For p € B, justifythatq < pand g € B.
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***Hopefully you took afew momentsto find some elementsof A and B inorder to
get afeel for the nature of the two sets. Finding aq that correspondstoa p € A and
a p € B would pretty much tell you why the claims are true. For (a), you should
have noted that q > p because (p2 — 2) (p+ 21 < 0whenever p? < 2; then
—(P?=2) (p+2)~* > Oimpliesthatq = p+(— (p>—2) (p+2)7!) > p+0=
p. That q isrationa follows from the fact that the rationals are closed under multi-
plication and addition. Finallg?—2 = 2 (p? — 2) (p + 2) ™% < Oyields thag € A
as claimed. For (b), the same reasons extend to the discussion needdaehenty
change is that, fop € B, p? > 2 implies that(p? — 2) (p + 2)~* > 0 from which
it follows that— (p? —2) (p+2)™* <0andg = p+ (— (p>=2) (p+2)7}) <
P+ 0= p'***

Now we formalize the terminology that describes the property that our example
is intended to illustrate. LS, <) be an ordered sgite., < is an order on the set
S. A subsetA of Sis said to bébounded abovein Sif

@u)(ue SA(Va)(ae A= a<u)).

Any elementu € S satisfying this property is called arpper bound of Ain S.

Definition 1.2.18 Let (S, <) be an ordered set. For A ¢ S, u is a least upper
bound or supremum of Ain Sif and only if

1l ueSA(Ma)(ae A= a<u))ad

2. (Vb)[(be SA(Va)(ae A=>a<h)=u<h].

Notation 1.2.19 For (S, <) anordered set and A C S, the least upper bound of A
is denoted by lub (A) or sup(A).

Since a given set can be a subset of several ordered sets, it is often the case that
we are simply asked tfind the least upper bound of a given set without specifying
the “parent ordered set.” When asked to do this, sinfiplgl, if it exists, theu that
satidies

(Va)y(ae A=>a<u and (Vb)[(Va)(ae A= a<b)y=u<b.

The next few examples illustrate how we can use basic “pre-advanced calculus”
knowledge tdind some least upper bounds of subsets of the reals.
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Example 1.2.20 Find thelub {%

+X2:XGR}.

From Proposition 1.2.9(#5), we know that, for x € R, (1—x)? > 0; thisis
equivalent to

1+X222x

1
< —
14+x2~ 2

1
from which we conclude that (Vx) (x eR= ) Thus, > is an upper

1.
= —, it follows that

1
bound for
N [ 1412 2

X
:xeRt. Snce
14x2 7€ ]

X 1
ub > ixeR}=2.
u{1+x2 € ] 2

The way that this example was done and presented is an excellent illustration
of the difference between scratch work (Phase 1) and presentation of an argument
(Phase 111) in the mathematical process. From calculus (MAT21A or its equivalent)

X . . ,
we can show that f (X) = 12 has arelative minimum at x = —1 and arelative
maximum at x = 1; we aso know that y = 0 is a horizontal asymptote for the

graph. Armed with the information that (1, %) is a maximum for f, we know

X 1
that all we need to do is use inequalities to show that 12 < > In the scratch

work phase, we can work backwards from this inequality to try to find something
that we can claim from what we have done thus far; simple agebra gets use from

1 : .
T < > to 1 — 2x + x2 > 0. Once we see that desireto claim (1 — x)? > 0,
we are home free because that property is given in one of our propositions about

ordered fields.

Excursion 1.2.21 Find the lub (A) for each of the following. Snce your goal is
simply to find the least upper bound, you can use any pre-advanced calculus infor-
mation that is helpful.
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1 Az{wmeﬂ]

2I’H—1
2. A= {(gnx)(cosx) : x € R}

3+ (=" (. .
***For (1), let X, = %; then xp; = 2211 is a sequence that is strictly

. 1 . . : 1
decreasing from > to O; while x2j_1 is also decreasing from > to 0. Consequently

, 1 . 1 . :
the termsin A are never greater than — with the value of — being achieved when
n = 1 and the terms get arbitrarily close to 0 as n approaches infinity. Hence,

1 1
lub(A) = > For (2), it is helpful to recall that sSinx cosx = Esian. The well

known behavior of the sine function immediately yields that lub (A) = %.***

Example 1.2.22 Find lub (A) where A= {x e R : x*> + x < 3}.
What we are looking for hereissup (A) where A = f =1 ((—o0, 3)) for f (x) =
x2 4+ x. Because

=x+x e +1— X+l 2
y_ y 4_ 2 ’

. . 1 1
f isa parabola with vertex (_E’ _Z)' Hence,

A— f_l((—oo,3))=[xe R:_l_—\/l_?’ < <_1+—\/f3}

2 X 2
-1+ 413

from which we conclude that sup (A) = 5
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Notethat theset A= {peQ: p> 0A p? < 2} isasubset of Q and a subset
of R. We have that (Q, <) and (R, <) are ordered sets where < is defined by
r < s (s+ (—r)) ispositive. Now lub (A) = +/2 ¢ Q; hence, thereis no least
upper bound of Ain S= Q, but A c S= R hasaleast upper bound in S = R.
Thistellsusthat the “parent set” is important, gives us a distinction betw&eand
R as orderedields, and motivates us to name the important distinguishing property.

Definition 1.2.23 An ordered set (S, <) hasthe least upper bound property if and
only if

VE (ECSAE#0A@GL)(BeSA(NVa)(ae E=ax<p)))
(VE) = (Au) (u=Iub(E) Au € )

Remark 1.2.24 As noted above, (Q, <) does not satisfy the “ lub property”, while
(R, <) does satisfy this property.

The proof of the following lemmais left an exercise.

Lemma 1.2.25 Let (X, <) be an ordered set and & X. If A has a least upper
bound in X, itis unique.

We have analogous or companion definitions for subsets of an ordered set that
are bounded below. Let (S, <) bean ordered set; i.e., < isanorder ontheset S. A
subset A of Sissaid to be bounded below in Sif

Fo) (v e SA(Va)(ae A= v < a)).
Any element u € Ssatisfying this property is called alower bound of Ain S.

Definition 1.2.26 Let (S, <) be a linearly ordered set. A subset A of S is said to
have agreatest lower bound or infimumin S if

1. 3g)(ge SA(Va)(ae A= g < a)), and
2. (ve)[(ce SA(Va)(ae A=>c<a)=c<g]

Example 1.2.27 Find theglb (A) where A= [(—1)“ (% - %) ‘ne N].

SN

and, for n even,

NN

1 2
Let ¥, = (=1)" (Z — ﬁ)" then, for n odd, x =
1 2
Xn=7 -

4
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N
w

1
Quppose that n > 4. By Proposition 129(#7) it follows that - <
2 2 1 1 1 1
Th F2 F1) yield that = < = = = ———<———
en (OF2) and (O )1y|eldtatn_4 > and 4_224
and Proposition 1.2.9(#4), we have that — > ——.

PRI RPA

2
1

2 =7 from (OF1). Now, it follows from Proposition

1.2.9(#1) that n > 0, for any n € N . From Proposition 1.2.9(#7) and (OF1),

N

1 2 n
Thus———>

, 2
respectively. From — <
1 1

2 2 1
n> 0and2 > Oimpliesthat — > 0and — — = > —=. Smilarly, from Proposition
2 i " 2 1 2 1 1
1.29(#3) and (OF1), — > Oimpliesthat —— < Qand- —— < -+ 0= -.
n n 4 n 4 4

Combining our observations, we have that

(Vn)[(neN—{l,Z,B}/\ZJ(n):-%gxnsﬂ

and

(Vn)|:(neN {123}/\2|n):>—%<xn_%1]

. 7 3 5 11
Finally, X1 = =, Xo = ——, and X3 = each of which is outside of | ——, - |.
4 4 12’ 4’4

Comparing the values leads to the conclusion that glb (A) = —-

Excursion 1.2.28 Find glb (A) for each of the following. Snce your goal issimply
to find the greatest lower bound, you can use any pre-advanced calculus informa-
tion that is helpful.

3+ (="

1. A= 2n+1

el
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1 1
2. A:{?+3_m'n’m€N]

***Qur earlier discussion in Excursion 1.2.21, the set given in (1) leads to the con-

. 1 .
clusion that glfA) = 0. For (2), note that each 02%“ and3—m are strictly de-
creasing to 0 as andm are increasing, respectively. This leads us to conclude that

5
glb (A) = 0; although it was not requested, we note that(Sp= (—5.***

We close this section with a theorem that relates least upper bounds and greatest
lower bounds.

Theorem 1.2.29 Suppose (S, <) isan ordered set with the least upper bound prop-
erty and that B is a nonempty subset of S that is bounded below. Let

L={geS:(Va)(ae B=g<a)l.

Thena = sup (L) exists in S, and = inf (B).

Proof. Supposethat (S, <) isan ordered set with the least upper bound property
and that B is anonempty subset of Sthat isbounded below. Then

L={geS:(Va)(ae B= g<a)l.

is not empty. Note that for eachb € B wehavethat g < bforal g € L; i.e,
each element of B isan upper bound for L. Since L C Sis bounded above and S
satisfies the least upper bound property, the least upper bound of L existsandisin
S Leta =sup(L).
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Now we want to show that « isthe greatest lower bound for B.

Definition 1.2.30 An ordered set (S, <) has the greatest lower bound property if
and only if

VE (ECSAE#0AEy)(y e SA(Va)(ae E=y <a)))
(VE) = (@w)(w =gb(E) Aw € S) :

Remark 1.2.31 Theorem 1.2.29 tells us that every ordered set that satisfies the
least upper bound property also satisfies the greatest lower bound property.

1.3 TheReal Fied

The Appendix for Chapter 1 of our text offers a construction of “the reals” from

“the rationals”. In our earlier observation of special subsets of an ordesleldwe
offered formal dénitions of the natural numbers offeeld, the integers of eld,

and the rationals of field. Notice that the diitions were not tied to the objects
(symbols) that we already accept as numbers. It is not the form of the objects in the
orderedield that is importantit is the set of properties that must be siid. Once

we accept the existence of an ordefesiid, all orderedields are alike. While this
identification of orderedields and their corresponding special subsets can be made
more formal, we will not seek that formalization.

It is interesting that our mathematics education actually builds up to the formu-
lation of the real numbefield. Of course, the presentation is more hands-on and
intuitive. At this point, we accept our knowledge of sums and products involving
real numbers. | want to highlight parts of the building process simply to put the
properties in perspective and to relate the least upper bound property to something
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tangible. None of this part of the discussion is rigorous. First, define the sym-

bols 0 and 1, by{} = 0 and{¢} = 1 and suppose that we have an ordedietl

(R, +, -, 0,1, <). Furthermore, picture a representation of a straight horizontal line
(«——>) on which we will place elements of thield in a way that attaches some
geometric meaning to their location. The natural numbers offibid Ng is the
“smallest” inductive subseit is closed under addition and multiplication. It can be

proved (Some of you saw the proofs in your MAT108 course.) that
(") (xeNg=x>1)
and
Vw) (w eNg= = (F) (v e NrAW < <w +1)).

This motivates oufirst set of markings on the representative line. Let’s indicate the
first mark as a “place for 1.” Then the next natural number ofitfld is 1+ 1, while

the one after that i€l + 1) + 1, followed by [[1 + 1) + 1] + 1, etc. This naturally
leads us to choose faxed length to represent 1 (or “1 unit”) and place a mark
for each successive natural number 1 away from and to the right of the previous
natural number. It doesn'’t take too long to see that our collections of “addéd 1

IS not a pretty or easy to read labelling sysiéhis motivates our desire for neater
representations. The symbols that we have come to accept2rg, 4,5, 6, 7, 8,

and 9. In the space provided draw a picture that indicates what we have thus far.

The fact that, in an ordereikld, 0 < 1 tells us to place 0 to the left of 1 on our
representative linghen 0+ 1 = { } U {#} = {@#} = 1 justifies placing 0 “1 unit”
away from the 1. Now the dmition of the integers of &eldZg adjoins the additive
inverses of the natural numbers di@d; our current list of natural numbers leads to
acceptance of1, —2, -3, —4, -5, —6, —7, —8, and—9 as labels of the markings
of the new special elements and their relationship to the natural numbers mandates
their relative locations. Use the space provided to draw a picture that indicates what
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we have thus far.

Your picture should show severa points with each neighboring pair having the
same distance between them and “lots of space” with no labels or markings, but
we still have the third special subset of the ordefiett; namely, the rationals of
the field Qr. We are about to prove an important result concerning the “density
of the rationals” in an orderefield. But, for this intuitive discussion, our “grade
school knowledge” of fractions will stite. Picture (or use the last picture that you
drew to illustrate) the following process: Mark the midpoint of the line segment

: 1 N
from 0 to 1 and label it 21 or E; then mark the midpoint of each of the smaller
. 1 1
line segments (the one from Oannd the one fror‘rE to 1) and label the two new
1 3 . . .
points— and-, respectivelyrepeat the process with the four smaller line segments

to geté, 18287 g as the marked rationals between 0 and 1. It doesn’t take
too many iterations of this process to have it look like you hidlled the interval.

Of course, we know that we haven't because any rational in the frogrT! where

0 < p < gandqg # 2" for any n has been omitted. What turned out to be a
surprise, at the time of discovery, is that all the ratiomalich the O< r < 1

will not be “enough tofill the interval [Q 1].” At this point we have the set of
elements of thdield that are not in any of the special subs@&s;- Qg, and the

“set of vacancies” on our model line. We don’t know that there is a one-to-one
correspondence between them. That there is a correspondence follows from the
what is proved in the Appendix to Chapter 1 of our text.

Henceforth, we uséR, +, -, 0, 1, <) to denote the orderefield (of reals) that
satidies the least upper bound property and may make free use of the fact that for
any X € R we have thak is either rational or the least upper bound of a set of
rationals. Note that the sfibld (Q, +, -, 0, 1, <) is an orderedield that does not
satisfy the least upper bound property.

1.3.1 Densty Properties of the Reals

In this section we prove some useful density properties for the reals.
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Lemmal3.l If SC R hasL asaleast upper bound L, then
(Ve) (e e RAe > 0) = (dS)(se SAL—-—e <s<L)).

Proof. Suppose S is a nonempty subset of R such that L = sup (S) and let
¢ € R besuchthat ¢ > 0. By Proposition 1.2.9(#3) and (OF1), —¢ < 0 and
L — & < L. From the definition of least upper bound, each upper bound of Sis
greater than or equal to L. Hence, L — ¢ is not an upper bound for S from which
we concludethat — (Vs) (se S= s < L —¢) issdtisfied; i.e.,

(@) (se SAL—-¢<5).
Combining thiswith L = sup (S) yields that
(3s)(se SAL—eg <s<L).

Since ¢ was arbitrary, (Ve) (e e RAe > 0) = (ds)(se SAL—e <s< L)) as
clamed. m

Theorem 1.3.2 (The Archimedean Principle for Real Numbers) If « and f are
positive real numbers, then there is some positive integer n such that no > 4.

Proof. The proof will be by contradiction. Suppose that there exist positive
real numbers oo and S such that na < g for every natural number n. Since o > 0,
o <20 < 3a < -+ < nNa < --- IS anincreasing sequence of real numbers
that is bounded above by f. Since (R, <) satisfies the least upper bound property
{na : n e N} hasaleast upper boundinR, say L. Choosee = %a which is positive
because & > 0. Since L = sup{na : n € N}, from Lemma 1.3.1, there exists
se{na:neN}suchthat L —¢ <s < L. If s= Na, thenfor al natural numbers
m > N,weasohavethat L —¢ <ma < L. Hence,foom> N,0< L —ma < ¢.
In particular,

1
O<L—-—(N+DMDa <8=§OC
and
1
O<L—-(N+2)a <8=§0£.

Thus, L —2a < (N + Da and (N +2)a < L < L + 3a. But adding o to
both sides of the first inequality, yields L + %a < (N + 2)a which contradicts

(N+2a < L+ %a. Hence, contrary to our original assumption, there exists a
natural number n such that no. > 5. m
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Corollary 1.3.3 (Density of the Rational Numbers) If o and S are real numbers
witha < g, thenthereisarational number r suchthata <r < f.

Proof. Since 1 and  — a are positive real numbers, by the Archimedean Prin-
ciple, there exists a positive integarsuch that 1< m(f — «), or equivalently

mo + 1 < mp.
Let n be the largest integer such thlak ma. It follows that
nN+1<ma+1<mg.

Sincen is the largest integer such that < ma, we know thatma < n + 1.
Consequentlyna < n+ 1 < mg, which is equivalent to having

n+1

a <

< p.
Therefore, we have constructed a rational number that is betweaeds. =

Corollary 1.3.4 (Density of thelrrational Numbers) If a and g are real num-
bers witha < g, then there is an irrational number such thata < y < B.

Proof. Supposethat o and f are real numberswith a < f. By Corollary 1.3.3,

thereisarational r that is between % and % Since +/2 isirrational, we conclude

that y =r - v/2isanirrational that is between o and 5. m

1.3.2 Existence of nth Roots

The primary result in this connection that is offered by the author of our text isthe
following

Theorem 1.3.5 For Rt = {x € R : x > 0}, we have that

W) (Vn) (x eRTAnel=@ly) (yeRAY"=X)).



30 CHAPTER 1. THE FIELD OF REALS AND BEYOND

Before we start the proof, we note the following fact that will be used in the
presentation.

Fact 1.3.6 (Vy) (V2) (Vn)[(Y,ze RANeJAO<y <2) = y" < 2"]
To seethis, for y, z € R satisfyingare0 < y < z, let

S={nel:y"<2"}.
Our set-up automatically places € S. Suppose that& S; i.e., ke Jand ¥ < Z.
Since0 < vy, by (OF2), y**1 = y. yk < y. ZX From0 < z and repeated use
of Proposition 1.2.9(#2), we can justify thait< zX. Then(O F2) with 0 < Z€ and
y < zyields that y X < z- ZX = Z“t1. As a consequence of the transitive law,

k—f—1:> yk+1 < Zk+1,'

Yl oy KAy . K<z
thatis, k+ 1 € S. Since k was arbitrary, we conclude that
Vky(ke S= (k+1) € 9S).
Fromle SA (Vk)(ke S= (k+ 1) € S), S is an inductive subset of the
natural numbers. By the Principle of Mathematical Induction (PMI}x 3. Since
y and z were arbitrary, this completes the jfisaition of the claim.

Fact 1.3.7 (vw) (Vn)[(w e RAnNeJ—{J A0 <w <1) = w" < w]

Sincen> 2, n—1 > 1and, by Fact 1.3.6p"! < 1"1 = 1. From (OF2),
0 <wAw"™?! < limpliesthatw" = w" 1 w < 1-w = w, i.e,w" < was
claimed.

Fact 1.3.8 (va) (Vb) (Vn)[(a,beRANeJ-{1} A0 <a <b)
= (b"—a") < (b —aynb™ ]

From Fact 1.3.6, n> 2A0 < a < b = a"™! < b"™*, while (OF2) yields
thata-bl <b-bl =bltlforj = 1,2 ...,n—2. It can be shown (by repeated
application of Exercise 6(a)) that

pn—1 + b"2a 4 ba"—2 + a1 - pn-1 + pn—1 4t p"—1 — I‘lbn_l;
this, with(O F2), implies that

b" —a" = (b — a) (b”‘1 +b"2a+ .- +ba" %+ a”‘l) < (b—-a)np™?
as claimed.

Proof. (of the theorem.) Let R* = {ue R:u> 0}. Whenn = 1, thereis
nothing to prove so we assume that n > 2. For fixed x e RT™ andn € J— {1}, set

E={teR":t" <x}.
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. X o
Excursion 1.3.9 Usew = T+ x to justify that E # 4.

Now let u = 1+ x and supposethatt > u > 0. Fact 1.3.6 yields that
1
t" > u". From Proposition 1.29(#7),u > 1 = 0 < g < 1. It follows from

. 1 1 e
Fact 1.3.7 and Proposition 1.2.9(#7) that 0 < o < " and u" > u. By transitivity,
t" > u" AUu" > uimpliesthat t" > u. Finally, sinceu > x transitivity leads to the
conclusionthat t" > x. Hence, t ¢ E. Sincet was arbitrary, (vt) (t > u=1t ¢ E)
which isequivalent to (vt) (t € E = t < u). Therefore, E C R is bounded above.
From the least upper bound property, lub (E) exists. Let

y =Iub(E).
Since E c R*, wehavethat y > 0.

By the Trichotomy Law, one and only one of y" = x, y" < x, or y" > x.
In what follows we will that neither of the possibilities y" < x, or y" > x can hold.

_ N
Casel: If y" < x,thenx—y" > 0. Sincey+1 > Oandn > 1, x—yl >
n(y+1""
0 and we can chooseh suchthat 0 < h < 1 and
_ N
S X=y
n(y+ 1"t

Takinga =y andb = y + hin Fact 1.3.8 yields that

(y+h"—y" <hn(y+h"?! <x—y"
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Excursion 1.3.10 Usethisto obtain contradict that y = sup (E).

Case2: If 0 < x < y", then0 < y" — x < ny". Hence,

y" —x
=y T

issuchthat 0 < k < y. Fort > (y — k), Fact 1.3.6 yieldsthat t" > (y — k)".
From Fact 1.3.8, withb = y and a = y — k, we have that

Yyl —t" <y — (y—k)" < kny" !t = y" —x.

Excursion 1.3.11 Use thisto obtain another contradiction.

From case 1 and case 2, we conclude that y" = x. this concludes the proof that
there exists a solution to the given equation.

The uniqueness of the solution follows from Fact 1.3.6. To see this, note
that, if y" = x and w issuchthat 0 < w # y, then w < y impliesthat w" < y" =
X, whiley < w impliesthat x = y" < w". In either case, w" # x. m
***For Excursion 1.3.9, you want to justify that the given w isin E. Because 0 <

X <1+X,0<w = T < 1. Inviewof fact 1.3.7, w" < wforn > 2orw" < w

<1An <X-1=x.

o 14X 1+X
From transitivity, w" < w Aw <X = w" < x;i.e, w € E.

To obtain the desired contradiction for completion of Excursion 1.3.10, hope-
fully you notices that the given inequality implied th@gt+ h)" < x which would

forn > 1. Butx > 0A 1+ x > limpliesthat



1.3. THE REAL FIELD 33

placey + hin E; sincey + h >y, thiswould contradict that y = sup (E) from
which we conclude that y" < x is not true.

The work needed to complete Excursion 1.3.11 was a little more involved. In
this case, the given inequality led to —t" < —x or t" > x which justifies that
t ¢ E;hence,t > y— kimpliesthatt ¢ E whichislogically equivalenttot € E
impliesthatt < y — k. Thiswould make y — k an upper bound for E whichisa
contradiction. Obtaining the contradiction yieldsthat x < y" isalso not true.***

Remark 1.3.12 For x a positive real number and n a natural number, the number
y that satisfies the equation y" = x iswritten as J/x and isread as “the nth root of

X.

Repeated application of the associativity and commutativity of multiplication
can be used to justify that, for positive real numbersa and  and n anatural number,

a"p" = (af)".

From this identity and the theorem we have the following identity involving nth
roots of positive real numbers.

Corollary 1.3.13 If a and b are positive real numbers and n is a positive integer,
then

(ab)l/n — al/nbl/n_

Proof. For a = a/" and = b¥", we have that ab = a"g" = (af)". Hence
a8 is the unique solution to y" = ab from which we conclude that (ab)/" = af
asneeded. m

1.3.3 TheExtended Real Number System

The extended real number systemisR U {—o0o, +o0} where (R, +, -, 0, 1, <) isthe
ordered field that satisfies the least upper bound property as discussed above and
the symbols —oo and +o0o are defined to satisfy —oco < X < +oco for al x € R.
With this convention, any nonempty subset S of the extended real number systemis
bounded above by +o0o and below by —oo; if Shasno finite upper bound, we write
lub (S) = +00 and when S has no finite lower limit, we write glb (S) = —oo.

The +00 and —oo are useful symbols; they are not numbers. In spite of their
appearance, —oo is not an additive inverse for +o0o0. This means that there is no
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meaning attached to any of the expressions co — oo or —— or —; in fact, these

expressions should never appear in things that you write. §Oecausgothe symbols co
and —oo do not have additive (or multiplicative) inverses, R U {—oco, oo} is not a
field. On the other hand, we do have some conventions concerning “interaction” of
the special symbols with elements of tixeld R; namely,

X

X
o If X eR,thenx4+ 00 =400, X—00=—-—0and— = —— =0.
o0 — 00

e If X > 0, thenx - (+00) = 400 andx - (—o0) = —cc.
e If X <0, thenx - (+o0) = —o0 andx - (—o0) = +c.

Notice that nothing is said about the product of zero with either of the special sym-
bols.

1.4 TheComplex Field

ForC = R x R, ddine addition(+) and multiplication(-) by

(X1, Y1) + (X2, ¥2) = (X1 + X2, Y1 + Y2)

and

(X1, Y1) - (X2, Y2) = (X1X2 — Y1Y2, X1Y2 + Y1X2) ,

respectively. That addition and multiplication are binary operation§€ @a con-
sequence of the closure Bfunder addition and multiplication. It follows immedi-
ately that

(Xa Y) + (O, O) = (Xa Y) and (Xa y) ' (1a O) = (Xa y) '

Hence, (0, 0) and (1, 0) satisfy the additive identity property and the multiplica-
tive identityfield property, respectively. Since the binary operations afieeltas
combinations of sums and products involving reals, direct substitution and appro-
priate manipulation leads to the conclusion that addition and multiplication over
C are commutative and associative under addition and multiplication. (The actual
manipulations are shown in our text on pages 12-13.)

To see that the additive inverse property is $adth note tha¢x, y) € C implies
thatx € RAy € R. The additive inverse property in tfieldR yields that—x € R
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and —y € R. It followsthat (—x, —y) € C and (X, y) + (—x, —y) = (0,0) and
needed.
Suppose (X, y) € C issuch that (x,y) # (0,0). Thenx # 0v y # 0 from

which we conclude that x= + y< # 0 and (a, b) i 1y 32 s yz) iswell
defined. Now,

_ -y
(Xa y)'(aa b) - ( X2+y2,X2+y2)
-y -y
- g x2+y2 X2+y2’x'xz+y2+y x2+y2)

5

XX+ (=Y)-(=y) X-(=y)+VY- X)
X2+y2 X2+y2

X2 4+ y? xy+yx)

X2+y2 X2+y2
= (L0).

Hence, the multiplicative inverse property is satisfied for (C, +, -).
Checking that the distributive law is satisfied is a matter of manipulating the
appropriate combinations over thereals. Thisis shown in our text on page 13.
Combining our observations justifiesthat (C, +, -, (0, 0), (1, 0)) isafield. Itis
known as the complex field or the field of complex numbers.

Remark 1.4.1 Identifying each element of C in the form (x, 0) with x € R leadsto
the corresponding identification of the sums and products, x+a = (x, 0)+(a, 0) =
X+a,0andx-a=(x,0)-(a,0) = (x-a,0). Hence, thereal field isa subfield
of the complex field.

Thefollowing definition will get usto an alternative formulation for the complex
numbers that can make some of their properties easier to remember.

Definition 1.4.2 The complex number (0, 1) is defined to bei.
With this definition, it can be shown directly that
2=(-1,0)=—-1and

e if aand b arereal numbers, then (a, b) =a+ bi.
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With these observations we can write
C= {a+bi :a,beR/\izz—l}

with addition and multiplication being carried out using the distributive law, com-
mutativity, and associativity.

We have two useful forms for complex numhetise rectangular and trigono-
metric forms for the complex numbers are freely interchangeable and offer different
geometric advantages.

From Rectangular Coordinates

Complex numbers can be represented geometrically as points in the plane. We
plot them on a rectangular coordinate system that is called an Argand Graph. In
z = x + 1y, x is the real part ok, denoted by Re, andy is the imaginary part
of z, denoted by Inz. When we think of the complex numbgr+ iy as a vector
OP joining the originO = (0, 0) to the pointP = (X, y), we grasp the natural
geometric interpretation of additioa-§ in C.

Z, /

Definition 1.4.3 Themodulus of a complex number z isthe magnitude of the vector
representation and is denoted by |z|. If z= x + iy, then |z| = /X2 + y2.

Definition 1.4.4 The argument of a nonzero complex number z, denoted by argz,
isa measurement of the angle that the vector representation makes with the positive
real axis.

Definition 1.4.5 For z = x + iy, the conjugate of z, denoted by z, isx —iy.

Most of the properties that are listed in the following theorems can be shown
fairly directly from the rectangular form.
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Theorem 1.4.6 For z and w complex numbers,
1. |z] > Owith equality only if z= 0,
2. 12| = |z],
3. |zw| = || |wl,
4. |Rez| < |zland [ImZz]| < |z,
5. |2+ w|? = |2> + 2Rezw + |w|.
The proofs are left as exercises.
Theorem 1.4.7 (The Triangular Inequalities) For complex numbers z; and zo,
121+ 22| < |zal + 22|, and |21 — 25| > [|za] — |22]].
Proof. To seethe first one, note that

1z1+ 221> = |z2)> +2Rez1zp + |22/?
< |zaP+2lzallzl+ 127 = (z2) + 1220)?

The proof of the second triangular inequality isleft asan exercise. m
Theorem 1.4.8 If zand w are complex numbers, then

1l z4+w=7Z+w

N

2. Zw = Zw
Z+ 7 Z—27
3. Rez=—,IMmz= ——,
2 2i

4. 7z isa nonnegative real number.

From Polar Coordinates
Fornonzeroz = x +iy e C, letr = /x2+y2and 0 = arctan(
Then the trigonometric formis

y

;) = agz

z=r (cosf +ising).
In engineering, itis customary to use cisd for cosd +i sind in which case we write
zZ=rcisf.

NOTE: While (r, #) uniquely determines a complex number, the converse is not
true.
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Excursion 1.4.9 Use the polar form for complex numbers to develop a geometric
inter pretation of the product of two complex numbers.

The following identity can be useful when working with complex numbersin
polar form.

Proposition 1.4.10 (DeMoivre's Law) For 0 real and n € Z,
[cisO]" = cisnd.

Example 1.4.11Find all the complex numbers that when cubed give the value one.

We arelooking for all ¢ € C such that ¢ = 1. DeMoivre’s Law offers us a nice
tool for solving this equation. Let =r cisd. Therr® = 1 < r3cis3) = 1. Since
|r3 cis3¢9| = r3, we immediately conclude that we must have t. Hence, we need
only solve the equatioas39 = 1. Due to the periodicity of the sine and cosine,
we know that the last equation is equivalentfiading all & such thatcis30 =

2k
cis(2kr) for k € Z which yields thaBfd = 2kz for k € Z. But [TE ke Z] =

2 2 .
[—g, 0, %] Thus, we have three distinct complex numbers whose cubes are

, 2 : . (2
one namely,us(—%), cisO=1, andas(%). In rectangular form, the three

1 V3 3
complex numbers whose cubes are one a{g:— [ - 0, and—z + %

Theorem 1.4.12 (Schwar z's Inequality) If a4, ...,a, and by, ..., by are complex

numbers, then

n
> ajb;
=1
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Proof. First the statement is certainly trueif by = Ofor al k, 1 < k < n. Thus
we assume that not all the by are zero. Now, for any A € C, note that

n
> laj = bj| = 0.
i=1

Excursion 1.4.13 Make use of thisinequality and the choice of

(&)

to compl ete the proof.

Remark 1.4.14 A special case of SchwarZ's Lemma contains information relating
the modulus of two vectors with the absolute value of their dot product. For ex-
ample, ifof = (ag, ap) and 23 = (by, by) are vectors iR x R, then Schwarz’s
Lemma merely reasserts tHalf e 93 | = |a1by + asby| < |27 |23 .

1.41 Thinking Complex

Complex variables provide a very convenient way of describing shapes and curves.
It isimportant to gain afacility at representing setsin termsof expressionsinvolving
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complex numbers because we will use them for mappings and for applications to
various phenomena happening within “shapes.” Towards this end, let's do some
work on describing sets of complex numbers given by equations involving complex
variables.

One way to obtain a description is to translate the expressions to equations in-
volving two real variables by substitutirg= x + 1y.

Example 1.4.15 Find all complex numbers z that satisfy
2|1zl =2Imz - 1.
Letz=x+1iy. Then

21zl =2Imz—-1 o 2JX2+y2=2y—1
e (4(x*+Yy? =4y2—4y+1)/\(y2

= A2 = -4y + 1Ay >
= Xe=— (y - =
o 1 1 1. :
The last equation impliesthat y < 7 Sncey < 2 AY > > is never satisfied, we
conclude that the set of solutions for the given equation is empty.

Excursion 1.4.16 Findall ze C suchthat |z| —z=1+ 2i.

. 3 . :
***Your work should have given th<2= — 2i as the only solutiori**
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Another way, which can be quite a time saver, is to reason by TRANSLAT-
ING TO THE GEOMETRIC DESCRIPTION. In order to do this, there are some
geometric descriptions that are useful for us to recall:

{(z:|z—20| =71} is the locus of all pointg equidistant from théxed
point, zp, with the distance being > 0. (a circle)

(z:|z2—271| = |2— 22|} is the locus of all pointz equidistant from two
fixed points,z; andz,. (the perpendicular bisec-
tor of the line segment joining, andzy.)

(z:|z—21|+|z2—20| = is the locus of all points for which the sum of the
p} for a constanp > distances from 2ixed points,z; andz,, is a con-
|21 — 22| stant greater thajz; — z»|. (an ellipse)

Excursion 1.4.17 For each of thefollowing, without substituting x+iy for z, sketch
the set of points z that satisfy the given equations. Provide labels, names, and/or
important points for each object.

z—2i
z+ 342

2. |lz—4i|+|z+ 7| =12
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3. |4z+3—i| <3

***The equations described a straight line, an ellipse, and a disk, respectively. In
set notation, you should have obtained {x +iyeC:y= —§x — 9]

4 8
(+3)
2 Y+—)
X 2 =1%,and

+— =1

Remark 1.4.18 Ingeneral, if k isa positive real number and a, b € C, then

Z—a
[ZE(C.'ZTb

:Kk¢4

describes a circle.

Excursion 1.4.19 Use the space below to justify this remark.
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***Smplifying

ﬁ‘:kleadsto
z—b

(1 —~ k2) |z|? — 2Re(az) + 2k*Re (bz) + (Ial2 — K2 |b|2)

from which the remark follows.***

1.5 Problem Set A

1. ForF = {p,q, r}, letthebinary operations of addition, ¢, and multiplication,

®, be defined by the following tables.

®|rjq|p
ririjglp
Q| g|p|r
PIP|r Q9

®[ra]p
rfrf{r|r
g |rlalp
plriplg

(a) Istherean additiveidentity for the algebraic structure (F, &, ®)? Briefly

justify your position.

(b) Isthe multiplicative inverse property satisfied? If yes, specify a multi-
plicative inverse for each elementBfthat has one.
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(c) Assuming the notation from our field properties, find
rege(pdp?).

(d) Is{(p, p),(p,r),(@,9),(p,q), (r,r)} afield ordering on F? Briefly
justify your claim.

. For afidd (FF, +, -, e, f), prove each of the following parts of Proposition
1.1.6.

(8 Themultiplicative identity of afield is unique.
(b) The multiplicative inverse of any element inIF — {e} is unique.

. For afield (F, +, -, e, f), prove each of the following parts of Proposition
1.1.8.

(@ (va)(vb)(a,beF = —(a+b) = (—a) + (b))

(b) (va)(vb)(a,beF = a-(—b)=—(a-b))

(©) (Vva)(vb)y(a,beF= (-a)-b=—(a-h))

(d) (va)(vb)y(a,beF= (—a)-(=b)=a-b)

(e) (va) (vb) (a,b e F—{e} = (a-b)~* = (a7?) (b71))
. For afield (F, +, -, O, 1), prove Proposition 1.1.10(#1):
(Va)(vb)(a,beF= AX) (x e FAa+ x =Dh))

. Forafidd (F, +, -, 0, 1), show that, for a, b, c € T,
a—(b+c)=(@—-b)-c and a—(b-c)=(@—-b)+c
Give reasons for each step of your demonstration.

. For an ordered fidd (F, +, -, 0, 1, <), prove that

(@ (Va) (vb) (vc) (vd)[(a,b,c,deFAa<bAac<d) =
a+c<b+d]

(b) (va) (vb) (Vo) (vd)[(a,b,c,de FA0O<a<bAO<c<d)=
ac < bd]

. For an ordered field (FF, +, -, O, 1, <), prove each of the following
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() (va) (vb) (vc)[(a,b,ce FAC#0) =
(@chHh+(b-ct=@+b) c]

(b) (va) (vb) (vc) (vd)[(a,ce FAb,deF—{0})) = b-d #0A
(@a-b™)+(c-dY=@-d+b-c)-(b-d)7Y

8. Find the least upper bound and the greatest lower bound for each of the fol-
lowing.

9. Let(X, <) be an ordered set andl C X. Prove that, ifA has a least upper
bound inX, it is unique.

10. Suppose the® C Ris such that infS) = M . Prove that

Ve) (e e RAe >0)= (dg) (e SAM <g<M+5¢)).

1
find

2
11 FOI’f (X) == ; + ﬁ’

(@) supf~t((—o0,3))
(b) inf f~1((3, 00))
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13.
14.

15.

16.

17.

18.
19.

20.

21.
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Supposethat P ¢ Q c Rand P # @. If P and Q are bounded above, show
that sup (P) < sup(Q).

Lt A={xeR:(x+2)(x—3)"1 < —2}. Findthesup (A) andtheinf (A).

Use the Principle of Mathematical Induction to prove that, fora > Oand n a
natural number, (1+a)" > 1+ na.

Find all the values of

(b) A+2)[3(2+1)—2(3+6i)]. e A+ —@a-nn.
(€ A+i)3
Show that the following expressions are both equal to one.
3 3
-1+i+/3 —1—-i+/3
S

For any integers k and n, show that i" = i"+*. How many distinct values
can be assumed by i"?

Use the Principle of Mathematical Induction to prove DeMoivre's Law.

If z7 = 3 — 4i andz, = —2 + 3i, obtain graphically and analytically

(a) 2z1 + 42o. (d) |z1 + z2|.
(b) 371 — 2z. (e) |z1 — 2o|.
) zn-z-4 (f) 12z1+ 3z - 1.

Prove that there is no ordering on the comgleld that will make it an or-
deredfield.

Carefully justify the following parts of Theorem 1.4.6. Fandw complex
numbers,

(@) |z| > 0 with equality only ifz = 0,

(b) 1z = 1z,

(€) lzw| = |z] |wl,
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(d) |Rez| < |zl and [ImZ] < |z],
@ |z+ w|? =|zI> + 2Rezw + |w|?.

22. Prove the “other” triangular inequality: For complex numbers and zo,
|21 — 22| = [|z1] — |22]|.

23. Carefully justify the following parts of Theorem 1.4.8zHindw are complex
numbers, then

(b) Zw = zw

Z+Z Z—27
c) Rez=—,IMmz= ——,
©) 2 2i

(d) zzis a nonnegative real number.

24. Find the set of alt € C that satisfy:
@ 1<zl <3. @ |z—=1+1|z+1=2. (@ |z—2|+|z+ 2| =5.

(b) 2‘3'—1 (e) Imz? > 0. (h) 12| = 1+ Re(2).
z+2| 7
z+2)_,
(c) Rez? > 0. (M 2_1'_ '

25. When doeaz + bz + ¢ = O represent a line?

26. Prove that the vectaj is parallel to the vectar, if and only if Im (z1z2) = 0.
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