Chapter 2

From Finiteto Uncountable Sets

A considerable amount of the material offered in this chapter is areview of termi-

nology and results that were covered in MAT108. Our brief visit allows us to go
beyond some of what we saw and to build a deeper understanding of some of the
material for which a revisit would be befial.

2.1 Some Review of Functions

We have just seen how the concept of function gives precise meaning for binary
operations that form part of the needed structure fioeld. The other “big” use of
function that was seen in MAT108 was withfaeng “set size” or cardinality. For
precise meaning of what constitutes set size, we need functions with two additional
properties.

Definition 2.1.1 Let A and B be nonempty setsand f : A — B. Then

1. f isone-to-one written f : Aﬂ B, if and only if
(VX)) (YY) (V) (X, ) € fF A(Y,2) e f = x=Y),
2. fisonto, written f : A — B, if and only if

(Vy)(ye B= @) (xe AA(x,y) € f)),

. . 1-1 . . .
3. f isaone-to-one correspondenceritten f : A — B, ifand onlyif f is
one-to-one and onto.
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50 CHAPTER 2. FROM FINITE TO UNCOUNTABLE SETS

Remark 2.1.2 Intermsof our other definitions, f : A — B isontoif and only if

rng(f)d:f {yeB:(@xX)(xe AA(X,y)e f)} =B
e
whichisequivalentto f [A] = B.

In the next example, the first part is shown for completeness and to remind the
reader about how that part of the argument that something is a function can be
proved. Asamatter of genera practice, aslong aswe are looking at basic functions
that result in simple algebraic combinations of variables, you can assume that was
Isgiven in that form in afunction on either itsimplied domain or on a domain that
IS specified.

X
1-— x|

Example2.1.3 For f = [(x ) eRxR:-1<x < 1t,provethat

1-1
f:(-1,1) > R.

(@) Bydefinition, f C R x R, i.e, f isarelation from (-1, 1) to R.

Now suppose that x € (—1, 1). Then |x| < 1 fromwhich it follows that
1—|x| # 0. Hence, (1—|x|)"t e R— {0} and y =X AL-|xpteR
e

because multiplication isa binary operation on R. Snce x was arbitrary, we
have shown that

") (xe (L= QAy)(yeRA(X,y) e T)),ie,

dom(f) =(-1,12).

Suppose that (x,y) € f A (X,0) € f. Thenu =x- (A —|x)" =0
because multiplication is single-valued onR x R. Since x u, andv were
arbitrary,

(VX)) (Yu) (Vo) (X,u) e f A(X,0) e f = Uu=0),

l.e., f is single-valued.

Because f is a single-valued relation frgml, 1) to R whose domain
is (=1, 1), we conclude that f (—-1,1) —» R.
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(b)

()

Supposethat f (x) = f (x2); 1.8, %1, %2 € (=1, 1) and ¢ I = XTX -
T 1%

Snce f (X1) = f (x2) we must have that f (x1) < O/\ f (x2) < 0 or
f (X)) > 0A f (X2) > Owhichimpliesthat —1 < X1 < 0A =1 < X2 <0
orl>x3 >0A1>x2>0. Nowxg, X € (—1,0) yields that f)gxl) =

X1 X2
= = f (X2), whilexq, X 0, 1) leadsto f (X1) = =
Tya 1t% (X2), 1, X2 €[0,1) (xp) = Tox

= f (x2). In either case, a smple calculation gives that x; = Xo.

1—x
Snce x1 and xp were arbitrary, (vVx1) (Vx2) (f (X1) = f (X2) = X1 = X2).
Therefore, f isone-to-one.

Finally, fill in what is missing tginish showing that f is onto. Let € R.
Then eitherv < 0orw > 0. Forw < 0, let x = 1L Then(1—w) > 0
— W

and, because-1 < 0, we have that-1+ w < w or — (1 — w) < w. Hence,

-1 < and we conclude the x . It follows that
@

— W
IX] = and
2

X
f (x)= =
(X) T x] 5

Forw > 0, let x = % Becausel > 0 and w > 0 implies that
w

> w > 0which is equivalent to having > x = v S
14w

4)
Hence x| = and

()
f(xX)=

(6)

Sincew € R was arbitrary, we conclude that f maps1, 1) ontoR.

*** A cceptable responses are: (1) (—1, 0), (2) l_—w
— W

@ (2
© (=

-1
w) (1+—1fw) =0 @140 O T

-1
1- _v = . ***
w 1+w
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Given arelation from aset Ato aset B, we saw two relations that could be used
to describe or characterize properties of functions.

Definition 2.1.4 Givensets A, B,andC,letRe P(Ax B)and Se P (B x C)
where P (X) denotes the power set of X.

1. theinverse of R, denoted by R™1,is{(y, X) : (X, y) € R},
2. the composition of Rand S, denoted by So R, is
{(X,20e AxC:3y)((x,y) € RA(Y,2) € 5}.

Example2.1.5 For R={(x,y) e Nx Z : x2 + y? < 4} and
S={x,y)eRxR:y=2x+1},R1={0,1),(-1,1),(1,1),(0,2},St=

[(x,y) eRxR:y:X—;l],and SoR={(1,1),(L3),( -1, (2 1)}

Note that the inverse of arelation from aset A to aset B is always a relation
from B to A; thisis because arelation is an arbitrary subset of a Cartesian product
that neither restricts nor requires any extent to which elements of A or B must be
used. On the other hand, while the inverse of afunction must be arelation, it need
not be a function; even if the inverse is a function, it need not be a function with
domain B. The following theorem, from MAT 108, gave us necessary and sufficient
conditions under which the inverse of afunction is afunction.

Theorem 2.1.6 Let f : A— B. Then f ~isafunctionif and onlyif f isone-to—
one. If f~1is a function, then f1is a function from B into A if and only if f isa
function from A onto B.

We also saw many results that related inverses, compositions and the identity
function. These should have included all or alarge subset of the following.

Theorem 2.1.7 Let f : A— Bandg: B — C. Then g f is a function from A
into C.

Theorem 2.1.8 Suppose that A, B, C, and D are sets, RP(Ax B), S €
P(BxC),and Te P (C x D). Then

To(SoR)=(ToSoR.
and

(SoR =R 1ost
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Theorem 2.1.9 Supposethat A and B aresetsand that R € P (A x B). Then
1. Ro Rl € P (B x B) and, whenever Rissingle-valued, Ro R~ C I

2. R1oRe P (Ax A) and, whenever R is one-to-one; R R C I
3. (RY =R
4, loR=Rand Ro la =R.

Theorem 2.1.10 For f : A—» Bandg: B— C,

1. If f and g are one—to—one, thercgf is one—to—one.
2. If f isonto B and g is onto C, thenggf is onto C.
3. Ifgo f is one—to—one, then f is one—to—one.

4. Ifgo f isonto C then g isonto C.
Theorem 2.1.11 Suppose that A, B, C, and D are sets in the univéfse

1. If h is a function havinglomh = A, g is a function such thatomg = B,
and AN B = @, then hu g is a function such thadom (h U g) = AU B.

2. fh: A—-»C,g:B—- Dand AnB =6,thenhug: AUB - CUD.
3. Ifh: AS'C,g: BS' D, AnB =4, and CN D = 6, then
hug: AUB S'CcuUD.

Remark 2.1.12 Theorem 2.1.11 can be used to give a slightly different proof of the
result that was shown in Example 2.1.3. Notice that the relation f that was given
in Example 2.1.3 can be realized agUf f, where

flz[(x, X )G]RXR:—1<X<O]
1+x

and

fg:[(x, X )eRxR:0§x<1];
1—x

for this set-up, we would show that f (-1, 0) 1—_»1 (—o0,0)and b : [0,1) 1—_»1

[0, 00) and claim f U fy : (—1,1) e R from Theorem 2.1.11, parig2) and
(#3).
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2.2 A Review of Cardinal Equivalence

Definition 2.2.1 Two sets A and B are said to be cardinally equivalent, denoted
by A~ B,ifandonlyif @f)( f: A B). If A~ B (read “A is equivalent to

B”), then A and B are said to have the same cardinality.

1 .
Example2.2.2 Let A= {0} and B= [ﬁ ‘ne N]. Make use of the relation

{(x, T (X)) :x€][0,1]}

where

1 .
> Jifx e A
foo = X ifxeB
1+ 2x
X ,ifxe[0,1] — (AU B)

to prove that the closed intervf), 1] is cardinally equivalent to the open interval
0, 1).

Proof. Let F = {(x, f (X)) : x € [0, 1]} where f is dgned above. Then =
{(X,01) : xe AUB}U{(X,02) : X € ([0, 1] — (AU B))} where

1 :
> Jifx e A
ax = X _ and @ = f [[0,1-(AuB)-
,ifxe B
14 2x
. . 1
Suppose that x AU B. Then either x= 0 or there exists re N such that x= =
1
1 1 n 1
It follows that g (X) = g1 (0) = Zorgu (X) = 1 (=) = —— = c
2 ") 140t NF2

(0, 1). Since x was arbitrary, we have that

(") (xe AUB= Ay)(ye O, ) Aqi(X)=Y)).
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Thus, dom (g1) = AU B. Furthermore, since (142 - x) £ 0for x € B

=x-(14+2-x)71
1+ 2x €+ )

Is defined and single-valued becauseand+ are the binary operations on th#eld
R. Hence,g: AUB — (0, 1).
Since

1
gl[AU B]Z[n—_'_anN] djf C,

we have that g : AU B — C. Now suppose thatjxxo € AU B are such
. 1
that ¢ (x1) = 01 (x2). Then either g(x1) = g1 (x2) = 5 0rG1(x1), 91 (x2) €
1
N2 :n e N;. In thefirst case, we have that x= xo = 0. In the second case,

we have that g(x1) = g1 (Xo) =

X1 _ X2
1+ 2x1 14 2Xo

S X1+ 2X1X2 = X2 + 2XoX1 & X1 = Xo.
Since X and % were arbitrary,
(VX1, X2) (X1, X2 € AUB A g1 (X1) = g1 (X2) = X1 = X2); i.e.,
01 is one-to-one. Therefore,
1-1
gr: AUB —» C.

Note that[0,1] — (AU B) = (0,1) — C. Thus, g, as the identity function on
(0,1) — C, is one-to-one and onto. That is,

% ((0,1)~C) > ((0,1)—C).
From Theorem 2.1.18#2) and #3), ¢ : AUB 5 C, @ : ((0,1)—=C) =
((0,1) — C), ([0, 1] — (AU B)) N (AU B) = # and((0, 1) — C) N C = & implies
that

g1UG: (AUB)U((0,1) —~C) = CU((0,1) - C). *)
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Substituting ((0, 1) — C) = [0, 1] — (AU B) in addition to noting that
(AUB)U ([0,1] — (AU B)) = [0, 1]
and
Cu(0,1)-C)=(,1),

we conclude from (*) that

1-1
F :glng:[oal] - (031)
Therefore, |[0, 1]| = (0, 1)|. m

For the purpose of describing and showing that sets are “finite”, we make use of
the following collection of “master sets.” For eakle J, let

Jk={jel:1<j<Kkl.

Fork € J, the setlk is ddined to have cardinality. The following ddinition offers
a clasdiication that distinguishes set sizes of interest.

Definition 2.2.3 Let Sbe a set in the universe (. Then
1. Sisfinitee (S=0) v 3k) (k e J A S~ Ji).
2. Sisinfinite < Sisnot finite.
3. Siscountably infinite or denumerable < S~ J.
4. Sisat most countable < ((Sisfinite) v (Sisdenumerable)).
5. Sisuncountable & Sis neither finite nor countably infinite.

Recall that ifS = @, then it is said to have cardinal number 0, writt&h= 0.
If S~ Jk, thenSis said to have cardinal numbleri.e., |S| = k.

Remark 2.2.4 Notice that the term countable has been omitted from the list given

in Definition 2.2.3; this was done to stress that the definition of countable given by

the author of our textbook is different from the definition that was used in all the
MAT108 sections. The term “at most countable” corresponds to what wasfiahed

as countable in MAT108. In these Companion Notes, we will avoid confusion by
not using the term countablevhen reading your text, keep in mind that Rudin uses
the term countable for denumerable or countabjynite.
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We know an infinite set is one that is not finite. Now it would be nice to have
some meaningful infinite sets. The first one we think of isN or J. Whilethisclaim
may seem obvious, it needs proving. Thisleadsto the following

Proposition 2.2.5 The set J isinfinite.

Spoace for comments.

Proof. Since {#} = 1 e J,Jisnotempty. Toprovethat— (3K) (k € J A Jx ~ 1)
e

is suffices to show that (vk) (V) ((k eJnf g 53 J) = [ # .,]I). Sup-

pose thak € Jandf is such thatf : Jy = J. Letn = f()+f(2Q)+---+ T (K)+1.
For eachj, 1 < | < k, we have thatf (j) > 0. Hencen is a natural number that
is greater than each(j). Thus,n # f(j) foranyj € Jk. Butthenn ¢ rng(f)
from which we conclude that is not onta]; i.e., f [Jk] # J. Sincek and f were

arbitrary, we have thatvk) (v f) ((k e Inf Ik = .,]]) = f[J] # J) which is
equivalent to the claim thatk) (k € J = Jx ~ J). Because

(T#£DHA=FK (keIJAT~I,
it follows thatJ is notfinite as claimedm

Remark 2.2.6 Fromthe Pigeonhole Principle (various forms of which were visited
in MAT108), we know that, for any set X,

X finite = (YY) (Y C XAY # X =Y x X).
The contrapositive tautology yields that
S(YY) (Y C XAY £ X =Y » X) = — (X isfinite)
which is equivalent to

AY)(Y C XAY # X AY ~ X) = Xisinfinite. (L)
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In fact, (A) could have been used as a alternative definition of infinite set. To see
how (A) can be used to prove that a set isinfinite, note that

Je={nel:2n}

issuch that Je € J and Je ~ J where that latter follows because f (x) = 2x :
1-1
J — Je consequently, J isinfinite.

Recall that the cardinal number assigned to J is Ng which is read as “aleph
naught.” Also shown in MAT108 was that the 2¢J) cannot be (cardinally) equiv-
alent toJ; this was a special case of

Theorem 2.2.7 (Cantor’s Theorem) For any set S, |S] < |P(9)I.

Remark 2.2.8 It can be shown, and in some sections of MAT108 it was shown,
that P(J) ~ R. Snce |J| < |R|, the cardinality of R represents a different “level
of infinite” The symbol given for the cardinality & is c, an abbreviation for
continuum.

Excursion 2.2.9 As a memory refresher concerning proofs of cardinal equivalence,
complete each of the following.

1. Prove(2, 4) ~ (-5, 20).

n
> , heJA2|n
2. Use the function {n) =

n-1

2 b

neJAa2{n
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to prove that Z is denumerable.

. _ 25 :
***For (1), one of the functions that would have worked is f (x) = 7x — 30; jus-

tifying that f : (2,4) B (=5, 20) involves only simple algebraic manipulations.
Showing that the function given in (2) in one-to-one and onto involves applying
elementary algebra to the several cases that need to be considered for members of
the domain and rangié.*

We close this section with a proposition that illustrates the general approach that
can be used for drawing conclusions concerning the cardinality of the union of two
sets having known cardinalities

Proposition 2.2.10 The union a denumerable set and a finite set is denumerable;
i.e,

(YA) (VB) (Adenumerable A B finite = (AU B) isdenumerable) .

Proof. Let A and B be sets such thak is denumerable an8 is finite. First
we will prove thatA U B is denumerable wheA N B = @. SinceB is finite, we
have that eitheB = @ or there exists a natural numbdeand a functionf such that

1-1
f:B—»{jeN:j<k}]
If B =0,thenAU B = Ais denumerable. 1B # §, then letf be such
1-1
thatf : B — Ny whereNg = {j e Nx:] <k}. SinceA is denumerable, there
e

exists a functiong such thatg : A 1—_»1 N. Now leth = {(n,n+k): n e N}.
Because addition is a binary operation NrandN is closed under addition, for
eachn € N, n + k is a uniquely determined natural number. Hence, we have that
h: N — N. Sincen € Nimplies thain > 1, from OF1n+k > 1+k; consequently,

{j eN:j>1+k} =N—Ngisacodomain foh. Thus,h: N - N — Ny.
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We will now show that h isone-to-one and ont® — Ny.

(i) Suppose thah (n1) = h(ny); i.e.,n1 + k = nz2 4+ k. SinceN is the set
of natural numbers for théeld of real numbers, there exists an additive inverse
(—k) € R such thak + (—k) = (—Kk) + k = 0. From associativity and substitution,
we have that

nt = m+(Kk+ (k) = M1+k + (=K
= (n24+k)+ (=k)
= N+ (k+ (=k))
= No.
Sincen; andn, were arbitrary(vny) (vn2) (h (n1) = h(n2) = n1 =ny);i.e.,his
one-to-one.

(i) Let w € N—Ng. Thenw € Nandw > 1+ k. By OF1, associativity of

addition, and the additive inverse property,

w~+(=K) > Q+k) + (k) =1+ (k+ (=k)) = 1.

Hence x =w + (=k) € N =dom(h). Furthermore,
e

h(X)=x+k=(w+ (=kK)) +k=w+ ((—k) + k) = w.
Sincew was arbitrary, we have shown that
(Vw) (w e N—=Ng = (IX) (X € NA (X, w) € h));
that is,h is onto.

1-1

From (i) and (ii), we conclude thdt : N — N — Nx. From Theorem 2.1.10, parts
1-1 1-1

(1) and (2)g: A - Nandh: N— N — Ny implies that

1-1
hog: A—» N — Ng.
Now we consider the new functiof = f U (hog) from B U Ainto N
which can also be written as

f (X) forx e B
FX) =
(hog)(x) forxe A

SinceANB =0, NN (N—Ng) =0, f : B > N¢andhog: AN — Ny, by

1-1
Theorems 2.1.11, part (1) and (B),: BU A - NU (N — Ni) = N. Therefore,
B U Aor AU Bis cardinally equivalent t®; i.e., AU B is denumerable.
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If AN B # @, then we consider the sets A — B and B. In this casg,
(A—B)NB=@gand (A—B)UB = AU B. Now the set B isfinite and the set
A — B isdenumerable. The latter follows from what we showed above because our
proof for the function h was for k arbitrary, which yields that

(vk) (k € N = |N — Ny| = Ro).

From the argument above, we again conclude that AU B = (A — B) U B isdenu-
merable.
Since A and B were arbitrary,

(VA) (VB) (A denumerablean B finite = (AU B) is denumerable

2.2.1 Denumerable Setsand Sequences

An important observation that we will use to prove some results concerning at most
countable sets and families of such sets is the fact that a denumerable set can be
“arranged in an (ifinite) sequence.” First we will clarify what is meant by arranging

a set as a sequence.

Definition 2.2.11 Let A be a nonempty set. A sequence of elements of A isa func-
tion f:J — A. Any f: Jx — Aforake Jis afinite sequence of elements of
A.

For f : J — A, letting a, = f (n) leads to the following common notations
for the sequence: {an}ns 1, {anlney, {an}, Or a1, @, ag, ..., an, .... Itisimportant to
notice the distinction between {an};2; and {a, : n € J}; the former is a sequence
where the listed terms need not be distinct, while the latter is a set. For example, if
f:J— {1, 2, 3}istheconstant function f (n) = 1, then

{an}ﬁ.;l = 1) 15 1)

while{a, : n e J} = {1}.
Now, if Aisadenumerable or countably infinite set then there exists a function

gsuchthatg:J 1—_»1 A. Inthis case, letting g (n) = X, leads to a sequence {Xn}neg

of elements of A that exhausts A; i.e., every element of A appears someplace in
the sequence. This phenomenon explains our meaning to saying that the “elements

of A can be arranged in anfinite sequence.” The proof of the following theorem
illustrates an application of this phenomenon.
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Theorem 2.2.12 Every infinite subset of a countably infinite set is countably infi-
nite.

Proof. Let A be adenumerable set and E be an infinite subset of A. Because A
is denumerable, it can be arranged in an infinite sequence, say {an} - ;. Let

S={mel:aneE}.

Because S is a nonempty set of natural numbers, by the Well-Ordering Principle,
S has a least element. Lef denote the least element §f and set

S={melJ:ane E}—-{ng}.

SinceE is infinite, S is a nonempty set of natural numbers. By the Well-Ordering
Principle,$ has a least element, say. In general, forS;, S, ..., S-1 and
Ny, N2, ..., Nk_1, we choose

Nk = Min & where S={melJ:ane E}—={ngyny, ..., Nk_1}

Use the space provided to convince yourself that this choice “arraaget an

infinite sequencéan, }_ "

2.3 Review of Indexed Families of Sets

Recall that ifF is an indexed family of subsets of a S#&ndA denotes the indexing
set, then
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the union of the setsin F = {A, : « € A}, denoted by U A, ,is

a€eA

{(peS: @B (BeAnpe M)k

and the inter section of the setsin F , denoted by ﬂ A, is

a€EA

{(peS: (VB (Be A= pe Ay}

Remark 2.3.1 If F isa countably infinite or denumerable family of sets (subsets of
aset §), thentheindexing setisJ or N, in this case, the union and inter section over

o0 (o)
F arecommonly written as U Aj and ﬂ Aj, respectively. If F isanonempty finite
j=1 j=1
family of sets, then Ji, for some k € J, can be used as an indexing set, in this case,
k k

the union and intersection over F are written as U Aj and ﬂ Aj, respectively.
j=1 j=1

It is important to keep in mind that, in an indexed family 7 = {A, : a € A},
different subscript assignments does not ensure that the sets represented are differ-
ent. An example that you saw in MAT108 was with equivalence classes. For the
relation=sthat was déned overZ by x =3 y & 3| (x —Y), for anya € Z, let
A, = [a]=;; thenA_4 = Ay = As, though the subscripts are different. The set
of equivalence classes from an equivalence relation do, however, form a pairwise
disjoint family.

An indexed familyF = {A, : a € A} is pairwisedigoint if and only if

(Va)(‘v’ﬂ)(a,ﬁeA/\AaﬂAﬁ;éﬂz AazA/f);

it is digoint if and only if ﬂ A, = 0. Note that being disjoint is a weaker condi-

aeA
tion that being pairwise disjoint.

Example 2.3.2 For each j € Z, where Z denotes the set of integers, let

A ={(X5, X)) e RxR:[xg— | < 1A x| <1},

Find _J Aj and () A;.
JEZ JEZ
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Each A consists of a “2 by 2 square” that is symmetric about the x-
axis. For each je Z, Aj and A1 overlap in the section where K x; <
j +1, while A; and A 43 have nothing in common. Consequen@ A =

jeZ
{(x1,%2) € R?: |xo| < 1} and ﬂA,— =40.
j€Z
1 5 —
Excurson 2.3.3 Forne N, let C, = [—3+ o’ %()) and
C={Cn:neN}. Find | JCjand[C;j.
jeN jeN

***For this one, hopefully you looked at C,, for a few n. For example, C; =

5 11 1 17 2 .
—5,4), C = _Z’SE)' and C3 = —3,4:—%). Upon noting that the left

endpoints of the intervals are decreasing to —3 while the right endpoints are oscil-
. L 1
lating above and below 5 and closing inon 5, we conclude@eﬁ:j = (—3, 5—)

jeN 2

5

and( |Cj = |—5,4).***

Ll [ 2’4)
jeN

Excursion 234 For j € J, let Aj = {x e R:x > /]}. Justify the claim that
A={Aj:j e J}isdigoint but not pairwise disjoint.
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***Hopefully, your discussion led to your noticing that Ax N Am = Amaxk,m}- On

the other hand, to justify that ﬂ Aj = @, you needed to note that given any fixed
jeN

positive real number w thereexists p € J suchthat w ¢ Ap; taking p = sz + 1J,

where | o] denotes the greatest integer function, works.***

2.4 Cardinality of Unions Over Families

We saw the following result, or aslight variation of it, in MAT108.

Lemma2.4.1 If Aand B aredigoint finite sets, then AU B isfiniteand
|AUB| = |Al + |B].

Excursion 2.4.2 Fill in what is missing to complete the following proof of the
Lemma.

Space for Scratch Work
Proof. Suppose that A and B are finite sets such that
ANB=¢g.If A=0gorB=¢,then AUB =

@
or AUB = , respectively. In either case AU B

)
is ,and |@] = Ovyields that
3
|Al + |B] = |AU BJ. If A# @ and B # @, then there
existsk,n e Nsuchthat |[Al = |{i e N:i < k}| and
IB] = |{i € N:i < n}|. Hencethere exist functions f

and g such that f : Al—_»l and

4)
g: . Now let

)
H={k+1Lk+2, ---,k+ n}. Thenthefunction
1-1
h(x) =k+ xissuchthath:{i e N:i <n} - H.
Since the composition of one-to—one onto functions is a
one—to—one correspondence,
F=hog:

(6)
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From Theorem 2.1.11, AN B = 4,

ieN:i<kKinH=0,f:A5S(ieN:i<k ad
1-1

F : B — H impliesthat

fUF: . Since
. . (N
{ieN:i <klUH = , we
_ 8)
concludethat AU B is and
9
|AU B| = = .u
(10 (11)

*** Acceptable responses: (1) B, (2) A, (3) finite, (4) {i e N:i < k} or Ay,

G)B > {ieN:i<n), (6) B 5 H, (7) AUB > {ieN:i<kjUH,
8) {i e N:i <k+n}or Acin, (9) finite, (10) k + n, and (11) | Al + | B|.***

Lemma 2.4.1 and the Principle of Mathematical Induction can be used to prove
Theorem 2.4.3 The union of a finite family of finite setsisfinite.

Proof. The proof isleft asan exercise. m

Now we want to extend the result of the theorem to acomparabl e result concern-
ing denumerable sets. The proof should be reminiscent of the prodfihat No.

Theorem 2.4.4 The union of a denumerable family of denumerable sets is denu-
merable.

Proof. For each n € J, let E,, be adenumerable set. Each E,, can be arranged
. . o0
as an infinite sequence, say {xnj };_;. Then

UEk={an nelJnjel}.
kel

Because E; is denumerable and E; C UEJ-, we know that UEJ- is an infinite
jel jel
set. We can use the sequential arrangement to establish an infinite array; let the
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sequence corresponding to E,, form the nth row.

X11
X21
X31
Xa1
X51

X12
X22
X32
X42
X52

X13
X23
X33
X43
X53

X14
X24
X34
X44
X4

X15
X25
X35
X45
X55

X16
X26
X36
X46
X56

.The terms in the infinite array can be rearranged in an expanding triangular array,

such as

X11
X21
X31
Xa1
Xs51
X61
X71

This leads usto the following infinite sequence:

X12
X22
X32
X42
X52
X62

X13
X23
X33
X43
X53

X14
X24
X34

X15
X25
X35

X16
X6  X17

X11, X21, X21, X31, X22, X13, -.-

Because we have not specified that each Ej, is distinct, the infinite sequence
may list elements from UEk more than once; in this case, UEk would corre-

keJ

kel

spond to an ifinite subsequence of the given arrangement. Consequ@lﬂk is

denumerable, as needenl.

kel
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Corollary 2.4.5 If Ais at most countable, and, for each « € A, B, is at most
countable, then
T=|JB

aeA
is at most countable.

Thelast theorem in this section determines the cardinality of setsof n — tuples
that are formed from a given countably infinite set.

Theorem 2.4.6 For Aadenumerablesetandne J,let Th=Ax Ax --- x A=

nof them

Alie,
Th={(as,a,...,an) : (V))(jeJAl<j<n=a; € A)}.
Then Ty, is denumerable.

Proof. Lete S={neJ:Th ~J}. Since Ty = Aand Aisdenumerable, 1 € S.
Supposethat k € S;i.e, k € J and Ty isdenumerable. Now Tx,1 = Tk x Awhere
it isunderstood that ((X1, X2, ..., Xk),a) = (X1, X2, ... , Xk, &). For each b € Ty,
{(b,a): a e A} ~ A. Hence,

(Vby(be Tk = {(b,a) :a e A} ~ J).
Because Tk is denumerable and

Ten= [ (b,a):ae Al
beTk

it follows from Theorem 2.4.4 that Ty isdenumerable; i.e., (K + 1) € S. Since k
was arbitrary, we conclude that (Vvk) (ke S= (k+ 1) € S).
By the Principle of Mathematical Induction,

1e SA(WK) (ke S= (k+1) e S)
impliesthat S=J. m
Corollary 2.4.7 The set of all rational numbersis denumerable.
Proof. Thisfollowsimmediately upon noting that

Q= ap: peZAgelaged(p,a) =1t~ {(p,q) €ZxJ:ged(p,q) =1}

and Z x J isan infinite subset of Z x Z which is denumerable by the theorem. =
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2.5 TheUncountable Reals

1-1
In Example 2.1.3, it was shown that f (X) = : (=1, 1) — R. Hence, the

1+ x|
interval (—1, 1) iscardinally equivalent to R. Themap g(x) = 3 (x+1) can be used
to show that (—1,1) ~ (0, 1). We noted earlier that |J| < |R|. For completeness,
we restate the theorem and quickly review the proof.

Theorem 2.5.1 The open interval (0, 1) is uncountable. Consequently, R is un-
countable.

Proof. Since{3,3,7,---} C (0, and (3,3, %, - -} ~ J, we know that (0, 1)
isnot finite.

Suppose that
f:75'0, ).
Then we can write
f(1) = O.ay1810813804 - -
f(2) = O.apiapapgdpg------ - -

f (3) et O_ a31a32a33a34 ..........

f(n) = 0.anian@nzang -+«

where aym € {0,1,2,3,4,5,6,7,8,9}. Because f is one-to-one, we know
that, if .20000.. is in the listing, then199999.. is not.
(), i a#( )
Finally, letm = 0.bybobsby - --, wherebj = (The
[ 1, i a;=()
substitutions foxe).and[e] are yours to choose.). Now justify that there isna J
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such that f (q) = m.

Hence, (Am) (Vk) (k € J = f (k) # m); i.e., f isnot onto.
Since f was arbitrary, we have shown that

Vf)(f:J— (0,1) A f oneto-one= f is notontg.

Because(P A Q) = —M] is logically equivalenttoP = — (Q A M)] and
—[P = Q] is equivalent to P A —Q)] for any propositions?, Q andM, we con-
clude that

[(v)(f :T— (0,1) = — (f one-to-onen f is onto)]
s (V)= (f:J— (0,1) A f one-to-onen f isonto ;
Le,—@fH)(f:J 1—_»1 (O, 1)). Hence, the open intervéd, 1) is an irfinite set that

is not denumerablem

Corollary 2.5.2 The set of sequences whose terms are the digits 0 and 1 is an
uncountable set.

2.6 Problem Set B

1. For each of the following relationfnd R~1.

(@ R=1{(1,3),(,5),(5,7),(10,12)}

(b) R={(x,y) eRxR:y=x?}

(c) R={(a,b)e Ax B:alb}whereA=JandB={j € Z:|j| < 6}
2. Prove that each of the following is one-to-one on its domain.

2X+5

@ f00=5—
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() f0)=x3
3. Provethat f (x) = x? — 6x + 5mapsR onto [—4, 00).
4. Prove each of the following parts of theorems that were stated in this chapter.

(8) Supposethat A, B,C,and D aresets, Re P (A x B), Se P (B x C),
andT eP(CxD).ThenTo(SoR)=(ToSoR

(b) Supposethat A, B,and C aresets, Re P (A x B)and Se P (B x C).
Then

(SoR =R 1051
(c) Supposethat Aand B aresetsandthat R € P (A x B). Then
Ro R™! e P (B x B) and, whenever Rissingle-valued,Ro R™! C Ig.
(d) Suppose tha# andB are sets and th& € P (A x B). Then
R1oReP(Ax A) and, wnenever Ris one-to-oneR™ 1o RC Ia.

(e) Suppose thah andB are sets and th& € P (A x B). Then
-1
(R—l) —R,IgoR=RandRolx=R.

5. Forf : A—» Bandg: B — C, prove each of the following.

(a) If f andg are one—to—one, thapo f is one—to—one.
(b) If f isontoB andg is ontoC, thengo f is ontoC.
(c) If go f is one—to—one, thef is one—to—one.

(d) If go f isontoC thengis ontoC.

6. ForA, B, C, andD sets in the universi, prove each of the following.

(@) If his a function having dorh = A, g is a function such that dog=

B, andAN B = #, thenh U g is a function such that doih U g) =
AU B.

(b) Ifh: A—-C,g: B— DandANB =@, thenhug: AUB - CUD.
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© 1fh: A5 C,g:BS D, ANB =¢,andC N D = g, then
1-1
hug: AuUB — CuUD.
7. Prove each of the following cardinal equivalences.

(d W=Ju{0} ~Z
8. Prove that the set of natural numbersthat are primesisinfinite.

9. Let A beanonempty finite set and B be adenumerable set. Provethat A x B
Is denumerable.

10. Find the union and intersection of each of the following families of sets.
(@ A=1{{1,35},{2,34,5,6},{0,3,7,9}}

(b) A={Ay:neJ}where Ay = [%2+%)
1
(¢) B={Bn:neJ}whereB, = (_ﬁ’n)

3 2
(d) C:{Cn:neJ}Wherean[XG]R:4—H <x<6+§

11. Provethat the finite union of finite setsis finite.
12. ForW=Ju {0}, let F : W x W — W be defined by

k(K + 1)
2

wherek =i + j. Provethat F isaone-to-one correspondence.

FA,D=]+

13. Prove thaf) x Q is denumerable.



