Chapter 4

Sequences and Series—First View

Recall that, for any set A, a sequence of elements of Alisafunction f : J — A
Rather than using the notation f (n) for the elements that have been selected from
A, sincethe domain isawaysthe natural numbers, we use the notational convention
a, = f (n) and denote sequencesin any of the following forms:

{an}ney {@n}ney » or ap, ag, ag, au, ...

This is the only time that we use the set bracket notation { } in a different con-

text. The distinction is made in the way that the indexing is communicated . For
an = a, the{ay};2 ; is the constant sequence that “lists the termfinitely often,”
a,a,0,a,..; while {a, : n € J} is the set consisting of one element(When you
read the last sentence, you should have come up with some version o&"“&ial *

n’ equal toa, the sequence ofa'subn’ for n going from one to ifinity is the
constant sequence that “lists the te#nmnfinitely often,” a, a, a, ...; while the set
consisting of a subn’ for n in the set of positive integers is the set consisting of
one elemen&”; i.e., the point is that you should not have skipped over#ag” |
andf{a, : n € J}.) Most of your previous experience with sequences has been with
sequences of real numbers, like

3 0.9]
1,1,2,3,5,8,13 21,34,55, ...,... { } ,
n=1

+(—1)”}Oo and {k)ﬂ+sin(n_n)]°°
netl n 8/ nat

In this chapter, most of our sequences will be of elements in Euclidegpace. In
MAT127B, our second view will focus on sequence of functions.

nZ+3n—-5]% nd—1
n+47 J,— [nP+1

123
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Aschildren, our first exposure to sequences was made in an effort to teach usto
look for patterns or to develop an appreciation for patterns that occur naturally.

Excursion 4.0.1 For each of the followingtnd a description for the general term
as a function of ne J thatfits the terms that are given.

248 16 32 64

3 7 11
2.1,-,9,-,81, —,729, ...
b 55 b 93 b 133 b

*** An equation that worksfor (1) is (2") (2n + 3)~! while (2) needs a different for-
mula for the odd terms and the even termse pair that works i€2n — 1) (2n + 1)1
for n even and 31 whenn is odd***

As part of the bigger picture, pattern recognition is important in areas of math-
ematics or the mathematical sciences that generate and study models of various
phenomena. Of course, the models are of value when they allow for analysis and/or
making projections. In this chapter, we seek to build a deeper mathematical under-
standing of sequences and serfasmary attention is on properties associated with
convergence. After preliminary work with sequences in arbitrary metric spaces, we
will restrict our attention to sequences of real and complex numbers.

4.1 Sequencesand Subsequencesin Metric Spaces

If you recall the dénition of convergence from your frosh calculus course, you
might notice that the daition of a limit of a sequence of points in a metric space
merely replaces the role formerly played by absolute value with its generalization,
distance.



4.1. SEQUENCESAND SUBSEQUENCESIN METRIC SPACES 125

Definition 4.1.1 Let {pn}: ; denote a sequence of elements of a metric space (S, d)
and po be an element of S. Thelimit of {pn}o ; is po asn tends to (goesto or ap-
proaches) ifinity if and only if

(Ve)[(e e RAe > 0) = (AM = M(e)) (M € JA (Vn) (n > M = d(pn, Po) < ¢))]

We write either p — po or lim py = po.
n—oo

Remark 4.1.2 The description M= M (¢) indicates that “limit of sequence proofs”
require justfication or spegication of a means of prescribing howfind an M that
“will work” corresponding to eache > 0. A function that gives us a nice way to
specify M(¢)’s is dgined by

X]=inf{j eZ:x<j}

: : - . 1
and is sometimes referred to as tegling function. Note, for example, th t§ =

1, [—2.2] = -2, and[5] = 5. Compare this to the greatest integer function, which
is sometimes referred to as tfleor function.

21> o
Example 4.1.3 The sequenc - has the limi0in R. We can take M1) = 2,
n=1
1 3 700
Ml—) =2 Ml—) =|— | =234 Of h I
(100) 00, and (350) { 3 —‘ 34. Of course, three examples

does not a proof make. In general, for> 0, let M (¢) = P—‘ Then n> M (¢)
&

2 2
n>’r——‘2—>0
e e

1 2
which, by Proposition 1.2.9 (#7) and (#5), implies ti?]ak % andﬁ =

implies that

< é&.

Using the definition to prove that the limit of a sequence is some point in the
metric space is an example of where our scratch work towards finding a proof might
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be quite different from the proof that is presented. This is because we are alowed

to “work backwards” with our scratch work, but we can not present a proof that
starts with the bound that we want to prove. We illustrate this with the following
excursion.

Excursion 4.1.4 After reading the presented scratch work, fill in what is missing to

_ 1+in)™ .
complete the proof of the claim that [+—I1] convergestoi inC.
n=1
(a) Scratch work towards a proof. Becausei € C, it suffices to show that
i 1+in . U Disai T
n|—>moon-|—l =1i. Quppose ¢ > Oisgiven. Then
1+in | 1+in—i(n+1| [1-i| 2 <ﬁ<
n+1 | n+1 nti| n+i1 n °
2 [ V2
whenever £ < n. Sotaking M (¢) = i—‘ will work.
& &
(b) Aproof. Fore > O, let M (¢) = .Thenne Jandn > M (¢)
1)
o N
implies that n > — which is equivalent to < ¢. Because
&

@
4

2 .
n+1> nand+2 > 0, we also know that i < ? Consequently, if
5}

n> M (¢), then
1+in . 1+in—i(+1)] _ V2
— | = = < <é&
n+1 n+1 n+1 S n+1 5
Sncee¢ > 0wasarbitrary, we conclude that
1

(Ve) [(g - 0) = AM (@) (M e JA (Vn) (n M= ‘ +in_; <g))],-
: 1+in
i.e, . Finally,i = (0,1) e Cand I|m

—00 -|—:|_

©6)
o0

14
i yieldsthat [ﬂ] convergestoi inC.
n+1),-1
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*** Acceptable responses are (1) |7\/_—‘ (2 — ﬁ n+ 1, (4) V2, (5) Q , (6)

Definition 4.1.5 The sequence {pn}; >, of elementsin a metric space Sis said to
converge (or be convergent) in Sif thereisapoint pp € Ssuch that n|Lm Pn = Po.

itissaid to divergein Sif it does not convergein S.

Remark 4.1.6 Notice that a sequence in a metric space Swill be divergent in Sif

o0
itslimitisa point that isnot in S. In our previous example, we proved that { — }

n=1
o0
converges to 0 in R, consequently, {ﬁ} is convergent in Euclidean 1-space.
n=1
21 . . .
On the other hand, = is divergent in(RT = {x e R : x > 0},d) where d

=1
denotes the Euclidean metric Mdx,y) =[|x—yl.

Our first result concerning convergent sequences is metric spaces assures us of
the uniqueness of the limits when they exist.

Lemma4.1.7 Supposé pn}, 2, is a sequence of elements in a metric spégeal).
Then

(Vp)(vq)([p,quAnILrgopnz pAnILngopnzq]zq= p)-

Space for scratch work.

Excursion 4.1.8 Fill inwhat is missing in order to complete the proof of the lemma.

Proof. Let {pn};2; be a sequence of elements in a metric space (S, d) for
which there exists p and g in S such that nIi%m pn = p and nIi)m pn = q. Suppose
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1
thep#q. Thend(p,q) > Oandwelete = Ed (p, Q). Becausenli)m pn = p and
¢ > 0, there exists a positive integer M1 such that
n> Ml:d(pns p) <é&;

similarly, nIi%m pn = q Yields the existence of a positive integer M such that

@)

Now, let M = max {M1, My}. It follows from the symmetry property and the
triangular inequality for metricsthat n > M implies that

d(p,Q)Sd(p,pn)+ <5+5=2( )Zd(p,Q)
2 3

which contradicts the trichotomy law. Since we have reached a contradiction, we
conclude that as needed. Therefore, the limit of any convergent sequence

4
inametric spaceisunique. m

*** Acceptable fill-ins are: (1)n > M2 = d(pn,q) < &, (2) d(pn,q) (3)
1
Ed (P,Q), (4) p=q.***

Definition 4.1.9 The sequence {pn}; 2, of elements in a metric space (S, d) is
bounded if and only if

AM)@X) [M > 0Ax e SA(VN) (ne = d(x, pr) < M)].

Note that if the sequencin};2; of elements in a metric spacgis an not
bounded, then the sequence is divergen®.irOn the other hand, our next result
shows that convergence yields boundedness.

Lemma 4.1.10 If the sequence { pn}o2 ; of elementsin a metric space (S, d) iscon-
vergent in S, then it is bounded.
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Spoace for scratch work.

Proof. Suppose that {pn}>° ; isasequence of elementsin ametric space (S, d)
that is convergent to pp € S. Then, for ¢ = 1, there exists a positive integer
M = M (1) such that

n> M= d(pn, Po) <1

Because {d (pj, po) : j e JA1< j < M} isafinite set of nonnegative real num-
bers, it has a largest element. Let

K = max{1, max{d (pj, po) : j e JAl< j < M}}.
Sinced (pn, po) < K, for eachn € J, we conclude thagpn} ; is bounded.m

Remark 4.1.11 To seethat the converse of Lemma 4.1.10 isfalse, for n € J, let

1 :
3 , 1f2]n
Pn =
1-— , if2
n+3 T2{n

Then, for d the Euclidean metricon R, d (0, pn) = [0 — pn| < 1for all n € J, but
{pPn}p isnot convergent in R.

Excursion 4.1.12 For each n € J, let a, = pon and b, = pon—1 Where p, is
defined in Remark 4.1.11.

(a) Usethe definition to prove that nIi_)m a, =0.
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(b) Use the dénition to prove thatn Ii)m b, =1

1
***Note that an, = =1l-— 7 =1-
> (2n)? @n-1)+3 2(n+1)’
1
used . and1— et respectively, your choices for corresponding M (¢) will be

dightly off. Thefollowing are acceptabl e solutions, which of course are not unique;
compare what you did for general sense and content. Make especially certain that
you did not offer a proof that is “working backwards” from what you wanted to

1 N
show. (a) Fore > O, letM = M (¢) = ’77—‘ Thenn > M implies that
&
1 1 1 1

1
n> (2 or— < If follows that -0 = = .= <
(2ve ) on Ve (2n)2 (2n)2 ~ 2n 2n
f Je = ¢ whenevem > M. Sincees > 0 was arbitrary, we conclude that
1
= 0. (b) Fore > 0, letM = M (¢) = ’7—-‘ Thenn > M
&

; if you

n—oo 00(2 )

1
implies thatn > (¢)~! or = < &. Note that, fom € J, n > 1 > 0 implies that

n+2>0+2—2>0and21+2—n+(n+2)>0+n—n Thus, forn € J
andn > M, we have that

'(1_2n1+2)_1':

. 1
Sincee > 0 was arbitrary, we conclude that liby = lim (1— ) =
n— oo n— oo 2n+4 2

1 |_ 1 1
2n+2| 2n+2 n

l **k*

Remark 4.1.13 Hopefully, you spotted that there were some extra steps exhibited
in our solutions to Excursion 4.1.12. | chose to show some of the extra steps that
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illustrated where we make explicit use of the ordered field properties that were dis-
cussed in Chapter 1. In particular, it is unnecessary for you to have explicitly
demonstrated than + 2 > n from the inequalities that were given in Proposition

1 1 :
1.2.9 or the stepz— “on < /¢ - /e that was shown in part (a). For the former
you can just write things liken + 2 > n; for the latter, you could just have written

@2 < (\/5)223_

What we just proved about the sequence given in Remark 4.1.11 can be trans-
lated to a statement involving subsequences.

Definition 4.1.14 Given a sequence {pn}q- ; of elements in a metric space X and
a sequence {ng} 2, of positive integers such that of ny < ni44 for each k € J, the
sequence { pn, -, is called a subsequence of {p}2. If {pn, } -, convergesin
X thenitslimit is called a subsequential limit of { pn}2 ;.

Remark 4.1.15 In our function terminology, a subsequence of f : J — X isthe
restriction of f to any infinite subset of J with the understanding that ordering is
conveyed by the subscripts; i.e., nj < nj,1 for each j e J.

From Excursion 4.1.12, we know that the sequefiag >, given in Remark
4.1.11 has two subsequential limitamely, 0 and 1. The uniqueness of the limit
of a convergent sequence leads us to observe that every subsequence of a conver-
gent sequence must also be convergent to the same limit as the original sequence.
Consequently, the existence of two distinct subsequential limit§digh ; is an
alternative means of claiming thépn},2, is divergent. In fact, it follows from
the ddinition of the limit of a sequence thatfinitely many terms outside of any
neighborhood of a point in the metric space from which the sequence is chosen
will eliminate that point as a possible limit. A slight variation of this observation
is offered in the following characterization of convergence of a sequence in metric
space.

Lemma4.1.16 Let {pn}ac4 be a sequence of elements from a metric space (X, d).
Then {pn}ac, convergesto p € X if and only if every neighborhood of p contains
all but finitely many of the terms of { pn},2 ;.
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Space for scratch work.

Proof. Let { pn}2; be asequence of elements from a metric space (X, d).
Suppose that {pn}—, convergesto p € X and V is a neighborhood of
p. Then there exists a positive real number r such that V. = N, (p). From the
definition of a limit, there exists a positive integer M = M (r) such that n > M
impliesthat d (p, pn) < r;i.e,foraln> M, p, € V. Consequently, at most the
{pk :keJAl<k< M}isexcluded fromV. SinceV was arbitrary, we conclude
that every neighborhood of p containsall but finitely many of the terms of {pn};2 ;.
Suppose that every neighborhood of p contains al but finitely many of
the terms of {pn}c ;. For any ¢ > 0, N (p) contains all but finitely many of the
termsof {pn}2,. Let M = max{k e J: px ¢ N; (p)}. Thenn > M implies that
pn € N. (p) from which it followsthat d (pn, p) < ¢. Sincee > 0 was arbitrary,
we conclude that, for every ¢ > 0O there exists a positive integer M = M (&) such
that n > M impliesthat d (pn, p) < ¢; that is, {pn};=; convergesto p e X. m
It will come as no surprise that limit point of subsets of metric spaces can be
related to the concept of alimit of a sequence. The approach used in the proof of
the next theorem should look familiar.

Theorem 4.1.17 A point p is a limit point of a subset A of a metric spaCe, d)
if and only if there is a sequend@n},>; with p, € A and B # po for every n
suchthat p » ppasn— oo.

Proof. (<) Suppose that there is a sequence {pn},-; such that pn € A, pn #
po for every n, and p, — po. Forr > 0, consider the neighborhood N, (pg). Since
Pn — Po, there exists a positive integer M such that d(pn, po) < r foral n > M.
In particular, pm+1 € AN Ny (po) and pm+1 # Po. Sincer > 0 was arbitrary, we
conclude that pg isalimit point of the set A.

(=) Supposethat pg € X isalimit point of A. (Finish this part by first making
1 o0
judicious use of the real sequence {f ] to generate a useful sequence {pn}pe 4
j=1
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1
followed by using the fact that T — 0asj — oo toshow that {pn}oo, converges
to po.)

Remark 4.1.18 Snce Theorem4.1.17 isa characterization for limit points, it gives
us an alternative definition for such. When called upon to prove things related
to limit points, it can be advantageous to think about which description of limit
points would be most fruitful, i.e., you can use the definition or the characterization
interchangeably.

We close this section with two results that rel ate sequences with the metric space
properties of being closed or being compact.

Theorem 4.1.19 If {pn}az; is a sequence in X and X is a compact subset of a
metric space (S, d), then there exists a subsequence of {pn},2; that is convergent
in X.

Space for scratch work.

Proof. Suppose that {pn}; >, isasequencein X and X is acompact subset of
ametric space (S,d). Let P = {p,: n e J}. If Pisfinite, then thereis at least
one k such that px € P and, for infinitely many j € J, we have that p; = px.
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Consequently, we can choose a sequence {n; }Tozl suchthat nj < nj;1and py, =

pk for each j e J. It follows that { pp, }Til is a(constant) subsequence of {pn}oe
that is convergent to px € X. If P isinfinite, then P is an infinite subset of a
compact set. By Theorem 3.3.46, it follows that P has alimit point pg in X. From
Theorem 4.1.17, we conclude that there is a sequence {gk} -, with gx € P and
Ok 7 Po for every k suchthat qx — po ask — oo; that is, {gk} 2, isasubsequence

of {pn}pe4 that isconvergentto pp € X. m

Theorem 4.1.20 If {pn}o2, is a sequence in a metric spac§, d), then the set of
all subsequential limits ofpn};2 ; is a closed subset of S.

Space for scratch work.

Proof. Let E* denote the set of all subsequential limits of the sequence { pn}a 4
of elements in the metric space (S, d). If E* isfinite, then it is closed. Thus,
we can assume that E* isinfinite. Suppose that w is a limit point of E*. Then,
corresponding tor = 1, there exists X # w such that x € N1 (w) N E*. Since
x € E*, we can find a subsequence of {pn}o2, that converges to x. Hence, we
can choose n; € J such that py, # w and d (pny, w) < 1. Let 6 = d (pny,w).
Because o > 0, w isalimit point of E*, and E* is infinite, there exists y # w
that isin Ns/4 (w) N E*. Again, y € E* leads to the existence of a subsequence
of {pn}n—, that convergesto y. This allows us to choose n, e J such that n, >

ny and d (pn,, y) < % From the triangular inequality, d (w, pn,) < d(w,y) +

0
d(y, pn,) < > We can repeat this process. In general, if we have chosen the

increasing finite sequence ny, Ny, ..., Nj, then there exists a u such that u # w and
0 . : -

ue N, (w) N E* whererj = DEsE Sinceu € E*, uisthelimit of a subsequence

of {pn}p2;. Thus, we can find nj 1 such that d (pn;,;,u) < rj from which it

follows that

5
d (1, pny.1) < d (0, W) +d (U, Pryy) <2 = 5.

The method of selection of the subsequence {pn j }T‘;l ensures that it converges to
w. Therefore, w € E*. Because w was arbitrary, we conclude that E* contains all
of itslimit points; i.e.,, E* isclosed. m
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4.2 Cauchy Sequencesin Metric Spaces

Thefollowing view of “proximity” of terms in a sequence doesn't isolate a point to
serve as a limit.

Definition 4.2.1 Let {pn} 2, beaninfinite sequencein a metric space (S, d). Then
{pn}2, issaid to be a Cauchy sequenceif and only if

(Ve)[e > 0= @M = M (¢)) (M € JA (vm) (Vn) (n,m > M = d (pn, Pm) < €))].

Another useful property of subsets of a metric space is the diameter. In this sec-
tion, the term leads to a characterization of Cauchy sequences as well Asiarguf
condition to ensure that the intersection of a sequence of nested compact sets will
consist of exactly one element.

Definition 4.2.2 Let E be a subset of a metric space (X, d). Then the diameter of
E, denoted by diam(E) is

sup{d(p,q): pe EAq e E}.

Example4.2.3 Let A= {(x1, X2) € R? 1 xZ + x5 < 1} and
B= {(xl, x2) € R? : max{|x|, |xzl} < 1} :

Then, in Euclidean 2-spacediam (A) = 2 anddiam (B) = 2/2.
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Note that, for the sets A and B given in Example 4.2.3, diam(A) = 2 =

diam (A) and diam (B) = 2+/2 = diam (B). Theseillustrate the observation that is
made with the next result.

Lemma4.2.4 If E is any subset of a metric space X, tléam (E) = diam (E).

Excursion 4.2.5 Use the space provided tdl in a proof of the lemma. (If you get
stuck, a proof can be found on page 53 of our text.

The property of being a Cauchy sequence can be characterized nicely in terms
of the diameter of particular subsequence.

Lemma4.2.6 If {pn}o2, is an irfinite sequence in a metric space X angl i the
subsequencenp Pv+1, PM+2, ---, then{pn};2,; is a Cauchy sequence if and only
if Mlim diam(Ey) = 0.

—00

Proof. Corresponding to the infinite sequence {pn},2 ; in ametric space (X, d)

let E\ denote the subsequence pm, PM+1, PM+25 --- -
Suppose that {pn}ac; is a Cauchy sequence. For j € J, there exists a

e . 1
positive integer MJ?" = MJf" (¢) such that n,m > MJ?* impliesthat d (pn, pPm) < T
. 1

Let Mj; = MJTk + 1. Then, for any u,o € Ew;, it follows that d (u,v) < T

1 1
Hence, sup{d (u,v) :u e Ew; Av € En;} < T i.e, diam (Ev;) < T Now
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given any ¢ > 0, there exists M’ such that j > M’ implies that Tl < ¢. For
M =max{Mj, M’} and j > M diam(EMj) < €. Sincee > 0 was arbitrary, we
conclude that I|m dlam(EM)—

Suppose that I|m diam(Ey) = Oand let ¢ > 0. Then there exists a
positive integer K such that m > K impliesthat diam (En) < ¢;i.e,

sup{d (u,v):ue EnAv € En} <e.

In particular, for n, j > mwecanwriten = m+x and j = m+y for some positive
integers x and y and it follows that

d (pn, pj) < sup{d(u,v):ue EnAv e Ep} <e.

Thus, we have shown that, for any ¢ > 0, there exists a positive integer m such that
n, j > mimpliesthat d (pn, pj) < ¢. Therefore, {pn}c; isaCauchy sequence. m

With Corollary 3.3.44, we saw that any nested sequence of nonempty com-
pact sets has nonempty intersection. The following slight fication results from
adding the hypothesis that the diameters of the sets shrink to 0.

Theorem 4.2.7 If (K} ; isa nested sequence of nonempty compact subsets of a
metric space X such that

nILmoo diam(K) =0,

then ﬂ K}, consists of exactly one point.
neJ

Spoace for scratch work.

Proof. Suppose thatK}o2 ; is a nested sequence of nonempty compact sub-
sets of a metric spaceX, d) such thatrHllmdlam(Kn) 0. From Corollary

3.3.44,{Kp}2, being a nested sequence of nonempty compact subsets implies that

[Kn # 9.

neJ
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If ﬂ K}, consists of more that one point, then there exists points x and y
neJ

in X suchthat x e [|Kn, y € [|Kn and x # y. But thisyields that

nel nel

0<d(x,y) <sup{d(p,q): peKnAaqgeKp}
foralne J;i.e,diam(En) £ d (x,y) forany M € J. Hence, nILngo diam (Ey) #
0. Because nIi)rgodiam(Kn) = 0, it follows immediately that ﬂKn consists of

neJ
exactly one point. m

Remark 4.2.8 To see that a Cauchy sequence in an arbitrary metric space need
not converge to a point that is in the space, consider the metric g where
S is the set of rational numbers an@edb) = |a — b|.

On the other hand, a sequence that is convergent in a metric space is Cauchy
there.

Theorem 4.2.9 Let {py};2, be an irfinite sequence in a metric spacs, d). If
{Pn}peq converges in S, thefpn}ao 4 is Cauchy.

Proof. Let {pn};2, be an infinite sequence in a metric space (S, d) that con-
verges inSto pp. Suppose > 0 is given. Then, there exists & € J such that

n> M = d(pn, Po) < % From the triangular inequality, f > M andm > M,
then

d (P, Pm) < d (pn, Po) +d (po, pm)<%+%=3_

Sincee > 0 was arbitrary, we conclude thigh,} 2 ; is Cauchy.m

As noted by Remark 4.2.8, the converse of Theorem 4.2.9 is not true. However,
if we restrict ourselves to sequences of elements from compact subsets of a metric
space, we obtain the following partial converse. Before showing this, we will make
some us

Theorem 4.2.10 Let A be a compact subset of a metric space (S, d) and {pn}o2;
be a sequencein A. If {pn};2 ; is Cauchy, then there existsa point pg € A such that
Pn — Poasn — oo.
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Proof. Let A be a compact subset of a metric space (S, d) and suppose that
{pn}22, of elementsin A is Cauchy. Let Ey be the subsequence {pMH}}’io

Then {Ew},._, isanested sequence of closed subsetsof Aand {Ev N A}, isa
nested sequence of compact subsets of Sfor which I\/Ilim diam (E MmN A) = 0. By
— 0

Theorem 4.2.7, there exists aunique p suchthat p € Ey N Afor al M.
Now justify that p, » pasn — oo.

4.3 Segquencesin Euclidean k-space

When we restrict ourselves to Euclidean space we get several additional results
including the equivalence of sequence convergence with being a Cauchy sequence.
The first result is the general version of the one for Euclidean n-space that we
discussed in class.

Lemma4.3.1 On (RK, d), where d denotes the Euclidean metric, let
Pn = (X1n, X2n, X3n, -.-» Xkn)-

Then the sequence {pn},2, convergesto P = (p1, P2, P3, ..., k) if and only if
Xjn = pjforeach j,1<j < k as sequencesin R,

Proof. The result follows from the fact that, for eanoh) 1 < m < Kk,

k k
[Xmn — Pml| =/ (Xmn — pm)ZS\I Xjn— IOJ Z|Xjn—pj|-

i=1

Suppose that > 0 is given. If{p,}2; converges td® = (p1, P2, P3, ..., Pk), then
there exists a positive real numbdr= M (¢) such tham > M implies that

k
d(pn,P)=JZ (Xjn — pj) ‘<.

j=1
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Hence, foreachm,1 <m < k,andforal n > M,

[Xmn — Pml < d (pn, P) < &.

Since ¢ > 0 was arbitrary, we conclude that nIi}m Xmn = Pm. Conversely, suppose
o0

that xjn, — p; foreach j, 1 < j < k as sequences in R, Then, for each j,

1 < j <k, thereexists apositive integer Mj = Mj (¢) suchthat n > M;j implies

ZLletM = max Mj. It followsthat, forn > M,

that | Xy — <
[Xmn — Pml K ke

k
&
d(pn. P) < > [xin— pi| <k (3) ==
j=1
Because ¢ > 0 was arbitrary, we have that nIi%m ph=P. m
o0

Once we are restricted to the real field we can relate sequence behavior with
algebraic operationsinvolving termsof given sequences. Thefollowing resultisone
of the onesthat allows usto find limits of given sequences from limits of sequences
that we know or have already proved elsewhere.

Theorem 4.3.2 Suppose thafz,},> ; and {¢n}2, are sequences of complex num-

bers such thatlim z, = Sand lim ¢, = T. Then
n— oo n— oo

() n'L”QO (Zn+¢n) =S+ T,
(b) nIi)m (cz,) = ¢S, for any constant.c

(c) nILn;O (zntn) = ST,

(d) lim (ﬁ) = E provided thatvn) [ne J = ¢, #O0] AT #0.

n—o0 \ T

Excursion 4.3.3 For each of the followingfll in either the proof in the box on the
left of scratch work (notes) that support the proof that is given. If you get stuck,
proofs can be found on pp 49-50 of our text.

Proof. Suppose that {z}2; and {¢n}ne, are sequences of complex numbers
such that nIi)m Zn = Sand nIi)m mh=T.
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(@

Space for scratch work.
Need look at

[(zZn + ¢n) — (S+T)|
—Know we can make

|zn — G <%form> M1

& |tn — T <%forn> M»

—Go forM = max{M1, My}
and use Triangular Ineq.

(b)

Spoace for scratch work.
Need look at

|(Czn) — cS| =[c[|zn —
—Know we can make
|zm — S| < %form> M1

—forc # 0, mentionc =0
——as separate case.

(€)

Sincez, — S, there existdM; € J such thanh > My
implies that|z, — S| < 1. Hencelzy| — |S] < 1 or
|za| < 1+ |9 foralln > M. Suppose that > 0 is given.
If T =0, then;y — 0 asn — oo implies that there exists

&
M* e J such tha < wheneven > M*. For
1¢nl 1115

n > max{M1, M*}, it follows that

[(Zn¢n) — ST| = |zn¢nl < A1 +19) (
Thus, limz, = 0.
n— oo
If T #0,then;y > T asn — oo yields that there exists

&
M> e J such tha < ——— whenevemn > M.
2 1¢nl 20419 2
Fromz, — S, there existdMs € J such thah > M3 =
lzn —T| < ﬁ Finally, for anyn > max{M1, M2, M3},
|(zn¢n) — ST
= (zZnn) — Zn T + 23T = ST| < |zp||th = T+ |Enl [2n — S

& &
1+1S T =e.
<(+||)2(1+|S|)+| om =

e )
=c.
1+19

Space

for
scratch
work.
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Space for scratch work.

(2)-=()
(d) ¢n - (n .
—we can just apply

the result from (c).

The following result is a useful tool for proving the limits of given sequences in
RL

Lemma 4.3.4 (The Squeeze Principle) Suppose that {xn};2; and {yn} -, are se-
guences of real numbers such thlam N Xn = S and I|m N Yn = S. If{un}n 1isa

sequence of real numbers such that for some posmve integer K
Xn < Up < Yp, foralln > K,

then limu, = S.
n—oo

Excursion 4.3.5 Fill in a proof for The Squeeze Principle.

Theorem 4.3.6 (Bolzano-Weierstrass Theorem) In RX, every bounded sequence
contains a convergent subsequence.

Proof. Suppose that {pn}2; be a bounded sequence in RK. Then P =
e

{pn:nel}isbounded. Since P is a closed and bounded subset of R¥, by the
Heine-Borel TheoremP is compact. Becausie,}> ; is a sequence iR a com-

pact subset of a metric space, by Theorem 4.1.19, there exists a subsequence of
{pn}®2, that is convergent ifP. m
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Theorem 4.3.7 (R* Completeness Theorem) In RK, a sequence is convergent if
and only if itis a Cauchy sequence.

Excursion 4.3.8 Fill in what is missing in order to complete the following proof of
theRK Completeness Theorem.

Proof. Since we are in Euclidean k-space, by Theorem , we
@
know that any sequence that is convergenRInis a Cauchy sequence. Conse-
guently, we only need to prove the converse.
Let {pn}p—, be a Cauchy sequencelRf. Then corresponding to = 1,
there existdM = M (1) € J such thaim,n > M implies that
whered denotes the Euclidean metric. In particular,

@
d (pn, pm+1) < 1lforalln > M. Let

B = max{l, lg?’sﬂd (pj,d|\/|+1)] .

Then, for eachj € J, d(pj,dw+1) < B and we conclude thatp}e, is a
sequence ifRK. From the Theorem,
©) 4
{pn:n e J}is a compact subset @K. Because Pnloeq is a Cauchy sequence
in a compact metric space, by Theorem 4.2.10, there exigis @ {p, : n € J}
such thatp, — pg asn — oo. Since{pn}pc, was arbitrary, we concluded that
.

()
*** Acceptable responses are: (1) 4.2.9d2pn, pm) < 1, (3) bounded, (4) Heine-
Borel, and (5) every Cauchy sequencéfhis convergent**

From Theorem 4.3.7, we know that for sequencé®'inbeing Cauchy is equiv-
alent to being convergent. Since the equivalence can not be claimed over arbitrary
metric spaces, the presence of that property receives a special designation.

Definition 4.3.9 A metric space X is said to be complete if and only if for every
sequence in X, the sequence being Cauchy is equivalent to it being convergent in
X.

Remark 4.3.10 As noted earlier, R is complete. In view of Theorem 4.2.10, any
compact metric space is complete. Finally because every closed subset of a metric
space contains all of its limit points and the limit of a sequenceis a limit point, we
also have that every closed subset of a complete metric space is complete.
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It isalways nice to find other conditions that ensure convergence of a sequence
without actually having the find its limit. We know that compactness of the metric
space alows us to deduce convergence from being Cauchy. On the other hand, we
know that, in RK, compactness is equivalent to being closed and bounded. From
the Bolzano-Weierstrass Theorem, boundedness of a sequence gives us a conver-
gent subsequence. The sequefi€&’ ; of elements inC quickly illustrates that
boundedness of a sequence is not enough to give us convergence of the whole se-
quence. The good news is that,®}, boundedness coupled with being increasing
or decreasing will do the job.

Definition 4.3.11 A sequence of real numbers {xn}2; is

(&) monotonically increasing if and only if (vn) (n € J = Xy < Xn4+1) and
(b) monotonically decreasing if and only if (Yn) (n € J = Xn > Xn+1).

Definition 4.3.12 The class of monotonic sequences consists of all the sequences
in R! that are either monotonically increasing or monotonically decreasing.

1\" 1)!
Example 4.3.13 For eachn € J, nt- >1= M It follows that
n (n+1)n!
! !
nt (n+ 1)!

M=+ n+DH™

| o0
Consequently, [ % ] is monotonically decreasing.

n=1
Theorem 4.3.14 Suppose that {xn}n2 ; is monotonic. Then {xn} 2, converges if
and only if {xn}o2 ; isbounded.

Excursion 4.3.15 Fill in what is missing in order to complete the following proof
for the case when {xn}, ; is monotonically decreasing.
Proof. By Lemma4.1.10, if {xn}2; converges, then

@
Now suppose that {xn}a2 ; is monotonically decreasing and bounded. Let
P = {x,: n e J}. If P isfinite, then thereis at least one k such that xx € P and,
for infinitely many j € J, we have that X; = Xx. On the other hand we have that
Xk+m > Xk+m+1 for all m e J. It follows that {x,};2; is eventually a constant

sequence which is convergent to xx. If P isinfinite and bounded, then from the
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greatest lower bound property of the reals, we can let gof (P). Because g is the

greatest lower bound,
(¥vn) (n el = )
@

Suppose that > 0 is given. Then there exists a positive integer M such that
g < Xm < g+ ¢ otherwise,

(©)]
Becausexn}o 4 is , the transitivity of less than or equal to yields
()
that, foralln> M, g < X, < g+¢. Hence,n> M = |x, — g| < &. Sinces > 0
was arbitrary, we conclude that .

©)

*** Acceptable responses are: (1) it isbounded, (2) g < X, (3) g + ¢ would be a
lower bound that is greater than g, (4) decreasing, and (5) nIi%m Xp = g.***

4.3.1 Upper and Lower Bounds

Our next definition expands the limit notation to describe sequences that are tending
to infinity or negative infinity.

Definition 4.3.16 Let{xn},Z, be a sequence of real numbers. Then
(@) X, » ocoasn— o ifand only if
(VK) (K eRl= @M)(M € JA (M) (N > M = X, > K)))
and
(b) Xy > —oo as n— oo if and only if

(VK) (K eR'= @M)(M e JA(WN) (N > M = X, < K))).

In the first case, we writelim X, = oo and in the second case we write
n—oo

||m Xp = —OQ.
n—oo
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Definition 4.3.17 For {xy}2, be a sequence of real numbers, let E denote the set
of all subsequential limits in the extended real number system (this meansthat
and/or —oo are included if needed). Then thienit superior of {x,};2; is X* =

sup (E) and thelimit inferior of {x,}2 ; is X, = inf (E).

We will use limsupx, to denote the limit superior and liminfx, to denote the
n— o0 n—oo

limit inferior of {Xn}72 ;.

1 .
Example 4.3.18 Foreachne J, letg, = 1+ (-1)" + o Then thdimsupa, = 2
n—
andliminfa, = 0. =
n—oo

Excursion 4.3.19 Find the limit superior and the limit inferior for each of the fol-
lowing sequences.

L {Sn _n+ (—1):l (2n + 1) }OO

n=1
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dfm=—g+[al o)

***For (1), we have two convergent subsequences to consider; s;n — 3 while
Sn-1 — —1 and you should have concluded that limsups, = 3 and I|m|nfsn =

n— oo

—1. Inworking on (2), you should have gotten 5 subsequential limits: sqx — —1,

{sak+1} and {sak+3} givetwo subsequential limits, 1+ Q forkevenand 1— Q for

k odd; {ssk+2} aso gives two subsequential limits, —2 for k odd and O for k even.
Comparison of the 5 subsequential limits leads to the conclusion that lim sups, =

n—oo

2
1+ £ and Ilmlnfsn = —2. The sequence given in (3) leads to three subsequen-
tial limits, namely, 01,, and 2 which leads to the conclusion that Ilmsup: 2

and Ian infs, = 0. Finally, for (4), the subsequencésix}, {Sak+1} , {s4k+2}, and
. 1 3 . . 3

{sak+3} give limits of L, ——, =, and—-, respectively hence, limsug, = = and
4’2 4 n— o0 2

o 3
liminfs, = —=.***
n— 0o 4

Theorem 4.3.20 Let {s\};2; be a sequence of real numbers and E be the set of
(finite) subsequential limits of the sequence plus possibly +oo0 and —oco. Then

(@ limsups, € E, and

n— oo

(b) (¥vx) ((x > Iimsupsn) S>EM)h>M= s < x)).

n—oo

Moreover, lim sup s, isthe only real number that has these two properties.
n—oo

Excursion 4.3.21 Fill in what is missing in order to complete the following proof
of the theorem.
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Proof. For the sequence of real numbdis ). ;, let E denote the set of sub-
sequential limits of the sequence, adjoinigo and/or—oo if needed, and’s=

limsup s,.
n—oo

Proof of part (a): If s = oo, then E is unbounded. Thi{is} 2 ; is not bounded

above and we conclude that there is a subsequéagd,_, of {sa}72, such that

lim sy, = oc.
k%m . - . . . .
If s* = —oo, then{s,};2; has nofinite subsequential limits.e., —oo is

the only element of E. It follows thdtm s, = —o0.
n—oo

Suppose that'se R. Then E is bounded above and contains at least one
element. By CN Theorem 4.1.20, the set E is . It follows from CN
@
Theorem thats =sup(E) e E = E.
@

Proof of part (b): Suppose that there exist&XR such that x> s* and § > X
for infinitely many natural numbers n. Then there exists a subsequensg {3f;
that converges to some real number y such that . From the trian-

(©)
gular inequality, y> s*. Buty € E and y > s* contradicts the dénition of
. It follows that, for any x> s* there are at mosfnitely many ne J

4)
for which . Hence, for any x> s* there exists a positive integer M
()
such that n> M implies that § < Xx.

Proof of uniqueness. Suppose that p and q are distinct real numbers that satisfy
property (b). Then

"X)(X>p =M (h> M = 5, < X))
and
X)) (Xx>q)= EK)(n> K = 5 <X)).

Without loss of generality we can assume thakpg. Then there exist® € R
such that p< w < g. Sincew > p there exists Me J such that n> M implies
that §, < w. In particular, at mosfinitely many of thessatisfy

©)
Therefore, g cannot be the limit of any subsequends@f ; from which it follows
thatqg ¢ E; i.e., q does not satisfy property (ai
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*** Acceptable responses are: (1) closed, (2) 3.3.26, (3) y > X, (4) supE, (5)
S > X,and (6) q > s > w.***

Remark 4.3.22 Notethat, if {s,}o2 ; iSa convergent sequence of real numbers, say
lims, = s, then the set of subsequential limitsisjust {Sp} and it follows that

limsup s, = liminf s,.
n— oo n—o0

Theorem 4.3.23 If {s3};2; and {ty} 2, are sequences of real numbers and there
existsa positiveinteger M such that n > M impliesthat s, < tp, then

liminf s, < liminft, and limsups, < limsupty.
n—oo n—oo n— o0 n— o0

Excursion 4.3.24 Offer a well presented justification for Theorem 4.3.23.

4.4 Some Special Sequences

This section offers some limits for sequences with which you should become famil-
iar. Space is provided so that you ddhin the proofs. If you get stuck, proofs can
be found on page 58 of our text.

. .1
Lemma4.4.1 For any fixed positive real number, nI|m — =0.

—oonP
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1\ /P
Proof. Fore > 0,letM = M (¢) = (—) .
&

Lemma4.4.2 For anyfixed complex number x such that < 1, nIim x"=0.
—00

Proof. If x = 0, then X" = 0 for eachn € J and nIi)m x" = 0. Suppose that x is
afixed complex number suchthat O < |X| < 1. Fore > O, let

1 , fore>1

M=M= Pn(a)" fore <1 .

In|x|

|
The following theorem makes use of the Squeeze Principle and the Binomial
Theorem. The specia case of the latter that we will use is that, for n € J and
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CER {_1}!
N T\ n\ _ n!
3+ _Zk:o (k)é ’Where(k)_(n—k)!k!'

In particular, if ¢ > Owe havethat (14 )" > 1+ ng and (1+ )" > ()¢* for
eachk,1 <k <n.

Theorem4.43 (a) If p> 0, then nILngOQ/_p =1

(b) Wehavethat lim J/n = 1.
n— oo

a

n
If Oanda € R, then lim ——— =0.
(c) fp>0anda e anTO(1+p)n

Proof of (a). We need prove the statement only for the case of p > 1; theresult
1
for 0 < p < 1will follow by substituting _p in the proof of the other case. If p > 1,
then set x, = 3/p — 1. Then x, > 0 and from the Binomial Theorem,

1+an S (1+Xn)n= p

and

0<Xy<

(]
Proof of (b). Let x, = J/n— 1. Then x, > 0 and, from the Binomial Theorem,

nn— 1)X2

n=(l+Xn)n2 2 n-
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|
Proof of (c). Let k be apositive integer such that k > a. For n > 2k,
no (M _N—=H(—1---(n—k+1) , np
(d+p7> (k)p = K P™=
and
na
T

|

45 Seriesof Complex Numbers

For our discussion of series, we will make a dlight shift is subscripting; namely, it
will turn out to be more convenient for us to have our initial subscript be 0 instead
of 1. Given any sequence of complex numbers {ax} " ,, we can associate (or derive)
arelated sequence {&}72, where §, = > ko & called the sequence of nth partial
sums. The associated sequence allows us to give precise mathematical meaning to
theidea of “finding an ifinite sum.”

Definition 4.5.1 Given a sequence of complex numbers {ax}°, thesymbol >"}° ; ax
iscalled an infinite series or simply a series. The symbol is intended to suggest an
Infinite summation

Qptaytatagt---

and each a, iscalled aterminthe series. For eachn € JU {0}, let §, = Zﬂzoak =
ag+ a1 + - - -+ an. Then {§};2, is called the sequence of nth partial sums for

D ko &-



4.5. SERIESOF COMPLEX NUMBERS 153

On the surface, the idea of adding an infinite number of numbers has no real
meaning which is why the series has been defined just as a symbol. We use the
associated sequence of nth partial sums to create an interpretation for the symbol
that istied to a mathematical operation that iswell defined.

Definition 4.5.2 Aninfinite series >, ak is said to be convergent to the complex
number Sif and only if the sequence of nth partial sums {S,},2, is convergent to
S when this occurs, we write > 2 yax = S. If {S}72, does not converge, we say
that the seriesis divergent.

Remark 4.5.3 Theway that convergence of seriesis defined, makesit clear that we
really aren't being given a brand new concept. In fact, given any sequéBgg”
there exists a sequenéax},”, such that § = Zﬂzlak for every ke JU{0}: To
see this, simply choosg &= S and & = S — S-1 for k > 1. We will treat
sequences and series as separate ideas because it is convenient and useful to do so.

The remark leads usimmediately to the observation that for a seriesto converge
it is necessary that the terms go to zero.

Lemma4.5.4 (kth term test) If the seriesy .~ ,ax converges, thegim a = 0.
—00

Proof. Supposethat > gax = S. Then lim S = Sand lim Sc—; = S.
k— oo k— oo
Hence, by Theorem 4.3.2(a),

limay = lim (& — S&-1) = lim& - lim&-1=S-S=0.
k— o0 k— o0 k— 00 k— o0

Remark 4.5.5 To see that the converse is not true, note that the harmonic series
[o.]
k=1

Is divergent which is a consequence of the following excursion.

Xl
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Excursion 4.5.6 Use the Principle of Mathematical Induction to prove that, for

n
St S > 1+,

Excursion 4.5.7 Use the dgnition of convergence (divergence) to discuss the fol-
lowing series.

-7k
(@) 2 g SNy

(b) >R ke

***The first example can be claimed as divergent by inspection, because the nth
term does not go to zero. The key to proving that the second one converges is

noticing that = - i in fact, the given problem is an example of
g kk+1) k k+1 (e givenp P

what is known as a telescoping sum.***
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The following set of lemmas are just reformulations of results that we proved
for sequences.

Lemma 4.5.8 (Cauchy Criteriafor Series Convergence) The series (of complex
numbers) > ; a isconvergent if and only if for every ¢ > 0 there existsa positive
integer M = M (¢) such that (Ym) (Vn) (m,n > M = |Sy — S| < €).

Proof. The lemma holds because the complex sequence of nth partial sums
{SIhe isconvergent if and only if it is Cauchy. This equivalence follows from the
combination of Theorem 4.2.9 and Theorem 4.3.6(b). m

Remark 4.5.9 Wewill frequently make use of the following alter native formulation
for the sequence of nth partial sums being Cauchy. Namely, {$};2, is Cauchy if
and only if for every ¢ > 0, there exists a positive integer M such that n > M

impliesthat |Shp — S| = ‘Zﬂ;ﬁ’ﬂak) <eforp=1,2, ..

Lemma4.5.10 For the series (of complex numbers) >".2 ;a, let Re ax = x¢ and
Im ax = yk. Then D> 7 ax is convergent if and only if D" 2 o xx and > . yk are
convergent (real) sequences.

Proof. For the complex series > 22 ; a,

n n n n n
&= Zak = ZXk+i ZYk =(ZXk,Zyk)-
k=0 k=0 k=0 k=0 k=0

Consequently, the result is simply a statement of Lemma 4.3.1 for the case n = 2.
|

Lemma4.5.11 Suppose that > )2 jax is a series of nonnegative real numbers.
Then > 2 ax is convergent if and only if its sequence of nth partial sums is
bounded.

Proof. Suppose that > .-, ax is a series of nonnegative real numbers. Then
{Sh}52, is amonotonically increasing sequence. Consequently, the result follows
from Theorem 4.3.14. m

Lemma4.5.12 Suppose that > .~ o ux and > o, vk are convergent to U and V,
respectively., and c isa nonzero constant. Then
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1. Zﬁio(uk +ox) =U £V and
2. > gt =cU.

Most of our preliminary discussion of series will be with series for which the
terms are positive real numbers. When not all of the terms are positive reals, we
first check for absolute convergence.

Definition 4.5.13 The seriesz‘j’io a; is said to beabsolutely convergent if and
only if 3777 laj| converges. 172, a; converges and_ 7, |aj| diverges, then
the seriesy |, a; is said to beconditionally convergent.

After the discussion of some tests for absolute convergence, we will see that

oo (=1

absolute convergence implies convergence. Also, we will justify that > =1
n=1

is

conditionally convergent.

45.1 Some (Absolute) Convergence Tests

While the definition may be fun to use, we would like other means to determine
convergence or divergence of a given series. Thisleads usto alist of tests, only a
few of which are discussed in this section.

Theorem 4.5.14 (Comparison Test) Suppose tha} -, a is a series (of complex
numbers).

(a) If there exists a positive integer M such tifak) (k > M = |ax| < ¢) for
real constants @andzzo Ck converges, theEE‘;O ax converges absolutely.

(b) If there exists a positive integer M such tifgk) (k > M = |ax| > dx > 0)
for real constants dand >}, dk diverges, therp 2, |ax| diverges.

Proof of (a). Suppose that > - ax is a series (of complex numbers), there
exists apositive integer M such that (vk) (k > M = |ak| < cx), and D"} Ck con-
verges. Folfixede > 0, there exists a positive integ&r such thain > K and
p € J implies that

n+p n+p
Ck| = Z Ck <€
k=n+1 k=n+1
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Forn > M* = max {M, K} andany p € J, it followsfrom the triangular inequality
that

n+p n+p n+p
Dlals D lal< D a<e
k=n+1 k=n+1 k=n+1

Since¢ > 0 was arhitrary, we conclude that >".2 ; ax converges. m

Proof of (b). Suppose that > 2 a is a series (of real numbers), there ex-
ists a positive integeM such that(vk) (k > M = |ak| > dx > 0), and ZEO:O dk
diverges. From Lemma 4.5.1{LZE:0 dk}?:o Is an unbounded sequence. Since

n n
Z lag| > Z dk
K=M K=M

for eachn > M, it follows that{ZEzolakl}ﬁozo is an unbounded. Therefore,
> koo lak| diverges.m

In order for the Comparison Tests to be useful, we need some series about which
convergence or divergence behavior is known. The best known (or most famous)
series is the Geometric Series.

Definition 4.5.15 For a nonzero constant a, the series 32 jark is called a geo-
metric series The number r isthe common ratio

Theorem 4.5.16 (Convergence PropertiesoftheGeorgetric Series) For a # 0,
the geometric series Y2 ar® converges to the sum T_7 whenever 0 < |r| < 1

and diverges whenever |r| > 1.

Proof. The claim will follow upon showing that, for each n € JU {0},

n s]
Zark:—a(1 ™)
= 1-—r
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|
The proof of the next result makes use of the “regrouping” process that was
applied to our study of the harmonic series.

Theorem 4.5.17 If {a; }(J?O:0 isa monotonically decreasing sequence of nonnegative
real numbers, then the series 3°5%a; is convergent if and only if 3222 ay
converges.

Excursion 4.5.18 Fill in the two blanksin order to complete the following proof of
Theorem4.5.17.

[0.9]

Proof. Suppose tha{aj }J_0 is a monotonically decreasing sequence of non-
negative real numbers. For eatjk € JU {0}, let

n k
S = Zaj and Tq= szazj.
j=0 j=0
Note that, becauséaj }(J.X’:0 is a monotonically decreasing sequence, for any
Ju {0} andm € J,
(m+1Daj >aj+aj1+---+a4m = (M+1)ajm,

while {aj }Cj";o a sequence of nonnegative real numbers yields &aand{Ty} are
monotonically decreasing sequences. frer 2K,

S<atar+(@+a)+(@s+as+as+ay)+---+ (ax+ -+ ayyg)

21 terms 22 terms K terms
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from which it follows that

@)

Forn > 2%,

S>at+atat(@t+a)+ @ +a+ar+ag) -+ (g + oo+ axn)

21 terms 22 terms k-1 terms

from which it follows that

@

The result now follows because we have that {S,} and {Tx} are smultaneoudy
bounded or unbounded. =

***For (1), the grouping indicated leadsto S, < aj+ag+2ap+4a4+- - - +2Kax =
a; + Tk, while the second regrouping yieldsthat S, > ap + a1 + ap + 2a4 + 4ag +

1 1
o+ 2 lan = S8+ a1 + ST

As an immediate application of this theorem, we obtain a family of real series
for which convergence and divergence can be claimed by inspection.

. . . 1
Theorem 4.5.19 (Conver gence Properties of p-series) The series > 2 ; =5 con-
verges whenever p 1and diverges whenever p 1.

Proof. If p < O, the p—series diverges by the kth term test. If p > 0, then

nP

o
[an = —] is a monotonically decreasing sequence of nonnegative real num-
=1
bers. Note ?hat

izjazj ZZJ
j=0
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Now use your knowledge of the geometric series to finish the discussion.

|
A similar argument yields the following result with is offered without proof. It
is discussed on page 63 of our text.

. 1 .
Lemma4.5.20 The serlesz(j’i2 W converges whenever:p 1and diverges
whenever p< 1.

Excursion 4.5.21 Discuss the convergence (or divergence) of each of the follow-
ing.

>
(@) >
“—=n +1

® >
n=1

n—1
© Z2n—|—1

n=1
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i >
(d)
n:1n2 +3n—-1

***Notice that al of the series given in this excursion are over the positive reals;

thus, checking for absolute convergence is the same as checking for convergence.

At this point, we only the nt" term test, Comparison, recognition as a p-series, or
rearrangement in order to identify the given as a geometric series. For (a), noticing

n L

that, for eacm e J, > = allows us to claim divergence
. il ooni+n  n+l Y

by comparison with the “shifted” harmonic series. The series given in (b) is con-

. . h—1 1 . .
vergent as g-series forp = 3. Because Im§r1 =3 # 0 the series given

in (c) diverges by the" term test. Finally, sincerB— 1 > 0 for eachn € J,
3

—————— < — which allows us to claim convergence of the series given in
n+3n—1 ~ n2

e}
. . 3 .. . :
(d) by comparison WItI’EF which is convergent as a constant multiple times the
p-series withp = 2.*** -

When trying to make use of the Comparison Test, it is a frequent occurrence
that we know the nature of the series with which to make to comparison almost by
inspection though the exact form of a bénml comparison series requires some
creative algebraic manipulation. In the last excursion, part (a) was a mild exam-
ple of this phenomenon. A quick comparison of the degrees of the rational func-
tions that form the term suggest divergence by association with the harmonic se-

. n .
ries, but when we see th%{m P - we have tofind some way to manipulate

the expressior?]T1 more creatively. | chose to illustrate the “throwing more in
the denominator” argumends an alternative, note that for any natural numier

1
5 > — which would have jusfied divergence

n n

by comparison with a constant multiple of the harmonic series. We have a nice vari-
ation of the comparison test that can enable us to bypass the need for the algebraic
manipulations. We state here and leave its proof as exercise.

n>1=2n°>n’+1=

Theorem 4.5.22 (Limit Comparison Test) Supposethat {an}>, and {bn}o2, are
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such that @ > 0, b, > 0 for each ne Ju {0}, and I|m t;ﬁ = L > 0. Then either

n
o0

Zan and an both converge or both diverge.

n=1 n=1

We have two more important and well known tests to consider at this point.

Theorem 4.5.23 (Ratio Test) The seriesy - ax

(i) converges absolutely ifmsup
k— 00

(if) diverges if there exists a nonnegative integer M such thatl implies that
‘ak+1
—| =1

‘% “1

Proof. Suppose that the series >\ ax is such that Ilmsup <1 It
follows that we can find a positive real number 8 such that ﬂ < 1 and there exists

an M e J suchthat n > M implies that B+l

‘ Ak+1

< f. It can be shown by induction

that, for each p e Jandn > M, |anyp| < AP |aql. Inparticular, forn > M +1and

p e JU{O}, |antp| < BPlam1l. Now, theserieleaMHlﬂp is convergent as

b1
e}
a geometric series with ratio lessthan one. Hence, > aj = > awp is abso-
ji=M+1 p=1

lutely convergent by comparison from which it follows ti8f- , ax is absolutely
convergent.

Suppose that the seri€s,,ak is such that there exists a nonnegative

A+1

integerM for whichk > M implies that ——| > 1. Briefly justify that this yields

divergence as a consequence ofriHeterm test.
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Remark 4.5.24 Notethat I|m

Ak+1 . .
‘ 12| = 1leadsto no conclusiveinformation con-

cerning the convergence or dlvergenceEIio ax.

Example 4.5.25 Use the Ratio Test to discuss the convergence of each of the fol-
lowing:

1
1 nZi(n g

1 1
For a, = rll), % = m(n—l)!' == - 0as n— oo. Hence,
limsup |——= Bt _ lim Btl < 1 and we conclude that the series is (abso-
k— o0 k—>°° ak

lutely) convergent from the ratio test.

oon2
2. =
il
2 2 on 2
n a1 (n+1)“ 2 1 1 1
Leta, = —. Then —— =| = =(1+-) —> = as
h = iz T 2\tty 2
1
n — oo. Thusllmsup Sl lim Bt _ 2 < 1 and we conclude

k%oo ak 2

%
that the given series is (absolutely) convergent.

Theorem 4.5.26 (Root Test) For "2 a, leta = limsup¥/Tax],

k— oo
(i) if 0 < a <1, then 2 ak converges absolutely
(i) if & > 1, then> 2, a diverges and

(i) if @ = 1, then no information concerning the convergence or divergence of
> koo can be claimed.

Proof. For > 2y ak, let a = limsup/Tak]. If a < 1, there exists areal number

k— o0
p suchthat « < f < 1. Because a is a supremum of subsequential limits and

a < f < 1, by Theorem 4.3.20, there exists a positive integer M suchthatn > M
o0

impliesthat J/]an| < B;i.e., |an| < " foraln > M. Since Z Bl isconvergent
j=M+1
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m+1
as a geometric series (that sumsto n), we conclude that 3", |ak| converges;

that is, > o a converges absol utely.
Briefly justify that o > 1 leadsto divergence of >"~ ; ax as aconsequence
of the nth term test.

Finaly, since a = limsup¥Jak] = 1 for the p-series, we see that no

k— oo
conclusion can be drawn concerning the convergence of divergence of the given
series.
|

Example 4.5.27 Usethe Root Test, to establish the convergence of Zzn T

From Theorem 4.4.3(a) and (b), nIl_)m v/2n = 1. Hence,

1
limsu = Ilm 2 = lim ==-<1
k%o'“v k= 1' o\ 2k ks 00 2 2~

from which we claim (absolute) convergence of the given series.

Thus far our examples of applications of the Ratio and Root test have led us
to exam sequences for which lim s}.%il Bt or limsup¥jax| =

k— o0 k— oo
I(Iim Ylak|. This relates back to the form of the tests that you should have seen with
—00

your first exposure to series tests, probably in frosh (or AP) calculus. Of course, the
point of offering the more general statements of the tests is to allow us to study the
absolute convergence of series for which appeal to the limit superior is necessary.
The next two excursion are in the vethe parts that are described seek to help you

to develop more comfort with the objects that are examined in order to make use of
the Ratio and Root tests.

= |lim
k— 00
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Excursion 45.28 For n € JU {0}, letaj = |

aj+1

1. Find thefirst four termsof{ ~
j

}OO
j=0

(e.¢]

2. Find the first four terms of {\J/m }

j=1

. N a
3. Find E; the set of subsequential limits of [ a2

]OO
j=0

a;

4. Find E, the set of subsequential limits of {,J/|aj |}oo .
]:

5. Find each of the following:

}OO
j=0

aj+1

|

(@ limsup {

j—> o0
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}OO
j=0

(c) limsup {M}il

j—> oo

(b) liminf { 41

]—>0o0

a;

o e ({1,

[0.9]
6. Discuss the convergence Df a;
=0

2 1
***For(l),wearelookingat[— > 16 1% -']While(Z)is

5°4°125° 32°

2 V2 2 2 aj+1 . .
{5, S5 T = I then the possible subsequential
limits are given by looking at {cz; } and {c2j—1} and E1 = {0, co}; if in (4) welet

J
fzz}

ot for (3), if ¢j =

2

di = M then consideration of {dy;} and {dyj_1} leadsto E; = [7 5

V2

2
For (3) and (4), we conclude that the requested values are oo, 0, - and c re-

spectively. For the discussion of (6), note that The Ratio Test yields no information
because neither (a) nor (b) is sétst in the other hand, from (5c), we see that

. 00 V2
limsu {"/ ai } = — < 1, from which we conclude that the given series
j—)oop } J | j=1 2 g

is absolutely convergent. (As an aside, examinatiofSgf} and {S,—1} corre-



4.5. SERIESOF COMPLEX NUMBERS 167

[0.9]
sponding to Zaj even allows us to conclude that the sum of the given seriesis
j=0
4 + 10 134168
142 21 105

)***

f j+1
(g) it ]
=
(g) L if24]
[ee]
|

Excursion 45.29 For n € JU {0}, letaj = {

aj+1

1. Find thefirst four termsof[ 1
j

2. Find the first four terms of {\/m}OO

j=1

. . .. a;j
3. Find E; the set of subsequential limits of [ g+

]OO
j=0

a;

oo

4. Find E, the set of subsequential limits of {,J’/|aj|}. .
j=

5. Find each of the following:



168 CHAPTER 4. SEQUENCESAND SERIES-FIRST VIEW

}—
j=0
]—

j=0

(c) limsup {M}il

j—> o0

aj+1

|

(@) limsup {

j—> oo

aj+1

(b) liminf [

j—00

J

o (],

[0.9]
6. Discuss the convergence Df a;
=

3 2°\3

2\¥2 2 [2 (2\?® & (2\Y* 4,2 ' 34
<2)[1’(§) :é\[é’(é) =i5(5) =3 §""}’(3)E1:[§’§]'

2 _ o (o
(4) E; = [51 where this comes from separate consideration of lim { I |ag; }}

]—>00

2\° 2\°
***Response thistime are: (1)[2, (—) § (_) ]

. 342 2
and lim { 2121/|a2j_1|}, (5) the values are >33 and 3 respectively. Finaly,

J]—>00

the Ratio Test failsto offer information concerning convergence, however, the Root
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[0.9]
Test yields that Zaj is absolutely convergent. (Again, if we choose to go back to
j=1
the definition, examination of the nth partial sums allows us to conclude that the
series convergesto 3.)***

Remark 4.5.30 Note that, if limsup
k— 00
test yields no information concerning the convergence of the series.

‘ A+1
a

> 1 for a series > -y ak, the ratio

4.5.2 Absolute Convergence and Cauchy Products

When the terms in the generating sequence for aseries are not all nonnegative reals,
we pursue the possibility of different forms of convergence.

The next result tells us that absolute convergence is a stronger condition than
convergence

Lemma4.5.31 If {a; }T‘;l is a sequence of complex numbers and >°72; |a;j| con-
verges, therp 72 5 aj converges ant> aj‘ < 220 lajls
Proof. (if weweretorestrict ourselvesto real series) The following argument

that isavery dlight variation of the one offered by the author of our text applies only
to series over thereals; it isfollowed by a general argument that appliesto series of

complex terms. Suppose {aj }T‘;l Isasequence of real numbers such that Zj-";l |aj|
converges and define

vj = lajl% andwj = lale_aJ
Thenovj —w; = aj whilevj + wj = |a;|. Furthermore,
a; > Oimpliesthat vj =a; =[ajland wj =0
while
aj < Oimpliesthat v; =0and wj = —aj = |aj|.

Consequently, 0 < vp < |an| and 0 < up < |ap| and, from the Comparison Test, it
followsthat 3752 5 vj and 3772, wj cornverge. By Lemma4.5.12, 375, (vj — wj)
converges. Finally, since

— (vj +wj) < (vj —wj) < (vj +wj),



170 CHAPTER 4. SEQUENCESAND SERIES-FIRST VIEW

we see that

—i(v]‘—i—wj) Si(vj —U)j) Si(vj-i-wj);

=1 =1 =1

e, — 22 Jaj| < 2528 < 2552, |aj|. HenceO < ‘Z?O:]_aj) <> laj| =
The following proof of the lemmain general makes use of the Cauchy Criteria
for Convergence.
Proof. Suppose that {aj}}’ozl is a sequence of complex numbers such that
Zj-";l |aj| converges and ¢ > O is given. Then there exists a positive integer M =
M (&) such that (vm) (Yn) (m,n > M = |Sn — S| < €) where Sy = > [aj].

In particular, forany pe Jandn > M, 37°F | Jaj| = )ZT:EH E! |) < . From
the triangular inequality, it follows that ‘er‘:,ﬁ’ﬂ aj) < Y0P 1 1ajl < & for any

peJandn > M. Sincee > 0wasarbitrary, we conclude that Z?‘;l aj converges
by the Cauchy Criteriafor Convergence. m

Remark 4.5.32 A re-read of the comparison, root and ratio tests reveals that they
are actually tests for absolute convergence.

Absolute convergence offers the advantage of allowing usto treat the absolutely
convergence series much as we do finite sums. We have aready discussed the term
by term sums and multiplying by a constant. There are two kinds of product that
come to mind: The first is the one that generalizes what we do with the distributive
law (multiplying term-by-term and collecting terms), the second just multiplies the
terms with the matching subscripts.

Definition 4.5.33 (The Cauchy Product) For 3772, aj and > 2 bj, set
Kk
Ck = > _ajby_j for eachk € JU{0} .
j=0

Then >, Cx is called the Cauchy product of the given series.

Definition 4.5.34 (The Hadamard Product) For 3>'77,aj and > 2, bj, the se-
ries > 2y a;bj is called the Hadamard product of the given series.
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The convergence of two given series does not automatically lead to the conver-
gence of the Cauchy product. The example given in our text (pp 73-74) takes

(=)
aj =bj = — :
SRS
We will see in the next section thi‘j’io a; converges (conditionally). On the
1 .
other handCy = >¥_ajbi—j = (-D* X4 _, is such that

Vk=]+D(G+D

Gz Yl =kt
K> D) —= —
ikt 2 K+ 2

which does not go to zero &gyoes to itinity.
If one of the given series is absolutely convergent and the other is convergent
we have better news to report.

Theorem 4.5.35 (Mertens Theorem) For > 72, a; and 372, by, if (i) 27203,
converges absolutely, (i) >-720a; = A, and > {2ob; = B, then the Cauchy
product of > 725 a;j and 372, b is convergent to AB.

Proof. For Z?‘;O a; and Zj-";o bj, let {An} and {Bn} be the respective se-
guences ohth partial sums. Then

n k
Cn = Z(Z aj bn—j) = a-ObO + (aobl + albO) +---+ (aobn + albn—l e anbo)
k=0 \j=0
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which can be rearranged—using commutativity, associativity and the distributive
laws—to

ao(bo+ by +---+bn)+a1(o+br+---+bn1)+ -+ anbo.
Thus,
Ch=aoBn+aBn-1+ - +an-1B1+ anBo.
Sincez‘j’i0 bj = B, for fn = B — B, we have tha}]JiOrL]Bn = 0. Substitution in

def
the previous equation yields that

Ch=2a0(B+fn)+a1(B+ fn-1) +---+an—1(B+ p1) +an (B + fo)
which simplfies to

Ch=AB+ (agfn+a1fn—1+ -+ an—11+ anpo) .
Let

Yn=aofn+afn-1+---+an_1f1+ anfo
Because limA, = A, we will be done if we can show that lipy, = 0. In view
n—oo n—oo

of the absolute convergence Bf;; a;, we can sed 72, |laj| = a.

Suppose that > 0 is given. From the convergence {¢,}, there exists a
positive integeiM such thain > M implies that|$,| < ¢. Forn > M, it follows
that

I7nl = la0fn +@1fn-1+ -+ @8-m-1fM+1+ 8-mfm + - - + @151 + anfol
From the convergence ¢} andy {2, |a; |, we have that

lagfn + @1fn-1+ - + @8n-m-18m+1l < ea
while M being afixed number andy — 0 ask — oo yields that

lan—mpBm + - - + an—1f1 + anfol — 0 asn — oo.

Hence,|yn| =

|a0fn + a1fn-1+ - - + @8—m-18M+1 + @8-mpPM + - - - + @11 + @ fol implies
that limsupyn| < ca. Sincee > 0 was arbitrary, it follows tharLIimlynl =0as
(0.0)

n—oo
needed.m

The last theorem in this section asserts that if the Cauchy product of two given
convergent series is known to converge and its limit must be the product of the
limits of the given series.
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Theorem 4.5.36 If the series 372 g aj, 272 bj, and > 52 ¢j are known to con-
verge, >.7208) = A, 2j1obj = B, and >{7,¢; is the Cauchy product of
D i<0@j and> 2y bj, thend 724 cj = AB.

4.5.3 Hadamard Productsand Serieswith Positiveand Negative

Terms
Notice that 372, (—+3)3 can be realized as severa different Hadamard prod-
] ()
ucts lettinga; = —,bj = ——,¢c; = ————— andd; = —, gives us
T T Y TG+ = Gya2®

as the Hadamard product df;Z; a; and> 72, bj as well as the

ZjlJ(J 3)3

Hadamard product 6§ §Z, ¢ and> 72, d;. Note that only> 7, a; diverges.
The following theorem offers a useful tool for studying titd partial sums for
Hadamard products.

Theorem 4.5.37 (Summation-by-Parts) Correspondingto thesequenc&{a,}

j=0
let

n
An :Zaj forn e JU{0},and A_; = 0.
=0

Then for the sequence {bj }})O:o and nonnegative integers p and q such that 0 <
p=<q,

q
D ajbj = ZAJ i — bj+1) + Agbg — Ap-abp
i=p

Excursion 4.5.38 Fill in a proof for the claim.
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As an immediate application of this formula, we can show that the Hadamard
product of a series whose nth partial sums form a bounded sequence with a series
that is generated from a monotonically decreasing sequence of nonnegative terms
is convergent.

Theorem 4.5.39 Suppose that the serigg;”,a; and > 72, bj are such that

0 {270}

o
n=

o is a bounded sequence,

(i) {bj }(]?O:0 is a monotonically decreasing sequence of nonnegative reals, and

(i) limb; =0.
J]—>0o0
Then} 2, a;bj is convergent.

Proof. Foreachn € J, let Ay = Z?zo aj. Then there exists a positive integer
M such that |An| < M for all n. Supposethat ¢ > 0 is given. Because {bj}]—)ozo is
monotonically decreasing to zero, there exists a positive integer K for which bk <

£ Us ng summation-by-parts, for any integerg andq satisfyingK < q < p, it
follows that .
Z0_paby| = |25 A (b = bji1) + Agby — Ap-by|
-1
3575 A (b —bsa)| + | Aqba| + [Ap-1by|

< X975 IAj] (b —bj41) + | Aq bg + |Ap-1| bp
= M (Z?;% (bj —bj41) +bg + bp)

= M ((bp—bg) +bg+by) = 2Mby

< 2Mbk < ¢

(6.¢]
Sincee > 0 was arbitrary, we conclude th%@?zo a; bj} o is a Cauchy
n=
sequence of complex numbers. Therefore, it is convergent.

A nice application of this result, gives us an “easy to check” criteria for con-
vergence of series that are generated by sequences with alternating positive and
negative terms.

Theorem 4.5.40 (Alternating Series Test) Suppose that the sequence {u; }‘J?O=1 C
R satigfies the following conditions:
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(i) sgn (uj) = —sgn (uj41) for each j e JU {0}, where sgn denotes “the sign
of”;

(i) |uj41] < |uj| forevery | and
(i) I|m uJ =0.

Thenzj':]_Uj is convergent. Furthermore, if the sum is denoted by S, then
S < S< Sy foreach nwhergS,),2, is the sequence of nth partial sums.

The result is an immediate consequence of Theorem 4.5.39; it follows upon set-
tinga; = (—1)! andb; = |c,~ } As an illustration of how “a regrouping argument”
can get us to the conclusion, we offer the following proof for your reading pleasure.

Proof. Without loss in generality, we can taki > 0. Thenux.1 < 0 and
ux > 0fork =0,1,2,3,... Note that for eacn € JuU {0},

Sn = (Up+ U1) + (U2 + Uz) + - - - + (U2n—2 + U2n—1) + U2
which can be regrouped as
Sn =Uo+ (U1 4+ U2) + (U3 +Ug) + - - - + (Uzn—1 + U2n) .

Thefirst arrangement jusies that{ S}, is monotonically increasing while the
second yields tha®, < ug for eachn. By Theorem 4.3.14, the sequer(@n} 2,
IS convergent. For ImSZn S, we have tha&,, < Sfor eachn.

SlnceSQn 1= Sn — U2, Sn-1 > Sp for eachn € J. On the other hand,

Snt+1 = Sn—1+ (Uzn + U2nt+1) < Sn-1.

These inequalities combined wit®, > S = uj + Uy, yield that the sequence
{Sn-1};2, is a monotonically decreasing sequence that is bounded below. Again,
by Theorem 4.3.14Sn_1} .2 ; is convergent. From (iii), we deduce tHat,_1 —
Salso. We have tha®,_1 > SbecausdSn-1}7; is decreasing. Pulling this
together, leads to the conclusion th&t} converges t& whereS < & for k odd
andS > Sc whenk is even.m

Remark 4.5.41 Combining the Alternating Series Test with Remark 4.5.5 leads to
the quick observation that the alternating harmonic series >0 | (&1 1) iscondition-
ally convergent.
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4.5.4 Discussing Convergence

When asked to discuss the convergence of a given series, there is a system that we
should keep in mind. Given the series > 72 Un:

1. Check whether or not I|m N Un = 0. If not, claim divergence by the kth term
test; if yes, proceed to the next step.

2. Check for absolute convergence by testing > 12 [un|. Since > n2  lun| isa
series having nonnegative terms, we have several tests of convergence at our
disposal—-Comparison, Limit Comparison, Ratio, and Root-in addition to the
possibility of recognizing the given series as directly related to a geometric
or a p-series. Practice with the tests leads to a better ability to discern which
test to use. I 12, |un| converges, by any of the our tests, then we conclude
that > o2, un converges absolutely and we are done) JfZ, |un| diverges
by either the Ratio Test or the Root Test, then we conclude i, un
diverges and we are done.

3. If Y02, lun| diverges by either the Comparison Test or the Limit Comparison
Test , then tesp -~ ; un for conditional convergence—using the Alternating
Series Test if it applies. If the series involves nonreal complex terms, try
checking the corresponding series of real and imaginary parts.

Excursion 4.5.42 Discuss the Convergence of each of the following:

002n1

Z

[0.9]
(=D"ninn
2 3
n=
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[o.]
(=)™
3.
nzl n+2

1

T+ on o > —1

=1

>

o cos(Na:)
5 3
n=

***The ratio test leads to the divergence of the first one. The second one is abso-

lutely convergent by the root test. The third one diverges due to failure to pass the
kth term test. The behavior of the fourth one dependa oih diverges forla| < 1

and converges fojx| > 1 from the ratio test. Finally the last one converges by
comparisort.**

455 Rearrangementsof Series

o0 1-1 o0
Given any seriesE a; and a functionf : Ju{0} — Ju ({0}, the seriesE as(j)
j=0 j=o0

oo
Is arearrangement of the original series. Given a serigaj and a rearrange-
j=0

o0
mentZaf(j), the corresponding sequencenbh partial sums may be completely

=0
differént. There is no reason to expect that they would have the same limit. The
commutative law that works so well féinite sums tells us nothing about what may
happen with ifinite series. It turns out that if the original series is absolutely con-
vergent, then all rearrangements are convergent to the same limit. In the last section
of Chapter 3 in our text, it is shown that the situation is shockingly different for
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conditionally convergent real series. We will state the result that is proved on pages
76-77 or our text.

o0
Theorem 4.5.43 Let Zaj be a real series that converges conditionally. Then for
j=0
any elements in the extended real number system such that —oo < a < f < +o0,
o0

there exists a rearrangement of the given series Zaf (j) such that
j=0

n—oo

n n
liminf >'arjy=a and  limsup D at() = 4.

o
Theorem 4.5.44 Let > a; be a series of complex numbers that converges abso-
=0

[ee)

lutely. Then every rearrangementEaj converges and each rearrangement con-
j=0

verges to the same limit.

46 Problem Set D

1. Use the definition to prove each of the following claims. Your arguments
must be well written and make use of appropriate approaches to proof.

@ lim n%+in
n—oo N2 +1

o 3n%+4i
® Jim

i 3n+2 B
© Mman—1-

. 3N+ 1+ 2ni .
@ lim Aoy
n— 0o n4+3

Il
=

NI W o

. 1+43n .
(e lim +. = =3
n—ool41in
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2. Find the limits, if they exist, of the following sequences in R?. Show enough
work to justify your conclusions.

(- 1)n cosn

@ {(5-50).
3n+1 2n°+3

() {( 1 n2+2)]n:1

(=D)"n?2+5 1+3n\]~
O |(Fm )

(sinm™ 1\~
@ (552,

© {(cosnnn’ sin(nz + (7r/2))) }Oo_l

n

3. Suppose that {xn},-; converges to x in Euclidean k-space. Show thaA =
{Xn : n e J}U{x}is closed.

nzsin(ﬂ—i) +3n
4. Forj,ne ], let fj (n) = 222 1 2inT 1

sequence iR>, showing enough work to carefully justify your conclusions:

{(f2(n), f2(n), fa(n), fa(n), f5 (M)},

5. Find the limit superior and the limit inferior for each of the following se-

. Find the limit of the following

guences.
(a) ncos— >

1+cos—
(b) =y n2

=1

(c) 1 + (— 1)“cos —I—smm h
2n 4 2 |,

(d) {2( " ( ) n 3(_1)n+1]oo
n=1
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6. If {an}p2 is abounded sequence of complex numbers and {bn} 2, is a se-
guence of complex numbers that converges to 0, provenlbaa,itm =0.

IA

7. If {an}p o Is @ sequence of real numbers with the property [dyat- an41]

1
on for eachn e JU {0}, prove that{a,} >, converges.

. . . . 1
8. If {an};2, is @ monotonically increasing sequence such#fai — a, < —
for eachn e JU {0}, must{an} 2, converge? Carefully justify your response.

9. Discuss the convergence of each of the following. If the given series is con-
vergence and it is possible fad the sum, do so.

1
(@) ;ﬁ

> 1
(b) nz=1n (n+2)

1
(c) ;ﬁ

>.2n+ 3
(d) 03

n=1
o0

n

© 2 &
n=1

10. Prove the.imit Comparison Test.
Suppose thafan )2, and{bn} 2, are such thaa, > 0, b, > 0 for each

. 1 . 00 o0
n e JU(0}, and liman () ™" = L > 0. Then eltherZ:an andZ:bn both

. n=1 n=1
converge or both diverge.
: : I 1 a 3
[Hint: For suficiently largen, justify thatEL <—< EL']
n

11. Suppose tha, > 0 for eachn € JU {0}.
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(@ If D aq converges and by = ) ax, prove that > (v/bn — v/bni1)
k=n n=1

n=1
Converges.
o0 n o0
(b) If D aq divergesand S, = D ax, prove that > (vVSi1 — vS) di-
n=1 k=1 n=1
verges.

12. For each of the followingse our testsfor convergence to check for absolute
convergence and, when needed, conditional convergence.

o0 2n '3n
(a) >~
n=1

5. 4n

~ nsm(—(2n _21)”)
(b)

nz=1 n2+1

© i («/2n2 F1-2n2— 1)
n=1

4

o0 N n
(d) n221(—1) i D
0 1 —n?
(e) Z (cos(zn)) (1 + ﬁ)
1+ I)n+3
(f) Z32n+1 4n

o 52 (25)9)

- 00 a1 135(2[‘]—1)
13. Justify thad> (-1 ( 2.4.6-.-(2n)

p> 2, cond:itionally convergent for & p < 2, and divergent fop < 0.

p
) is absolutely convergent for

o
14. Let(, be the collection of ifinite sequencefx,}, 2 ; of reals such thaExﬁ
n=1
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15.

16.
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convergesand defined (X, y) = [ > (Xa — yn)? foreach x = {Xn}p2;, y =
n—1

{Yn}neq € 2. Show that ({2, d) is ametric space.

A sequence {xn}n, of realsis bounded if and only if there is a number m
such that |xa| < mfor eachn € J. Let M denote the collection of all
bounded sequences, and defined d (X, y) = sup |Xn — Ynl. Show that (M, d)

. . HEJ
IS ametric space.

Let B bethe collection of all absolutely convergent seriesand defined (x, y) =

> % — ynl. Show that (B, d) is a metric space.
n—1



