Chapter 5

Functions on Metric Spaces and
Continuity

When we studied real-valued functions of a real variable in calculus, the techniques
and theory built on properties of continuity, differentiability, and integrability. All

of these concepts are fileed using the precise idea of a limit. In this chapter,

we want to look at functions on metric spaces. In particular, we want to see how
mapping metric spaces to metric spaces relates to properties of subsets of the metric
spaces.

5.1 Limitsof Functions

Recall the dénitions of limit and continuity of real-valued functions of a real vari-
able.

Definition 5.1.1 Supposethat f isareal-valued function of a real variable, p R,
and there is aninterval | containing p which, except possibly for p is in the domain
of f. Thenthelimit of f asx approaches p is L if and only if

(Ve)(e > 0= (A =0() 0> 0A(VX) O < [x— p| <d= [T (X) = L] <¢))).

In this case, we Writéi_)mpf (X) = L which is read as “the limit of f of x as x
approaches pisequalto L’

Definition 5.1.2 Suppose that f is a real-valued function of a real variable and
p € dom(f). Then f iscontinuousat p if and only if)!i_)n})f xX) = f (p).

183
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These are more or less the way limit of afunction and continuity of afunction
at a point were defined at the time of your first encounter with them. With our new
terminology, we can relax some of what goes into the definition of limit. Instead of
going for an interval (with possibly a point missing), we can specify that the point
p be alimit point of the domain of f and then insert that we are only looking at the
real numbers that are both in the domain of the function and in the open interval.
This leads usto the following variation.

Definition 5.1.3 Suppose that f isareal-valued function of a real variable,
dom(f) = A, and pe A (i.e., p is a limit point of the domain of f). Thehe
limit of f asx approaches p is L if and only if
(Ve)(e >0= (o0 =0(¢) > 0)
[(") (xe AANO < |x—p|l <d=|f(x)—L| <e)]

Example 5.1.4 Use the dgnition to prove thatlim3 (2x2 + 4x + 1) = 3L
X—

Before we offer a proof, we’'ll illustrate some “expanded "scratch work that
leads to the information needed in order to offer a proof. We want to show that,
corresponding to each > Owe canfind aé > Osuchthat0 < [x—3| < =
|(2x2 4+ 4x + 1) — 31| < &. The easiest way to do this is to come up withthat
is a function of. Note that

)(2x2+4x+1)—31‘=)2x2—|—4x—30 —2|x—3|[x+5|.

The|x — 3| is good news because it is ours to make as small as we choose. But if
we restrict|x — 3| there is a corresponding restriction dr + 5|, to take care of

this part we will put a cap on which will lead to simpler expressions. Suppose that
we place al® restriction ond of requiring thatd < 1. If 6 < 1, then0 < |x — 3| <
0<1=[x+5=|(x=3)+8 < |x—3 +8<9 Now

‘(2x2+4x+1)—31)=2|x—3||x+5| <2.5.9<¢

whenevep < 18—8 To get both bounds to be in effect we will take max {1, %}
This concludes that “expanded "scratch work.
Proof. For ¢ > 0, letd = max {1, 18—8} Then

0<|Xx—3<d<1=|x+5=|Xx-3)+8 <|x—3+8<09
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and

&
18
Snce ¢ > 0 was arbitrary, we conclude that, for every ¢ > 0, thereexistsa d =
min {1, %} > 0,suchthat0 < [x —3] <d= [(2x*+4x+1) —31| < ¢ i.e,
lim(2x>+4x+1) =31 m

Xx—3

= ¢&.

)(2x2+4x+1)—31‘:2|x—3||x+5| <2.5.9<18.

Excursion 5.1.5 Use the definition to prove that Iim1 (x2 + 5X) = 6.
X—

Space for scratch work.

A Proof.

***Eor thisone, the 6 that you definewill depend on the nature of thefirst restriction
that you placed on ¢ in order to obtain a nice upper bound on |x + 6]; if you chose
0 < lasyour first restriction, then 6 = min {1, % } would have been what worked
in the proof that was offered.***

You want to be careful not to blindly take 6 < 1 as the first restriction. For

. . . . 1
example, if you are looking at the greatest integer function as x — > you would
1.
need to make sure that 6 never exceeded > in order to stay away from the nearest
“jumps”; if you have a rational function for Whicé is a zero of the denominator

: i 1 1
and you are looking at the limit as— 7 then you couldn’t leb be as great aﬁ
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. . 1 -
S0 you might try taking 6 < G as afirst restriction. Our next example takes such a
consideration into account.

x2
+3
Example5.1.6 Usethe definition to provethat lim =
P o P x—>—12X + 1
Spoace for scratch work.

1 2¢ 1
Proof. For ¢ > 0, Ieté_mln[ } FromO < |x + 1] <5<Zr we have

4’ 25
that
1 25
|x+7|=|(x+1)+6|<|x+1|+6<Z+6:Z
and
1 1 1 1 1
2X+1=2|Xx+==2|X+1)—=|>2||IX+1] —= 21-=-)=-=.
[2x + 1] +2' (-i-)2_|+|2>(4)2
Furthermore,
25
x*+3 (4)_x2+8x+7_|x+1||x+7| 4
2x +1 S 2x+1 | |2x+1] i
2
25. 25 2¢
< —.— =c¢.
2 — 2 25

2
Snce ¢ > 0 was arbitrary, for every ¢ > Othereexistsa o = mln[4 2;]

< ¢g; that is,

. x?+3
Osuchthat 0 < |x+1] < o implies that ‘(2x+ ) (—4)

x2+3

lim =—4 n
x——12X + 1
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In Euclidean R space, the metric is realized as the absolute value of the differ-
ence. Lettingd denote this metric allows us to restate thémigon of Xllnpf X) =

L as

Ve)(e > 0= (o =d(¢) > 0)
[(") (x e AAO <d(x,p) <d=d(f(x),L) <e)]).

Of course, at this point we haven’t gained mutths form doesn’t look particu-
larly better than the one with which we started. On the other hand, it gets us nearer
to where we want to go which is to the limit of a function that is from one metric
space to another—neither of whichR$. As afirst step, let’s look at the di@ition
when the function is from an arbitrary metric space iRfo Again we letd denote
the Euclidean £metric.

Definition 5.1.7 Suppose that A is a subset of a metric space (S, ds) and that f is
a function with domain A and range contained in R; i.e,, f : A —» R%. then“f
tends to L as x tends tothrough pointsof A” if and only if

(i) pisa limit point of A, and
(i) (Ve >0)(Fo=05()>0((VX)(xe AAO <ds(X,p) <0
= d(f (x),L) <e¢)).

In this case, we write x) > Lasx— pforx e A or f(x) - L as
X = p,or

)!mef(x): L.

XeA

Example5.1.8 Let f : C — R be given by f(z) = Re(z). Prove that

lim f(z) =3.
z—z>ef?’c+|

Space for scratch work.
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For this one, we will make use of the fact that for any complex number ¢,
IRe () < I

Proof. Fore > 0,letd =¢. Then0 < |z— (3+1)| < 0 = ¢ impliesthat
|f (2 —3=IRe(z) -3| =|Re(z— B+i))| < [z—B+i)| <e.

Sncee¢ > 0wasarbitrary, we conclude that Iign. f2g=3. m
Z— 3+
zeC

Remark 5.1.9 Notice that, in the definition of )!l_)mp f(xX) = L, thereis neither a

XeA

requirement that f be defined at p nor an expectation that p be an element of A.
Also, whileit isn't indicated, thes > 0 that is sought may be dependent on p.

Finally we want to make the transition to functions from one arbitrary metric
space to another.

Definition 5.1.10 Suppose that A is a subset of a metric spé8eals) and that f
Is a function with domain A and range contained in a metric sp@cedx); i.e.,
f: A— X. Then“f tends to L as x tends totprough pointsof A” if and only
if

() pisalimitpoint of A, and
(i) Ve>0)(Fo=0()>0)((WW)(xe AAO<ds(X,p) <o

= dx (f (X),L) <¢)).

In this case, we write x) > Lasx— pforx e A or f(x) - L as
X = p, or

)!l_)mpf(x): L.

XeA
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Example5.1.11 For p e RY, let f(p) = 2p+ 1, p?). Then f : R — R? Use
the definition of limit to from that Iimlf (p) = (3, 1) with respect to the Euclidean
P—

metrics on each space.
Spoace for scratch work.

&
Proof. For ¢ > 0,let6 = miny1,— . Then0 < dr (p,1) = [p—1] <
¢ [ m] R (P D) = Ip—1

0 < limpliesthat

P+l =l(pP-D+2/<|p-1+2<3

JA+(p+1)7? < Va+9=+13

Hence for 0 < dr (p,1) =|p—1| <9,

and

dpe (£ (p). (3,1)) = /(@p + 1) — 32 + (p2 — 1)?

=|p—1]y/4+ (p+1? <d-V13 <.

Sncee > 0wasarbitrary, we conclude that Iim1(2p +1,p)=@3B,1). =
| g

Remark 5.1.12 With few exceptions our limit theoremsfor functions of real-valued
functions of a real variable that involved basic combinations of functions have di-
rect, straightforward analogs to functions on an arbitrary metric spaces. Things
can get more difcult when we try for generalizations of results that involved com-
paring function values. For the next couple of excursions, you are just being asked
to practice translating results from one setting to our new one.

Excursion 5.1.13 Let A be a subset of a metric space S and suppose tha# +
R is given. If

f—>Lasp—> pinAand f— Masp— ppin A
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provethat L = M. After reading the following proof for the case of real-valued
functions of a real variable, use the space provided to write a proof for the new
setting.

Proof. We want to provethat, if f - Lasx - aand f - M asx — a, then
L=M.ForL # M,lete = % - |L — M|. By the definition of limit, there exists
positive numbers 1 and dp such that 0 < |[x — a| < 1 implies|[f(X) — L| < €
and 0 < |x —a|] < J2 implies |f(x) — M| < €. Choose Xxg € R such that
0 < |Xo —al < min{dy,d2}. Then|L — M| < |[L — f(X0)| + |M — f(X0)| < 2¢
which contradicts the trichotomy law. =

Excursion 5.1.14 Let f and g be real-valued functions with domain A, a subset of
ametric s : i = i =
pac€s, d). If pIL)ngo f(p) =L and pll)ngog(p) M, then
peA peA

lim (f = .
lim (f +g)(p) =L +M

peA

After reading the following proof for the case of real-valued functions of a real

variable, use the space provided to write a proof for the new setting.

Proof. We want to show that, if )li_r)r;lf(x) = L and )I(i_r)r;lg(x) = M, then
)li_rg(f +9)(X) = L+M. Let € > 0begiven. Then there exists positive numbers d;

and g2 suchthat O < |[x —a| < d1implies|f(X) —L| <e/2and0 < |[x —a| < d»
implies |g(X) — M| < €/2. For 6 = min{d1, d2}, 0 < |x — a| < J implies that
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I(F+9) —(L+M) < [f(X)—LI+[g(X) —M| <€. m

Theorem 4.1.17 gave us a characterization of limit points in terms of limits of
sequences. This leads nicely to a characterization of limits of functions in terms of
behavior on convergent sequences.

Theorem 5.1.15 (Sequences Char acterization for Limits of Functions) Suppose
that (X, dx) and (Y, dy) aremetric spaces, E ¢ X, f : E — Y and pisalimit
point of E. Then )!i_)n})f(x) =qifand only if

XeE

(v{pn})[({pn} CEAMN)(Pn# P) A IIM pp = p) = lim (pn) =q]-

Excursion 5.1.16 Fill in what is missing in order to complete the following proof
of the theorem.

Proof. Let X, Y, E, f, and p be as described in the introduction to Theorem
5.1.15. Suppose that )!i_)mpf (X) = g. Since p is alimit point of E, by Theorem
xeE
, there exists a sequence {pn} of elementsin E such that p, # p for all
@
neJ,and .Fore > 0, becausexli_)mpf(x) = q, there

(2) xeE
existso > Osuchthat 0 < dx (X, p) < 6 and x € E implies that

(©)
From nIi)m pn = p and p, % p, we aso know that there exists a positive integer M
(0.9]

such that n > M implies that . Thus, it follows that
()
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dy (f (pn),Qq) < e fordln > M. Sincee > 0 was arbitrary, we conclude that
nIi)m f (pn) = g. Finally, because {p,} C E was arbitrary, we have that

(V{pn}) [( ):>nli)ngof(pn):q]
()

We will give a proof by contrapositive of the converse. Suppose that )!l_)mp f(X) # Q.

xeE

Then there exists a positive real number ¢ such that corresponding to each posi-
tive real numbew there is a pointxs € E for which 0 < dx (x5, p) < ¢ and

dy (f (X5),Q) > €. In particular, for each € J, corresponding teﬁ there is a point

pn € E such that anddy (f (pn),Q) > &. Hence,n_ljmf(pn) #qQ.
o0
(6)
Thus, there exists a sequer{g®} c E such thatn_l>impn = pand ;
o0
(N

i.e.,
@{pa) [ ({pa} € EA (V1) (pn # P) A Jim pn=p) A lim £ (pn) # ]

which is equivalent to

~ (% {p}) | ({Pn} € EA () (pu # P) A Jim pn=p) = lim f(pn) =aq.

Therefore, we have shown th):';\_t) ICI)il‘r(x) # q implies that

xeE

~ (% {p}) | ({Pn} € EA () (pu # P) A Jim pn=p) = lim f(pn) =aq].

Since the Is logically equivalent to
(8

the converse, this concludes the promsf.

*** Acceptable responses are: (1) 4.1.17r,](_2>?>O b= p, ) dy (f X),Qq) < ¢,

(4) 0 < dx(pn, P) < d, (5) {Pn} € EA(YN)(pn# P) A lim pr = p, (6)

0 <dx(pn, p) < } (7) lim f(pn) # q, (8) contrapositive **
n n— oo

The following result is an immediate consequence of the theorem and Lemma
4.1.7.
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Corollary 5.1.17 Limits of functions on metric spaces are unique.

Remark 5.1.18 In view of Theorem 5.1.15, functions from metric spaces into sub-

sets of the complex numbers will satisfy the “limits of combinations” properties of
sequences of complex numbers that were given in Theorem 4.3.2. For completeness,
we state it as a separate theorem.

Theorem 5.1.19 Suppose thatX, dx) is a metric space, k- X, p is a limit point
of E,f:E— C,g: E— C, limf(x) = A,andlimg(x) = B. Then
X—=>p X—=p
xeE xeE
(@) Jim(f+9)(x)=A+B
xeE

(b) Jim (fg) () = AB

xeE

f A
c) lim—(x) = — whenever 0.
()X;Epg(x) g Whenever B#
While these statements are an immediate consequence of Theorem 4.3.2 and
Theorem 5.1.15 completing the following excursions can help you to learn the ap-

proaches to proof. Each proof offered is independent of Theorems 4.3.2 and Theo-
rem 5.1.15.

Excursion 5.1.20 Fill inwhat is missing to complete a proof of Theorem 5.1.19(a).

Proof. Suppose: > 0 is given. Becaus;:ﬁanh (X) = A, there exists a positive
xeE
real 91 such thatx € E and 0 < dx (X, p) < o1 implies that|f (x) — A|] < %
Since , there exists a positive real numb®rsuch thatx € E and
@)
0 < dx (X, p) < d2 implies that|g (x) — B| < % Leto = Lt

@
follows from the triangular inequality that, ¥ € E and O< dx (X, p) < J, then

|(f+g)(x)—(A+B)|:'(f(x)—A)+< )
@®)

< < .
4 ®)
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Since ¢ > 0 was arbitrary, we conclude that )!i_r)np (f +9) (x) = A+ B asclamed.

xeE

|
*** A cceptable responses are: (1) Xli_)mpg(x) = B, (2) min{o1, 42}, (3) (g (X) — B),

XeE

(@ 1T () — Al +19(x) — B, (5) &***

Excursion 5.1.21 Fill inwhat is missing to complete a proof of Theorem 5.1.19(b).

Proof. Because )!i_)mpf (X) = A, there exist a positive real number 61 such that
XeE
x € Eand0 < dx (x, p) < o1 impliesthat | f (x) — Al < Lji.e, |[f (X)|—]A] < 1
Hence, | f (X)| <1+ |A| foral x € E suchthat 0 < dx (X, p) < d1.
Suppose that ¢ > O isgiven. If B = 0, then )!meg(x) = 0 yields the
XeE
existence of a positive real number J, such that x € E and 0 < dx (X, p) < J2
implies that

&

1+ Al

g ()] <

Then for 0* = , we have that
@

1(F9) 001 =11 019 () < (1 +[Al) -

@

Hence, )!i_)mp(fg) (X) = AB = 0. Next we suppose that B # 0. Then there existsa

xeE

positive real numbers d3 and J4 for which | f (x) — A] < ﬁ and |[g(x) — B| <
m whenever 0 < dx (x, p) < dzand0 < dy (X, p) < d4, respectively, for
x € E. Now let 6 = min{d1, d3, d4}. It followsthat if x € E and 0 < dx (X, p) <
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J, then

1(fg) (X) — AB| = | f (X) g (X) — + — AB
€) 0
< |f)Ig(x)— Bl +

®)

<@ +1ADIg(x) = Bl +B|

) '

(1) 8)

Again, since ¢ > 0 was arbitrary, we conclude that )!i_)n})(fg) (X) = AB as

XeE

needed. m
*** A cceptable responses include: (1) min{dy, d2}, (2) ¢ (1 + |A)7L, (3) f (x) B,
& &

(4) £ OB, (BIBIT )= AL®) T ()= ALT) L+ A 20+ IAI)+|B| 21B]
(8) PR

Excursion 5.1.22 Fill inwhat is missing to complete a proof of Theorem5.1.19(c).

Proof. In view of Theorem 5.1.19(b), it will suffice to prove that, under the

. _ 1 1 .
given hypotheses, )!I_) r:pm =g First, wewill show that, for B # 0, the modulus

of g is bounded away from zero. Since |B| > 0 and Xli_)n})g(x) = B, there exists

xeE

a positive real number 6, > 0 such that x € E and implies that
B @
lg(x) — B| < |—2| It follows from the (other) that,

@
if x e Eand 0 < dy (X, p) < o1, then

g (X)| =1(g(x) — B) + B| > ||[g (x) — B]
L]
Bl
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2
|BI"¢

Suppose that ¢ > 0 is given. Then > 0 and )!i_)mpg(x) = B yidds the

xeE

|B|?

existence of a positive real number d» such that |g (X) — B| < ¢ whenever

x e EandO < dx (X, p) < d2. Let 6 = min{d,d2}. Then for x € E and
0 < dx (x, p) < 0 we havethat

1 1‘_I9(X)—BI

— ——| = <
9() Bl IBllg ()| 3 m

Since¢ > 0 was arbitrary, we conclude that

®

Finally, letting h (x) = i by Theorem ,

. f .
)!Im—(X)=)!Imf(X) =

- -

e ey @) ®)
|

*** Acceptable responses are: (1) 0 < dx (X, p) < d1, (2) triangular inequality (3)

¢|BJ? 11 1,,.
m, @) & (5) )!X'?Tpm = <. (6)5.119(0b), (M h (0, @) A- -
2

From Lemma4.3.1, it followsthat the limit of the sum and the limit of the prod-
uct parts of Theorem 5.1.19 carry over to the sum and inner product of functions
from metric spaces to Euclide&n— space.

Theorem 5.1.23 Supposethat X isa metric space, E c X, pisalimit point of E,
f:E— R g:E — RK lim f(x) =A, and lim g(x) = B. Then

X—p X—=p

xeE xeE

(@ Jim (f+9) (x)=A+Band

xeE

(b) Jim (feg)(x)=AeB

xeE

In the set-up of Theorem 5.1.23, note that :E — RXwhilefeg: E — R.
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5.2 Continuous Functionson Metric Spaces

Recall that in the case of real-valued functions of a real variable getting from the
general idea of a functions having limits to being continuous simply added the prop-
erty that the values approached are actually the values that are achieved. There is
nothing about that transition that was tied to the properties of the reals. Conse-
qguently, the dénition of continuous functions on arbitrary metric spaces should
come as no surprise. On the other hand, an extra adjustment is needed to allow
for the fact that we can consider functionsided at isolated points of subsets of
metric spaces.

Definition 5.2.1 Suppose that (X, dx) and (Y, dy) are metric spaces, E c X, f :
E — Y and p € E. Then f iscontinuousat p if and only if

(Ve > 0) @S =5 (e) > 0) [(vX) (x € E Adx (X, p) <) = dy (f (x), f () <¢].

Theorem 5.2.2 Suppose that (X, dx) and (Y, dy) are metric spaces, E c X, f :
E — Yand p € E and pisalimit point of E. Then f iscontinuous at p if and
onIyif)!i_r)npf(x) = f(p)

XeE

Definition 5.2.3 Suppose that (X, dx) and (Y, dy) are metric spaces, E ¢ X and
f: E —> Y. Then f iscontinuouson E if and only if f is continuous at each
pekE.

Remark 5.2.4 The property that was added in order to get the characterization
that is given in Theorem 5.2.2 was the need for the point to be a limit point. The
definition of continuity at a point is satisfied for isolated points of E because each
isolated point p has the property that there is a neighborhood of p, Ng- (p), for
which ENNs- (p) = {p}; since p € dom(f)anddx (p, p) =dv (f (p), f (p)) =
0, we automatically havethat (Vx) (x € EAdx (X, p) <d= dy (f (X), f (p)) <
¢ for any ¢ > 0 and any positive real number ¢ suchthat o < 6*.

Remark 5.2.5 It follows immediately from our limit theorems concerning the al-
gebraic manipulations of functions for which the limits exist, the all real-valued
polynomials in k real variables are continuousk.

Remark 5.2.6 Because {1) = (3,1) for the f(p) = ((2p+1, p?)) : R? —
R? that was given in Example 5.1.11, our work for the example allows us to claim
that f is continuous at p= 1.
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Theorem 5.1.15 isnot practical for use to show that a specific functionis contin-
uous it is a useful tool for proving some general results about continuous functions
on metric spaces and can be a nice way to show that a given function is not contin-
uous.

Exam;()le52 .7 Prove that the function f : R x R — R given by f ((x,y)) =

, for (x,y) # (0,0)

3 3
X Tty is not continuous at (0, 0).

0 , forx=y=0
11
Let pp = (ﬁ ﬁ) Then { pn}2, convergesto (0, 0), but

OO .
SOECI

Hence, by the Sequences Characterization for Limits of Functions, we conclude
that the given f isnot continuous at (0, 0).

I|m f (pn) = li

Example5.2.8 Use the definition to prove that f : R x R —> R given by

X2y
2 1 2 ’ for (Xa y) ?é (05 O)
f(x,y)=1 XTY is continuous at (0, 0).
0 , forx=y=0
Weneedtoshowthat lim  f ((x,y)) = 0. Because the function is defined
(x,y)—(0,0)

intwo parts, it is necessary to appeal to the definition. For ¢ > 0, let 6 = ¢. Then

0<dRXR((Xsy)a(an)):\/X2+y2<5:8

implies that
x2y
X2 + y2

X2+ y?) Iyl
s(X2+y2 =1yl =Vy2 < ety <

Because ¢ > 0 was arbitrary, we conclude that

lim f((X,y)) =0= f ((0,0)). Hence, f iscontinuousat (0, 0).
x,y)—(0,0)

£ ((x,y)) -0l =
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It follows from the definition and Theorem 5.1.19 that continuity is transmitted
to sums, products, and quotients when the ranges of our functions are subsets of
the complex field. For completeness, the general result is stated in the following
theorem.

Theorem 5.2.9 If f and g are complex valued functions that are continuou? on
a metric space X, then f + g and fg are continuous on X. Furthermore, 5 IS
continuouson X — {p € X : g(p) = 0}.

From Lemma 4.3.1, it follows immediately that functions from arbitrary metric
spaces to Euclidean k-space are continuous if and only if they are continuous by
coordinate. Furthermore, Theorem 5.1.23 tells us that continuity is transmitted to
sums and inner products.

Theorem 5.2.10 (a) Let fq, fo, ..., fx bereal valued functions on a metric space
X,and F : X — RK be defined by F (x) = (f1(X), f2(X), ..., fk (X)).
Then F is continuous if and only if fj iscontinuousfor each j,1 < j <k.

(b) If f and g are continuous functions from a metric space X into RK, then f+ g
and f e g are continuous on X.

The other combination of functions that we wish to examine on arbitrary metric
spaces is that of composition. X, Y, andZ are metric spaceg c X, f : E —
Y,andg : f (E) — Z, then the composition of andg, denoted byg o f, is
defined byg (f (x)) for eachx € E. The following theorem tells us that continuity
Is transmitted through composition.

Theorem 5.2.11 Supposethat X, Y, and Z are metric spaces, E c X, f : E —
Y,andg: f (E) — Z. If f iscontinuousat p € E and g iscontinuousat f (p),
then the composition g o f iscontinuousat p € E.

Space for scratch work.

Proof. Suppose thatX, dx), (Y, dy), and(Z, dz) are metric space§ c X,
f:E—Y,g0: f(E) — Z, f is continuous ap € E, andg is contin-
uous atf (p). Lete > 0 be given. Since is continuous atf (p), there exists



200 CHAPTERS5. FUNCTIONSON METRIC SPACESAND CONTINUITY

a positive real number 91 such that dz (g (y),g(f (p))) < eforanyy € f (E)

such that dy (y, f (p)) < d1. From f being continuous a p € E and d1 be-

ing a positive real number, we deduce the existence of another positive real num-
ber ¢ such thatx € E anddx (x, p) < o implies thatdy (f (x), f (p)) < J1.
Substituting f (x) for y, we have thax € E anddx (x, p) < ¢ implies that

dy (f (x), f (p)) < o1 which further implies thatz (g (f (x)),g(f (p))) < ¢.
Thatis,dz ((go f)(X),(go f)(p)) < ¢ foranyx € E for whichdy (x, p) < 6.
Thereforeg o f is continuous ap. =

Remark 5.2.12 The “with respect to a set” distinction can be an important one to
1 , for x rational
note. For example, the function(X) = IS continuous
0 , for xirrational
with respect to the rationals and it is continuous with respect to the irrationals.
However, it is not continuous dR’.

5.2.1 A Characterization of Continuity

Because continuity is defined in terms of proximity, it can be helpful to rewrite the
definition in terms of neighborhoods. Recall that, for (X, dx), p € X, andd > 0,

Ns (p) = {x € X :dx (X, p) <d}.
For ametric space (Y,dy), f : X — Y ande > 0,
Ne (f (p)) ={yeY:dy(y, f(p) <e}.

Hence, for metric spaces (X, dx) and (Y,dy), EC X, f :E— Yand peE, f
iscontinuous at p if and only if

(Ve > 0) 35 =3 () > 0) [T (Ns(p) N E) C N, (f (p))].

Because neighborhoods are used to define open sets, the neighborhood formu-
lation for the dénition of continuity of a function points us in the direction of the
following theorem.
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Theorem 5.2.13 (Open Set Char acterization of Continuous Functions) Let f be
a mapping on a metric space (X, dx) into a metric space (Y, dy). Then f iscon-
tinuous on X if and only if for every open set V in Y, the set(¥) is open in
X.

Space for scratch work.

Excursion 5.2.14 Fill in what is missing in order to complete the following proof
of the theorem.

Proof. Let f be a mapping from a metric space (X, dx) into a metric space
(Y, dv).
Suppose that f is continuous on X, V isan open set in Y, and po €
f~1(V). Since V isopen and f (pg) € V, we can choose ¢ > O such that
N, (f(po)) C V from which it follows that

c f71(v).

@

Because f iscontinuous a pp € X, correspondingto ¢ > 0, thereexistsad > 0,
such that f (Ns(po)) € N. (f (po)) which implies that

Ns (Po) C

@

From the transitivity of subset, we concluded that Ns (pg) ¢ f~1(V). Hence,
Po is an interior point of f~1 (V). Since po was arbitrary, we conclude that each
p e f~1(V)isaninterior point. Therefore, f~1 (V) isopen.

To prove the converse, suppose that the inverse image of every open set
inY isopenin X. Let p bean element in X and ¢ > 0 be given. Now the
neighborhood N, (f (p)) isopenin Y. Consequently, isopenin X.

(©)




202 CHAPTERS5. FUNCTIONSON METRIC SPACESAND CONTINUITY

Since p is an element of , there exists a positive real number ¢ such
that N (p) ¢ =1 (N, (f (p)))(;S)i.e., c N, (f (p)). Sincee > 0
was arbitrary, we conclude that )!ILT}) f (X) :(4)T. Finally, because p was an
arbitrary point in X, it followsthat f asneeded. m

(6)
*** A cceptable responses are: (1) f~1(N;(f (po)), (2) f~1(N; (f (po))),
(3) f~1(N, (f (p))), (4 f (Ns(p)), (5 f (p), (6) iscontinuous on X.***

Excursion 5.2.15 Suppose that f isa mapping on a metric space (X, dx) into a
metric space (Y, dy) and E c X. Provethat f~1[E°] = (f~1[E])".

The following corollary follows immediately from the Open Set Characteriza-
tion for Continuity, Excursion 5.2.15, and the fact that a set is closed if and only
if its complement is open. Use the space provided after the statement to convince
yourself of the truth of the given statement.

Corollary 5.2.16 A mapping f of a metric space X into a metric space Y is con-
tinuous if and only if 1 (C) is closed in X for every closed setC in Y.

Remark 5.2.17 We have stated results in terms of open sets in the full metric space.
We could also discuss functions restricted to subsets of metric spaces and then the
characterization would be in terms of relative openness. Recall that given two sets
X andY and f: X — Y, the corresponding set induced functions satisfy the
following propertiesforGc Xand Dy C Y, j=1,2
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o f71[D1N Dy = f~1[Dy] N f~1[Dy,
o f71[D1UDy] = f~1[Ds]U f~1[Dy],
e f[C1NCy C f[CiN f[Cy], and

o f[CLUC = f[Ci]U f[C7]

Because subsets being open to subsets of metric spacesin characterized by their
realization asintersectionswith open subsets of the parent metric spaces, our neigh-
borhoods characterization tells us that we loose nothing by looking at restrictions
of given functions to the subsets that we wish to consider rather that stating things
in terms of relative openness.

5.2.2 Continuity and Compactness

Theorem 5.2.18 If f is a continuous function from a compact metric space X to a
metric space Y, then (fX) is compact.

Excursion 5.2.19 Fill in what is missing to complete the following proof of Theo-
rem 5.2.18.

Space for scratch work.

Proof. Supposethat f isa continuous function from a compact metric space X
toametricspaceY and G = {G,, : a € A} isan open cover for f (X). Then
G, isopeninY foreacha € A and

1)
From the Open Set Characterization of

(2
Functions, f~1(G,) is foreacha € A.
(©)
Sncef: X — f(X)and f (X) c | G,, wehave

a€eA

that

X=f"1(f(X)c f—l(U Ga)z
aeA 4
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Hence, 7 = {71 (G,) 1 @ € A} isan
for X. Since X is

(5
, there is afinite subcollection of F,

(6
{f71(Gy) i =12, ..,n} that covers X; i.e,

It follows that
n n n
f (X)C f( f_l (Gaj)): U = Gaj.
j=1 =1 O j=1
Therefore, {G,; : j =1,2,...,,n} isafinite m

subcollection of G that covers f (X). Since G was
arbitrary, every
e,

®
f(X)is .

©

Remark 5.2.20 Just to stress the point, in view of our definition of relative com-
pactness the result just stated is also telling us that the continuous image of any
compact subset of a metric space is a compact subset in the image.

Definition 5.2.21 For a set E, a functiorf : E —> RK is said to bebounded if
and only if

@M) (M e RA (VX) (X € E = |f (X)] < M)).

When we add compactness to domain in the metric space, we get some nice
analogs.

Theorem 5.2.22 (Boundedness Theorem) Let A be a compact subset of a metric
space(S, d) and suppose thdt: A — RX is continuous. Then ¢A) is closed
and bounded. In particular, f is bounded.
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Excursion 5.2.23 Fill in the blanks to complete the following proof of the Bound-
edness Theorem.
Proof. By the , we know that compactnessitf
1
for any k € J is equivalent to(t;eing closed and bounded. Hence, from Theorem
5.2.18,if f: A—> RXwhere A is a compact metric space, thefi is compact.
But f (A) C and compact yields that A) is

@ (©)
In particular, f (A) is bounded as claimed in the Boundedness Theomem.

***Expected responses are: (1) Heine-Borel Theorem, (2R, and (3) closed and
bounded:**

Theorem 5.2.24 (Extreme Value Theorem) Supposethat f isa continuous func-
tion from a compact subset A of a metric space SRitp

M=supf (p) and m= inf f (p).
peA peA

Then there exist points u amdn A such that f(u) = M and f (v) = m.

Proof. From Theorem 5.2.18 and the Heine-Borel Theorem,f (A) ¢ R and f
continuous implies that (A) is closed and bounded. The Least Upper and Greatest
Lower Bound Properties for the reals yields the existendengé real number$/

andm such thatM = supf (p) andm = ianf (p). Sincef (A) is closed, by
peA pe
Theorem 3.3.26M € f (A) andm € f (A). Hence, there existsandov in A such

thatf (uy=Mandf (v) =m;i.e., f (u)=supf (p)andf (v) = im;f (p). m
peA pe

Theorem 5.2.25 Supposethat f isa continuous one-to-one mapping of a compact
metric space X onto a metric space Y. Then the inverse mappihigvhich is
defined by 1 (f (x)) = x for all x € X is a continuous mapping that is a one-to-
one correspondence from Y to X.

Proof. Suppose that f is a continuous one-to-one mapping of a compact metric
space X onto a metric space Y. Because f is one-to-one, the invetsis &
function fronrng (f) = Y in X. From the Open Set Characterization of Continuous
Functions, we know that T is continuous in Y if {U) is openin Y for every U
that is open in X. Suppose that d X is open. Then, by Theorem 3.3.3% i9
compact as a closed subset of the compact metric space X. In view of Theorem
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5.2.18, f (U°) iscompact. Snce every compact subset of a metric space is closed
(Theorem 3.3.35), we conclude that f (U°) is closed. Because f is one-to-one,

f (U = f (X)— f (U), then f onto yields that {U%) =Y — f (U) = f (U)C.
Therefore, f(U)C is closed which is equivalent to (D) being open. Since U was
arbitrary, for every U open in X, we have that(#) is open in Y. Hence, s
continuousin'Y m

5.2.3 Continuity and Connectedness

Theorem 5.2.26 Suppose that f is a continuous mapping for a metric space X
into a metric space Y and E X. If E is a connected subset of X, thertB) is
connected in Y.

Excursion 5.2.27 Fill in what is missing in order to complete the following proof
of Theorem 5.2.26.

Space for scratch work.
Proof. Suppose that f isa continuous mapping from a metric space X into a
metric spaceY and E c X issuchthat f (E) isnot connected. Then
wecanlet f (E) = AU B where A and B are nonempty
subsetsof Y;i.e, A# 0, B # ¢ and

(1)
ANB=ANB=4. Consideer:f EN f~1(A) and
e

H = E N f~1(B). Then neither G nor H isempty and
e

GUH = (EnftA)u

@

:En( _ )

= Enf1(AuB)=

4
Because A C A, f~1(A) c f~1(A). Since
G c f~1(A), thetrangtivity of containment yields that
. From the Corollary to the Open Set

)]
Characterization for Continuous Functions, f 1 (K) is

(6)
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It followsthat G ¢ f~1(A). FromG c f~1(A) and
H c f~1(B), we havethat

EﬂHcf‘l(ﬂ)ﬂf‘l(B):f‘l( ):f—l(_):_.
) €)) 9)

The same argument yieldsthat G N H = .
FromE=GUH,G #6,H # ¢ and ]
GNH=GNH =@, weconcludethat E is

. Hence, for f acontinuous mapping

10
from a(m%etric space X into ametric spaceY and E C X,
if f (E) isnot connected, then E is not connected.
According to the contrapositive, we conclude that, if
, then , @ needed.
(11) (12)

*** A coeptable responsesare: (1) separated (2) ENf~1(B), (3) f ~1 (A)Uf~1(B),
4 E, (5)G c f~1(A), (6) closed, (7) AN B, (8) 4, (9) 4, (10) not connected,
(11) E isconnected, and (12) f (E) isconnected.***

Theorem 5.2.28 Supposethat f isareal-valued function on a metric spa¢, d).
If f is continuous on S, a nonempty connected subset of X, then the rangeg,of f
denoted by Rf |s), is either an interval or a point.

Theorem 5.2.29 (The Intermediate Value Theorem) Let f be a continuous real-
valued function on an intervdgh, b]. If f (a) < f (b) andifce (f (a), f (b)),
then there exist a point ¥ (a, b) such that f(x) = c.

Proof. Let E = f([a, b]). Because [a, b] is an interval, from Theorem 3.3.60,
we know that [a, b] is connected. By Theorem 5.2.26, E is aso connected as the
continuous image of a connected set. Since f (a) and f (b) arein E, from Theorem
3.3.60, it followsthat if cisarea number satisfying f(a) < ¢ < f(b), thencisin
E. Hence, there exists x in [a, b] such that f(x) = c. Since f(a) isnot equal to ¢
and f (b) isnot equal to c, we conclude that x isin (a, b). Therefore, there exists x
in (a, b) suchthat f (x) =c,asclamed. m
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5.3 Uniform Continuity

Our definition of continuity works from continuity at a point. Consequently, point
dependency istied to our 6 — ¢ proofs of limits. For example, if we carried out a

2
0 — ¢ proof that f (x) = X

1. . .
+1 is continuous at X = 2, corresponding to ¢ > 0O,

1 2x+1
taking 0 = min[é, %} will work nicely to show that Iimx—+1 =5=1(2);

X—2 X —

. . . 3
however, it would not work for showing continuity at x = > On the other hand,

1
corresponding to ¢ > 0, taking 6 = min [Z’ 2%} will work nicely to show that

2x+1 3
Iim3 >z(+1 =8=f (E) The point dependence of the work isjust buried in the
X—35
2

focus on the local behavior. The next concept demands a “niceness” that is global.

Definition 5.3.1 Given metric spaces (X, dx) and (Y, dy), afunction f : X — Y
isuniformly continuouson X if and only if

(Ve > 0) (30 > 0) [(Vp) (VQ) (p,q € X Adx (p,q) <d=dy (f(p), (@) <e&)].

Example5.3.2 The function f (x) = x? : R — R is uniformly continuous on
[1, 3].

Fore > Oleto = % For x1, X2 € [1, 3], the triangular inequality yields
that

IX1 + X2| < [xa| + [x2] < 6.
Hence, x1, X2 € [1, 3] and |x1 — X2| < ¢ impliesthat
I (x0) — f (X2)| = ‘X%—X§) = X1 — Xo| X1 + X2 <J-6=¢.

Sncee > 0and X1, X2 € [1, 3] were arbitrary, we conclude that f is uniformly
continuous on [1, 3].

Example 5.3.3 Thefunction f (x) = x? : R — R isnot uniformly continuous on
R.
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We want to show that there exists a positive real number ¢ such that corre-
sponding to every positive real numhewe have (at least two points) x= x1 ()
and » = Xz (9) for which |x1 (0) — X2 (0)] < 0 and|f (X1) — f (X2)| > &. This
statement is an exact translation of the negation of thendien. For the given
function, we want to exploit the fact the as x increasémgrease at a rapid (not
really uniform) rate.

iy o 1
Takee = 1. For any positive real numbe¥, let x; = X1 (0) = > + 5 and

1
X2 = X2 (0) = 5 Then % and » are real numbers such that

e (013)- ()£

If (x1) — f (x2)| = )XE — XS‘ = X1 — X| |X1 + X2| =

S\ (6 2\ &
VM2 +8Y =L v151=0.
(2)(2+5) g tr=21=¢

Hence, f is not uniformly continuous @&

while

Example5.3.4 For p € R, let f(p) = 2p+ 1, p?). Then f: R! — R?is
uniformly continuous on the closed intenj@l 2].

&
Fore > 0,leto = ——. If p1 € [0,2] and p € [0, 2], then
€ > /5 p1 € [0, 2] R e[0,2]

44 (pL+ P2 =4+ |p1+ pal? < 44 (Ipal + 1p2)? < 4+ (24 2)? = 20

and

Az (F (p). T (p2)) = V(@P1+ 1) — @2+ 1) + (P2 — p2)?

=|p1—pz|\/4+(p1+ p2)2<5.@=25/§.@=g,

Sincee > 0 and p, p2 € [1, 2] were arbitrary, we conclude that f is uniformly
continuous o0, 2].

Theorem 5.3.5 (Uniform Continuity Theorem) If f is a continuous mapping from
a compact metric space X to a metric space Y, then f is uniformly continuous on
X.
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Excursion 5.3.6 Fill in what is missing in order to complete the proof of the Uni-
form Continuity Theorem.

Proof. Suppose f isacontinuous mapping from acompact metric space (X, dx)
to ametric space (Y, dy) and that ¢ > Oisgiven. Since f is continuous, for each
p € X, there exists a positive real number J, suchthat g € X A dx (d, p) < dp =

dy (f (p), f(Q)) < % LetG = lNl (p) : p € X ;. Since neighborhoods are
2
open sets, we conclude that G isan . Since X iscom-
)
pact there exists fanite number of elements of that coversX, sayp1, p2, ..., Pn-
Hence,

n
xcJN1 (p)-
j=1 Eépj

1 - ,
Letd = - min {dp}. Then,s > 0 and the minimum of dinite number of
def 21<j<nt ™

positive real numbers.
Suppose thap,q € X are such thatl (p,q) < 6. Becausep € X and
n

X c UNjp (pj), there exists a positive integér 1 < k < n, such that

j=1 Eépj

1

. Hence d (p, px) < Eépk. From the triangular in-

(@)
equality

dx (4, p) < dx (@, p) +dx (P, p) <+ __ < I,

©)

Another application of the triangular inequality and the choices that were made for
dp yield that

dy (f (p), f(q)) < < —¢
4 5

1
***Acceptablefill ins are: (1) open cover foK (2) p € N1 (px), (3) Eépk, 4)
_5k
2

dy (f (p), f (px)) +dv (f (p), T (@), % + % * ok
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5.4 Discontinuities and Monotonic Functions

Given two metric spaces (X, dx) and (Y, dy) and afunction f from a subset A of
XintoY. If pe Xand f isnot continuous at p, then we can conclude that f is
not defined a p (p ¢ A = dom(f)), XIi_)mpf (x) does not exist, and/or p € A and

xXeA
Xli_)mpf (X) existsbut f (p) # )!l_)n?D f (x); apoint for which any of the three condi-
xXeA xeA
tions occurs is called a point of discontinuity. In a general discussion of continuity
of given functions, there is no need to discuss behavior at points that are not in the
domain of the functionconsequently, our consideration of points of discontinuity
is restricted to behavior at points that are in a sfiedior implied domain. Fur-
thermore, our discussion will be restricted to points of discontinuity for real-valued
functions of a real-variable. This allows us to talk about one-sided limits, behavior
on both sides of discontinuities and growth behavior.

Definition 5.4.1 A function f is discontinuous at a point c € dom(f) or has a
discontinuity at c if and only if either )I(iLan (X) doesn't exist or)l(i_r)réf (X) exists
and is different from fc).

. X| .
Example5.4.2 The domain of {x) = % is R — {0}. Consequently, f has no
points of discontinuity on its domain.

m , forxeR - {0}

Example 5.4.3 For the function f(x) = X ,

1 , forx=0
dom(f) = R and x= 0is a point of discontinuity of f. To see thEitr(l)f (X)
X—>

does not exist, note that, for every positive real nunaber

0 0
()= e [1(-2)-10]-2

. 1 i .
Hence, ife = > then, for every positive real numbéythere exists xc dom(f)

such that0 < [x| < d and]|f (x) — f (0)] > . Therefore, f is not continuous at
x=0.
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xsin(%) , forxeR—{0}

Example5.4.4 1f g(x) = , then g has no dis-

0 , forx=0
continuities inR.

Excursion 5.4.5 Graph the following function f anfind
A = {x e dom(f) : fis continuous at

and B= {x e dom(f) : fis discontinuous at X

[ 4x+1 1

, X< ¢

1+ x 2

1
2 , §<X§1
FO=1 _ox4a |, 1<x<3
[X] +2 , 3<X<6
14(x — 10
% L (6<x<14)v (14 <x)
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***Hopefully, your graph revealed that A = R — {—-1,3,4,5,6,14} and B =
{3,4,5,6}.7**

Definition 5.4.6 Let f be a function that is defined on the segment (a, b). Then,
for any point x € [a, b), theright-hand limit is denoted by f (x+) and

f ) =q e (Vit)2,) [({tn} C (x,b) A lim ty = x) = lim  (tn) = q]

and, for any x € (a, b], the left-hand limit is denoted by f (x—) and

f(x=)=qge (Vo) [({tn} C(@x) A limty = x) = lim f (t) = q] _

Remark 5.4.7 From the treatment of one-sided limits in frosh calculus courses,
recall that lim f (t) = q if and only if

t—ox+
(Ve > 0)(F6=05() > 0 [(Vt) (t edom(f)Ax <t <x+5=|f (t)—q| <e)]

and lim f (t) = q if and only if
t—>x—

(Ve >0 (F5=06() >0 [(vt) (t edom(f)Ax—d <t <x=|f(t)—ql <¢)].

The Sequences Characterization for Limits of Functionsfjastthat these dimi-
tions are equivalent to the fimitions of f(x+) and f (x—), respectively.

Excursion 5.4.8 Find f (x+) and f(x—) for every xe B where B is déned in
Excursion 5.4.5.

***For this function, wehave f (3—) = -2, f (3+) =5 f (4—) =5, f (4+) =
6; f(5-)=6,fTB5+)=7and f (6—) =7, f (6+) = 7.***

Remark 5.4.9 For each point x where a function f is continuous, we must have
f(x+) =1 (x=)=f (X).
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Definition 5.4.10 Suppose the function f is defined on the segment (a, b) and dis-
continuous at xe (a,b). Then f has aiscontinuity of the first kind at x or a
simple discontinuity at x if and only if both f(x+) and f (x—) exist. Otherwise,
the discontinuity is said to bediscontinuity of the second kind.

Excursion 5.4.11 Classify the discontinuities of the function f in Excursion 5.4.5.

f(x) ,for xe R—{-1,14}
Remark 5.4.12 The function Rx) = where
0 ,for x==-1vx=14
f is given in Excursion 5.4.5 has discontinuities of the second kind=atx« and
x = 14.

Excursion 5.4.13 Discuss the continuity of each of the following.

[ x2—x—6
_ , X<-=2
1. f=4 Xt+2
| 2x -1 , X>-=2
[ 2, Xxrational
2. g(X) =
| 1 , xirrational
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***Your discussion of (1) combines considers some cases. For —oo < X < =2,
X2 —X—6. . . . . .
s Is continuous as the quotient of polynomials for which the denominator
is not going to zero, while continuity of 2x — 1 for x > —2 follows from the limit
of the sum theorem or because 2x — 1 isapolynomial; consequently, the only point
in the dcz)main of f that needs to be checked isx = —2. Since f ((-2)—) =
. X“=X-—6 . ,

M g m I, 09 = (D = i, G- =
and f (—2) = -5, itfollowsthat f isalso continuousat x = —2. That the function
given in (2) is not continuous anywhere follows from the density of the rationals
and the irrationals; each point of discontinuity is a “discontinuity of the second

Kind."***

Definition 5.4.14 Let f be a real-valued function on a segmef#, b). Then f is
said to bemonotonically increasing on (a, b) if and only if

(Vx1) (VX2) [X1, X2 € (@, D) Ax1 < X2 = f (x1) < f (x2)]
and f is said to benonotonically decreasing on (a, b) if and only if
(Vx1) (VX2) [X1, X2 € (@, D) AX1 > X2 = f (x1) < f (x2)]

Theclass of monotonic functionsis the set consisting of both the functions that are
increasing and the functions that are decreasing.

Excursion 5.4.15 Classify the monotonicity of the function f that wagmed in
Excursion 5.4.5

***Based on the graph, we have that f is monotonically increasing in each of
(—o00, —1), (=1, 1), and (3, 6); the function is monotonically decreasing in each of

1 1
(5’ 3), (6, 14), and (14, c0). The section (5, 1) is included in both statements
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because the function is constant there. As an alternative, we could have claimed
that f is both monotonically increasing and monotonically decreasing in each of

(%, 1) , (3,4), (4,5), and (5, 6) and distinguished the other segments according to

the property of being strictly monotonically increasing and strictly monotonically
decreasing.***

Now we will show that monotonic functions do not have discontinuities of the
second kind.

Theorem 5.4.16 Supposethat thereal-valued function f is monotonically increas-

ing on a segmenta, b). Then, for every x (a, b) both f(x—) and f (x+) exist,

sup Ft)y=F(x=)< f(x)< f(x+)=Xinbf )

a<t<x

and

M) Vy)(a<x<y<b= f(x4+)< f(y-)).

Excursion 5.4.17 Fill in what is missing in order to complete the following proof

of the theorem.
Space for scratch work.

Proof. Supposethat f ismonotonically increasing on the
segment (a, b) and x € (a, b). Then, for every
t e (a,b)suchthata <t < x, . Hence,

1)
B = {f (t):a <t < x}isbounded aboveby f (x).
e

By the ,theset B hasa
@
least upper bound; let u = sup (B). Now we want to
show that u = f (x—).
Lete > Obegiven. Thenu = sup(B) and
u—e¢ < uyieldsthe existence of aw € B such that
. From the definition of B,

©)]
w istheimage of apoint in .Leto >0

“
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besuchthat x — o € (a,x)and f (X —0) = w. If
t e (X =9, X), then

f(x—=09) < f (1) and

()
Sinceu — ¢ < w and f (X) < u, thetrangtivity of less
than or equal to yields that

< f(t) and f(t) <

(6) (7
Becauset was arbitrary, we conclude that

VM)xX—d<t<x=>u—e< f()<u).

Finally, it followsfrom ¢ > O being arbitrary that

(Ve > O)( ); i.e,
®)

f(x—) = tirllf (t) =u.

Forevery t € (a,b) suchthat x <t < b, weaso
havethat f (x) < f (t) fromwhich it follows that
C = {f(t):x <t <b}isbounded by
def ©
f (x). From the greatest lower bound property of the
reals, C has agreatest lower bound that we will denote

by v.

Use the space provided to prove that
o= f (X+).

(10)

217
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Next suppose that x, y € (a, b) aresuch that x < vy.
Because f (x+) = Iim+f O =inf{f (t):x <t < b},
t—X

(X,y) C (x,b)and f ismonotonically increasing, it
follows that

=inf{f (t):x <t <y}.

(11
From our earlier discussion, ]

f(y=)=limf(t) =
t—=y~
Now, (X, y) C (a, y) yields that

(12)

f(y=)=sup{f (t):x <t <y}.

Therefore, as claimed.
(13

***The expected responses are: (1) f (t) < f (x), (2) least upper bound prop-
erty, Qu—¢ < w < u, 4 @x), B ) < fx,BU—c¢ (7)u, (8)
F>0)[()(x—d <t <x=u—e < f(t) <u)], (9 below, (10) Let: > 0
be given. Them = inf C implies that there exist® € C suchthab < w < v +¢.
Sincew € C, w is the image of some point i{x, b). Leté > 0 be such that+¢ e
(X,b) and f (X + ) = w. Now suppose¢ € (x,X +9). Thenf (x) < f (t) and
f@t) < f(XxX+0) =w. Sincen < f (xX)andw < v + ¢, it follows thato < f (t)
andf (t) < v+e. Thus,35> 0)[(Vt) (x <t <x+d=v < f(t) <v+9)]

Because: > 0 was arbitrary, we conclude that= I|m f@t) = f(x+4)., (12)

f (x+), (12) supf (t) ;a <t <y}land (13)f (x+) < < f (y ). xxx

Corollary 5.4.18 Monotonic functions have no discontinuities of the second kind.

The nature of discontinuities of functions that are monotonic on segments al-
lows us to identify points of discontinuity with rationals in such a way to give us a
limit on the number of them.

Theorem 5.4.19 If f is monotonic on the segment (a, b), then
{x € (a,b) : f isdiscontinuous at x}

is at most countable.
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Excursion 5.4.20 Fill in what is missing in order to complete the following proof
of Theorem 5.4.19.

Proof. Without loss of generality, we assume that f is a function that is mono-
tonically increasing in the segme(d, b) = I. If fiscontinuousin I, then f has
e

no points of discontinuity there and we are done. Suppose that f is not continuous
onl andlet D= {w € | : f is not continuous ai}.

From our assumption D~ ¢ and we can suppose that € D. Then
¢ € dom (1),

(MX)(xel Ax<¢c= T (X)< ()

(VX)(XGl/\[<X=> )
@

From Theorem 5.4.16, @¢—) and f (¢+) exist furthermore,

and

f-)=sp{f():x<g}, f((H=

)

and f(¢—) < f (¢+). Since¢ is a discontinuity for f, fic—)  f (¢+).
3

From the Density of the Rationals, it follows that there exists a( r)atiopaéuch

that f(¢—) <r, < f(¢+). Leth, = (f (¢—), f(¢+)). If D —{¢} =6, then

ID| = 1and we are done. If B- {¢} # @ then we can choose anothére D

such that? # ¢. Without loss of generality suppose tida¢ D is such that < ¢.
Sincer was an arbitrary point in the discussion just completed, we know that there
exists a rational g, rs # r-, such that and we can

4
let I, = (f (=), f(£+)). Sincer < ¢, it follov&s) from Theorem 5.4.16 that
' < f(@E-).Thus,}, Nl =_
®) 6
Now, letG = {I;, :y e D} and H: D — G be d¢ined by H(w) =
lr,. Now we claim that H is a one-to-one correspondence. To see that H is
, suppose thain1, w2 € D and H(w1) = H (w2).
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Then

(N

To seethat H is onto, note that by definition H (D) c G and suppose that A € G.
Then

®

Finally, H : D 1—_»1 g yieldsthat D ~ G. Sncer, € Q for each I, € G, we have
that |G| < |Q| = Ng. Therefore, [D| < Np, i.e,Dis .

©
]

*** Acceptableresponsesare: (1) f (¢) < f (X), () inf{f (xX):¢ <x},(3) <, (4)
fl—) <re <+, 0O fF+H), 08 7 l,, = I, Fromthe Trichotomy
Law, we know that one and only one of w1 < w2, w1 = w2, Or w2 < w1 holds.
Since either w1 < w2 or wy < wy implies that Irw1 N Irw2 = @, we conclude that
w1 = w>2. Since w1 and w» were arbitrary,

(Vw1) Vw2) [H (w1) = H (w2) = w1 = wy]; i.e., H isone-to-one., (8) there ex-
istsr € Q such thatA = |, andr € (f (A—), f (A+4)) for somed € D. It follows
thatH (1) = Aor A € H (D). SinceA was an arbitrary element ¢f, we have that
(VA [AeG= Ae H(D)];i.e.,G c H(D). FromH (D) c G andG c H (D),
we conclude thaf = H (D). Hence,H is onto., and (9) at most countaljl&*

Remark 5.4.21 The level of detail given in Excursion 5.4.20 was more that was

needed in order to offer a well presented argument. Upon establishing the ability to
associate an interval Iy, with each ¢ € D that is labelled with a rational and jus-

tifying that the set of such intervals is pairwise disjoint, you can simply assert that
you have established a one-to-one correspondence with a subset of the rationals
and the set of discontinuities from which it follows that the set of discontinuities is
at most countable. | chose the higher level of detail-which is also acceptable—in
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order to make it clearer where material prerequisite for this courseis a part of the
foundation on which we are building. For a really concise presentation of a proof
of Theorem 5.4.19, see pages 96-97 of our text.

Remark 5.4.22 On page 97 of our text, it is noted by the author that the disconti-
nuities of a monotonic function need not be isolated. In fact, given any countable
subset E of a segme(d, b), he constructs a function f that is monotonic(@nb)

with E as set of all discontinuities of f @&, b). More consideration of the example

is requested in our exercises.

54.1 Limitsof Functionsin the Extended Real Number System

Recall the various forms of definitions for limits of real valued functions in rela-
tionship to irfinity:

Suppose that is a real valued function dR, c is a real number, and real number,
then

im f(x)=Le (Ve >0 3K >0) (x> K= |f(X)=L| <e)

o S Me>03K >0 (x> K= f(xX) e N, (L))
° Xﬂrgoof XN)=LeMVMe>03FK>0X<-K=|f(X)—L|<e¢)
& (We>0 (3K >0)(x < —K = f(x)eN, (L)
° )I(iLan X)=400c= (VWM eR)(F0>0O0<|x=Cc|<do= f(X) > M)
& (YMeR) (@3> 0)(xe Nf(©)= f (x) > M)
whereNg' (c) denotes the deleted neighborhoodpN; (c) — {c}.
o IMf(x)=-00e (YMeR)@5>0)0<x—cl<d= f(x) <M)

& (VM eR) 35> 0)(xe N ()= f (x) < M)
Based of the four that are given, complete each of the following.

e Ilim f(X)=+400¢&
X— 400
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e Iim f(X)=—-0c0&
X— 400

e Ilim f(X) =400 &
X— —00

e lim f(X)=—-c0&
X— —00

Hopefully, the neighborhood formulation and the pattern of the various state-
ments suggests that we could pull things together if we had comparable descriptions
for neighborhoods ofco and—oo.

Definition 5.4.23 For any positive real number K,
Nk (00) = {Xx € RU{+00, —00} : X > K}

and Nk (—o0) = {x € RU {400, —o0} : X < K} are neighborhoods of +occ and
—00, respectively.

With this notation we can consolidate the abovérigons.

Definition 5.4.24 Let f be areal valued function defined on R. Then for A and ¢
in the extended real number system, )I(iLan (x) = Aif and only if for every neigh-

borhood of A, N(A) there exists a deleted neighborhood of ¢:d)c), such that
x € N*d (c) implies that f(x) € N (A). When spefication is needed this will be
referred to a thdimit of a function in the extended real number system.

Hopefully, the motivation that led us to this definition is enough to justify the
claim that this definition agrees with the definition of )I([)ncf (X) = Awhencand A

are real. Because the definition is the natural generalization and our proofs for the
properties of limits of function built on information concerning neighborhoods, we
note that we can establish some of the results with only minor modification in the
proofs that have gone before. We will simply state anal ogs.
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Theorem 5.4.25 Let f be a real-valued function that is ¢imed on a set EC R
and suppose thattt_)rrgf H=A andtli_)ngf (t) = C for c, A, and C in the extended

real number system. Then-=AC.

Theorem 5.4.26 Let f and g be real-valued functions that arefided on a set
E c R and suppose tha!i_)ngf t) =A andtli_)rrég (t) = Bforc, A, and B in the

extended real number system. Then
1. lim(f+9)(t)=A+B,
t—c

2. tIi_)rrg(fg) (t) = AB, and

. f A
3. lim (g) ©=g

whenever the right hand side of the equation igrol.

Remark 5.4.27 Theorem 5.4.26 is not applicable when the algebraic manipula-
A

tions lead to the need to consider any of the expressions oo, 0 - 0o, —, or o
9]
because none of these symbols aréndel.

The theorems in this section have no impact on the process that you use in
order to find limits of rea functions as x goes to infinity. At this point in the
coverage of material, given a specific function, we find thelimit as x goesto infinity
by using ssimple algebraic manipulations that allow us to apply our theorems for
algebraic combinations of functions having finite limits. We close this chapter with
two examples that are intended as memory refreshers.

2 3 i (y3 ;
Example5.4.28 Find lim (X — 3 +5) l (X +xsmx)
X—>00 4x3 -7

Since the given function is the quotient of two functions that goftoity as
X goes to ifinity, we factor in order to transform the given in to the quotient of
functions that will haveinite limits. In particular, we want to make use of the fact

.1
that, for any pe J, lim — = 0. From
x—o0o0 X P

’ (x2 = 3x3+45) +i (x3+ xsinx)
ergo 4x3 — 7 X— 00 ( 7) ’
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The limit of the quotient and limit of the sum theorem yields that

im (x*=3x3+5) +i (x*+xsnx)  (0—34+0)+i(1+0) —3+i
X—00 4x3 — 7 N 4-0 4

Example5.4.29 Find_lim (\/sz +X+2—/2X2 — X — 1).

——00

In its current form, it looks like the function is tending to co — oo which is
undefined. In this case, we will try “unrationalizing” the expression in order to get
a quotient at will allow some elementary algebraic manipulations. Note that

(x/2x2+x+2—«/2x2—x—1)
(\/2x2+x+2—\/2x2—x—1) (\/2x2+x+2+\/2x2—x—1)
(x/2x2+x+2+«/2x2—x—1)
(2x2 +x+2) — (2x2 —x — 1)

(\/2x2+x+2+\/2x2—x—1)
2x+ 3

(\/2x2+x+2+\/2x2—x—1)'

Furthermore, for x< 0, /x4 = |X| = —X. Hence,

lim (\/2x2+x+2—«/2x2—x—1)

X— —00
. 2X + 3

= lim
X_’_oo(x/2x2+x+2+«/2x2—x—1)
. 2X + 3

= lim

X0 1 2 1 1
P (s
X X X X

3
242
X

= lim (=1

X— =00 1 2 1 1
(==
X X X X
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55 Problem Set E

1. For each of the following real-valued functions of a real variable give a well-
written o — ¢ proof of the claim.

(@) lim (3x2—2x+1) =9

X—2

(b) lim 8x2=8
Xx—-1

@ Jing/R =

3
I __
@ fmi—="3
X+4
| _7.
©) m—%

2. For each of the following real-valued functions of a real varidbid the
implicit domain and range.

sinXx
f =
(a) (X) X2_1
(b) f(x)=v2x+1
X
© 100 =576
-3
, 0
3 X <
3. Letf(x)=1 IX=2 , 0<X<2AX>2
X—2
| 1 , X=2

(a) Sketch a graph fof.

(b) Determine where the functiohis continuous.
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x2—5x—6| ,for |x—2|>2
4. Let f(x) = and
/36 — 6x for |x— 4| <3

’;2;11 Jfor x# -1
g(x) = :

3 Jfor x=-1

(a) Discussthe continuity of f at x = 1.
(b) Discussthe continuity of (fg)(x) = f(x)g(x) a x = —1.

5. For f :C — Rgivenby f (z) = |z| givead —¢ proof that |lim f (2) =
z—(1+i)
V2.

6. When it exists, find

x2—4

€) Iim( ,\/3x2+2)
x=2\ X —2

() lim (X;l VX455, 'X_ll)

x>1\X2+3x —4’ x—1

7. Let f : R — R and suppose that )I(i_rgf(x) =L > 0. Provethat
lim/f(x) = VL.
X—a

8. Using only appropriate definitions and elementary bounding processes, prove
that if g is area-valued function orR such thatxﬂ)r;g(x) = M # 0, then

lim t _ 1
x>a[g(x)]? M2

9. Suppose thaA is a subset of a metric spa¢§,d), f : A — R!, and
g: A — R Prove each of the following.

(a) If cis areal number and (p) = cfor all p € A, then, for any limit
point pg of A, we have that limf (p) = c.
p—>£o
pe
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(b) If f (p)=9g(p)foral pe A— {po} were ppisalimit point of Aand
lim f (p) =L, then IDll)mpog(p) =L.

P— Po
peA peA
@ 1 f(p) < g(pforalpeA limf(p)=Law limg(p) =M,
peA peA
thenL < M.

10. For each of the following functions onR2, determine whether or not the given
function is continuous at (0, 0). Use § — & proofsto justify continuity or show
lack of continuity by justifying that the needed limit does not exist.

Xy?
T a2 Jfor (X, y) #(0,0)
@ f(xy)=] K+¥?)

e ,for x=y=0
—— ,for (X,y)#(0,0)

O f(yy=] @+y)°

| O ,for x=y=0

x2y*

—— ,for (X,y)#(0,0)
© f(xyy=] 02+’

| O ,for x=y=0

11. Discuss the uniform continuity of each of the following on the indicated set.

2

Xc+1. :
@ f(x)= 13 intheinterval [4, 9].

(b) f(x)=x3in[1, o0).

12. For a < b, let C ([a, b]) denote the set of all real valued functions that are
continuous on theinterval [a, b]. Provethat d (f, g) = maxblf xX)—gX)|
a<x<

isametriconC ([a, b]).

13. Correctly formulate the monotonically decreasing analog for Theorem 5.4.16
and proveit.
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14.

15.

16.

17.

18.

19.
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Suppose that f ismonotonically increasing on asegment | = (a, b) and that
AM)[M e RA (¥X) (x € | = f (x) < M)]. Prove that there exists a real
number C suchthat C < M and f (b—) = C.

A function f defined on an interval | = [a, b] is called strictly increasing
onl if and only if f (x1) > f (x2) whenever x; > x, for x1, X2 € |. Fur-
thermore, a functiorf is said to have the intermediate value properly iif
and only if for eaclc betweenf (a) and f (b) there is arnxg € | such that

f (Xo) = c. Prove that a functiorf that is strictly increasing and has the
intermediate value property on an intervak [a, b] is continuous or(a, b).

Give an example of a real-valued functibrihat is continuous and bounded
on [0, o) while not satisfying the Extreme Value Theorem.

Suppose that f is uniformly continuous on the intervalandl,. Prove that
f is uniformly continuous o5 = 11 U I.

Suppose that a real-valued functibms continuous on ° wherel = [a, b].
If f (a+)andf (b—) exist, show that the function

f@a+) ,for x=a
fo)y=1 f0OO for a<x<b
f(b—) ,for x=D

is uniformly continuous orh.

If a real valued functiorf is uniformly continuous on the half open interval
(0, 1], is it true thatf is bounded there. Carefully justify the position taken.



