Chapter 6

Differentiation: Our First View

We are now ready to reflect on aparticular application of limitsof functions; namely,

the derivative of a function. This view will focus on the derivative of real-valued
functions on subsets &. Looking at derivatives of functions iRX requires a dif-

ferent enough perspective to necessitate separate treatmeig done with Chap-

ter 9 of our text. Except for the last section, our discussion is restricted to aspects
of differential calculus of one variable. You should have seen most of the results
in your first exposure to calculus—MAT21A on this campus. However, some of the
results proved in this chapter were only stated whenfyst saw them and some

of the results are more general than the earlier versions that you might have seen.
The good news is that the presentation here isn’t dependent on previous exposure
to the topic on the other hand, fiecting back on prior work that you did with the
derivative can enhance your understanding and foster a deeper level of appreciation.

6.1 TheDerivative

Definition 6.1.1 Areal-valued function f on a subs&tof R is differentiable at a
point ¢ € Qif and only if f is dgned in an open interval containingand

im L@ = 1©)

w—¢ w—7

(6.1)

exists. The value of the limit is denoted by). The function is said to be differ-
entiable onQ if and only if it is differentiable at each € Q.
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Remark 6.1.2 For afunction f and a fixed point ¢, the expression
fw) = 1)
w—=¢
is one form of what is often referred to as a “difference quotient”. Sometimes it is
written as

¢ (w) =

Af

Aw
where the Greek letteA is being offered as a reminder that difference starts with a
“d”. Itis the latter form that motivates use of the notatleén— for thefirst derivative

of f as afunction ofv. Other commonly used notations arg, And Dy, these only
become useful alternatives when we explore functions over several real variables.

Thereisan aternative form of (6.1) that is often more useful in terms of compu-
tation and formatting of proofs. Namely, if we let= ¢ + h, (6.1) can be written
as

fC+m=1©)

t!'Lno h (6-2)
Remark 61;1.3 With the form given in (6.2), the difference quotient can be abbrevi-
A
ated asT.

Definition 6.1.4 A real-valued function f on a subs@tof R is right-hand differ-
entiable at a pointy € Q if and only if f isdefined in a half open interval in the
form[¢, ¢ + o) for somed > 0 and the one-sided derivative from the right, denoted

by D* f (¢),

i FEAD — Q)
h—0+ h

exists the function f ideft-hand differentiable at a point € Q if and only if
f isdefined in a half open interval in the form (¢ — o, ¢] for some ¢ > 0 and the
one-sided derivative from the left, denoted by D (¢),

jim FEHD = F©
h—0~ h

exists.
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Definition 6.1.5 A real-valued function f idifferentiable on a closed interval
[a, b] if and only if f is differentiable in(a, b), right-hand differentiable at x= a
and left-hand differentiable at x b.

. X+2 . .
Example6.1.6 Use the dgnition to prove that {x) = ﬁ is differentiable at

X =2

Note that f is dgned in the open intervall, 3) which containsw = 2.
Furthermore,

(w + 2) 4

Iimf(w)_f(z)zlim w—1 1=|im—3(w—2)

w—2 w—2 w—2 w — w—2 W —

Hence, f is differentiable ab = 2 and ' (2) = —3.

= lim (-3) = -3.
w—2

Example 6.1.7 Use the dgnition to prove that gx) = |x — 2| is not differentiable
atx = 2.

Sincedom (g) = R, the function g is déned in any open interval that
contains x= 2. Hence, g is differentiable at 3 2 if and only if

im3G+tM=9@ _ I
h—0 h h—0 h
h
exists. Letp (h) = l—hl for h = 0. Note that
. |h| . h . |h| . —h
lim — = lim—-=1 d lim — = lim — = -1.
h—l>rg+ h h—l>rg+h an h—l>rg— h h—l>rg— h

Thus, ¢ (04+) # ¢ (0—) from which we conclude thakttirrg)qﬁ (h) does not exist.
%
Therefore, g is not differentiable at=¢ 2.

Remark 6.1.8 Because the function g given in Example 6.1.7 is left-hand differen-
tiable at x = 2 and right-hand differentiable at x= 2, we have that g is differen-
tiable in each o{—o0, 2] and[2, c0).

Example 6.1.9 Discuss the differentiability of each of the following a&=x0.

1
xsin— ,for x#0
1. G(x) = X
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1
x3sin= ,for x#0
2. F(X) = X

0 ,for x=0

First of all, notice that, though the directions did not specify appeal to the defi-
nition, making use of the daition is the only viable option because of the way the
function is d¢ned. Discussing the differentiability of functions that argred “in
pieces” requires consideration of the pieces. On segments where the functions are
realized as simple algebraic combinations of nice functions, the functions can be
declared as differentiable based on noting the appropriate nice properties. If the
function is d¢gned one way at a point and a different way to the left and/or right,
then appeal to the difference quotient is mandated.

For (1), we note that G is gimed for all reals, consequently, it is fieed
in every interval that contain8. Thus, G is differentiable & if and only if

1
_ hsn— -0
imEOCFMW=CO _ ;. 7" h " iy (sin
h—0 h h—0 h h—0 h
1
exists. For h# 0, let¢ (h) = s’nﬁ. For each ne J, let p, = ﬂT—l) Now,

{pPn}52, converges t@ as n approaches finity; but{¢ (pn)}52; = {(—1)”“‘1}:;1
diverges. From the Sequences Characterization for Limits of Functions (Theorem
5.1.15), we conclude thﬁ(mg)(ﬁ (h) does not exist. Therefore, G is not differentiable

_)

atx =0.

The function F given in (2) is also feed in every interval that contains
0. Hence, F is differentiable dtif and only if

1

h3sin= —0

FO+h) —F (O 1
imr OFW=FO _ 7" h " i (h2snt
h—0 h h—0 h h—0 h

. 1 . .
exists. Now we know that, for# O, smﬁ' <1 andt!m%h2 = 0, it follows from
_)

a simple modfication of what was proved in Exercise #6 of Problem Set D that
1
lim (hzsin ﬁ) = 0. Therefore, F is differentiable at x 0 and F (0) = 0.

h—0
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Excursion 6.1.10 Inthe space provided, sketch graphsof G and F on two different
representations of the Cartesian coordinate systemin intervals containing O.

***For the sketch of G usingthecurvesy = x and y = —x asguidesto stay within
should have helped give a nice sense for the appearance of the graph; the guiding
(or bounding) curvesfor F arey = x3and y = —x3.***

Remark 6.1.11 Thetwo problemsdonein the last exampleillustrate what is some-
times referred to as a smoothing effect. In our text, it is shown that

1
x2sin= ,for x#0
K (X) = X

0 ,for x=0

is also differentiable at = 0. The function

sinE ,for x#0
L (X) = X

IS not continuous at x= 0 with the discontinuity being of the second kind. The
“niceness” of the function is improving with the increase in exponent of the “smooth-
ing function” x".
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In the space provided, sketch graphsof K and L on two different representations
of the Cartesian coordinate systemin intervals containing O.

The function L is not continuous at x = 0 while G is continuous at x = 0
but not differentiable there. Now we know that K and F are both differentiable at
x = 0O, in fact, it can be shown that F can be defined to be differentiable at x = 0
while at most continuity at x = O can be gained for the derivative of K at x = 0.
Our first theorem in this section will justify the claim that being differentiable is a
stronger condition than being continuous; this offers one sense in which we claim
that F isa nicer function inintervals containing O than K isthere.

Excursion 6.1.12 Fill in what is missing in order to complete the following proof
that the function f (x) = /X isdifferentiablein R* = (0, 00).

Proof. Let f (x) = /X and suppose that a € R*. Then f is

@
: a : o . :
in the segment (—, Za) that contains x = a. Hence, f isdifferentiableat x = a if
and only if

[im = [im
h—0 h—0

@ ©)
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exists. Now
. .| Wa+h-ya) (vVa+h+.4a)
lim = lim
h—0 h—0 (4/a+ +\/_)
©)
©)]
®)
(6)
Consequently, f is differentiableat x = aand f’'(a) = . Sncea € RT

)
was arbitrary, we conclude that

(VX) [(xe]R“L/\f(x):ﬁ): f’(x):—].

*** Acceptable responses are: (1) defined, (2) [(f (a+h) — f (@) (h™1)], (3)

L T P e T St

© (2v3) " and (1) 5=+

The next result tells us that differentiability of afunction at apoint is a stronger
condition than continuity at the point.

Theorem 6.1.13 If afunctionisdifferentiableat ¢ € R, thenit is continuous there.

Excursion 6.1.14 Make use of the following observations and your under standing
of properties of limits of functions to prove Theorem 6.1.13
Some observations to ponder:

e Thefunction f being differentiable at ; assuresthe existence of ad > 0 such
that f isdefined in the segment (¢ — d, ¢ + 9);
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e Given afunction G defined in a segment (a, b), we know that G is continuous
at any point p € (a, b) if and only if XIi_)mpG (X) = G (p) which is equivalent

to having Xli_)mp [G(x)—G(p)]=0.

Spoace for scratch work.

Proof.

***Once you think of the possibility of writing [G (x) — G (p)] as
[(G(x) — G (p)) (x— p)~t] (x — p) for x # p the limit of the product theorem
does the rest of the work.***

Remark 6.1.15 We have already seen two examples of functions that are continu-
ous at a point without being differentiable at the poinamely, gx) = |[x — 2| at
X = 2and, for x= 0,

1
xsm; ,for x#0
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: : .1 :
To seethat G iscontinuousat X = 0, note that sm;‘ < 1for x # O0and Ilmox =0
X—

N : .1 :
implies that I|m0 (X) sm; = 0. Alternatively, for ¢ > 0, let 6 (¢) = ¢, then
X—

0 < |x—=0] < dimpliesthat

1
sm; <I|X| <d=¢.

1
xsm——O‘ = |X|
X

Hence, Img) xsm; = 0 = G (0). Either example is sufficient to justify that the
X—>

converse of Theorem 6.1.13 is not true.

Because the derivativeis defined asthe limit of the difference quotient, it should
come as no surprise that we have a set of properties involving the derivatives of
functions that follow directly and simply from the definition and application of our
limit theorems. The set of basic propertiesis all that is needed in order to make a
transition from finding derivatives using the definition to finding derivatives using
simple algebraic manipulations.

Theorem 6.1.16 (Properties of Derivatives) (@) If cisaconstant function, then
c(x) =0.

(b) If f isdifferentiable at ¢ and k is a constant, then h(x) = kf (x) is differen-
tiable at¢ and H(¢) = kf'(¢).

(c) If f and g are differentiable at, then Hx) = (f 4+ g)(x) is differentiable
atg and F(¢) = () + 9 ().
(d) If u ando are differentiable at, then Gx) = (uv)(x) is differentiable at’
and
G'(0) = u(@)0' () +vOU'(Q).

(e) If f is differentiable at and f () # 0, then H(x) = [ f (x)]~1 is differen-
R
[fO]*

(f) If p(x) = x" for n an integer, p is differentiable wherever it isfaeed and

tiable at¢ and H'(¢) =

p'(x) = nx"L,
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The proofs of (a) and (b) are about as easy as it gets while the straightforward
proofs of (c) and (f) are left as exercises. Completing the next two excursions will
provide proofsfor (d) and (e).

Excursion 6.1.17 Fill iswhat is missing in order to complete the following proof
that, if u and v are differentiable at ¢, then G(x) = (uo)(x) is differentiable at ¢
and

G'(¢) = u@)' () + v(OU'(Q).

Proof. Suppose u, v, and G are as described in the hypothesis. Because u
and » are differentiable at ¢, they are defined in a segment containing ¢. Hence,
G (X) = u(x) v (x) isdefined in a segment containing ¢. Hence, G is differentiable

at ¢ ifand onlyif lim exists. Note that
h—0
@
lim = lim
h—0 h—0

) )
i LEEDUE AN U@ U@+ —0 )]

h—0 h
. h) — h) —
- lim [U(Hh)(“(” r)l u(c))+u(c)(v(c+ r)l v(c))]

Snce v isdifferentiable at ¢ it is continuous there; thus, Ai ”}) v(C+h) =
_)
(©)
Now the differentiability of u and » with thelimit of the product and limit of the sum
theoremsyield that

lim =
h—0

@

@
Therefore, G isdifferentiableat 7. m

*** Acceptable responses are: (1) [(G (¢ +h) — G () h™2],
@[uE+hoE+h) —u@v@)h™], (v (), and @ v () U (O)+u () o ()***
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Excursion 6.1.18 Fill iswhat is missing in order to complete the following proof
that, if f is differentiable atf(/ and f () # 0, then H(x) = [f(x)]~1 is differen-
)
[f(O1% o ,

Proof. Suppose that the function f is differentiableaand f (¢) # 0. From

Theorem 6.1.13, f is ats. Hence.lim f (x) = . Sinces =
& e @

| (I

> 0, it follows that there exist$ > 0such that

tiable at¢ and H'(¢) =

®
. The (other) triangular inequality, yields

LE9]
2

implies that| f (x) — f ()| < |f;§)|

that, for AT O =1 X)) < from which

(©)
f
we conclude thakf (x)| > | ;C)l in the segment . Therefore, the
4)

function H(x) = [f(x)]~!is dgined in a segment that contaigsand it is dif-
def
e

HC+M-H©)
h

exists. Now simple algebraic

ferentiable at if and only ift!in?)
_)
manipulations yield that

CHEHN-HQ© . [+ =1 -1
jim h —#%[( h )(f@+h)uo)]

From the of f at¢, it follows thatlim f (¢ + h) =

B "0 ®
In view of the differentiability of f and the limit of the product theorem, we have
that

imHEHEM—H© _
h—0 h

(N

*** Acceptable responses are: (1) continuous, (2) f (), (3) Ix—=¢| < o, (4)
(¢ —8,¢ +9), (5) continuity, (6) f (¢), and (7) — (1/(0)) [F()]~2***

The next result offers a different way to think of the difference quotient.
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Theorem 6.1.19 (Fundamental Lemma of Differentiation) Supposethat f isdif-
ferentiable at . Then there exists a functiondefined on an open interval con-
taining O for which#(0) = 0 and

f(Xo+h) — f(x0) =[f'(x0) +n(h)] - h (6.3)
andy is continuous a®.

Beforelooking at the proof take afew momentsto reflect on what you can say about

f(xo+h) = f(x0)
h

f'(xo)

for |h| > O.

Proof. Supposethat 0 > Oissuchthat f isdefinedin [x — Xo| < ¢ and let

%[f(xo+h)— f(xo)] = f'(x0) ,ifO<|h <6
n(h) =
0 ifh=0

Because f isdifferentiable at xo, it follows from the limit of the sum theorem that
rI]irrgJ n(h) = 0. Since 5 (0) = 0, we conclude that # is continuous at 0. Finaly,
-

solving # = % [f(xo+h) — f(x0)] — ' (x0) for f(xo+ h) — f(xo) yields (6.3).
m

Remark 6.1.20 If f is differentiable at ¥, then
f(Xo+h) =~ f(x0) + f’(Xo)h

for h very small i.e., the function near tog«is approximated by a linear function
whose slope is "fxo).

Next, we will use the Fundamental Lemma of Differentiation to obtain the
derivative of the composition of differentiable functions.
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Theorem 6.1.21 (Chain Rule) Suppose that g and u are functions on R and that
f(X) = g(u(x)). If uisdifferentiable at xp and g is differentiable at u(xp), then f
isdifferentiable at xg and

f’(X0) = g'(u(x0)) - U'(X0)-

khkkhkkkkhkkkhkhkkkhkkhkhkkkhkkkikkkkk*%x

Before reviewing the offered proof, look at the following and think about what
prompted the indicated rearrangement; What should be put in the boxes to enable
usto relate to the given information?

We want to consider
lim f (Xo+ h) — f(xp)
h—0

h
i U00 + 1) — g (U(xp))
h—0 h

— iml 8 (U(xo +h)) — g (u(xo)
h—0 h

khkkhkkkkhkkhkkhkkhkhkkhkhkkhkhkkkikkkkk*%

Proof. Let Af = f(Xp+h)— f(Xg), Au = u(xp+h) —u(xg) and ug = u (xp).
Then

Af =g(u(xo +h)) — g(u(xo)) = g(uo + Au) — g(uo).

Because u is continuous at Xg, we know that l!in?) Au = 0. By the Fundamental
%

Lemma of Differentiation, there exists a function #, with #(0) = O, that is continu-
ous at 0 and is such thatf = [g'(ug) + #(Au)]Au. Hence,

H Af H / A / /
tim 21— im ([g (o) + n(Au)]T“) — g W)V (o)

from the limit of the sum and limit of the product theorenss.
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6.1.1 Formulasfor Differentiation

As a consequence of the results in this section, we can justify the differentiation
of all polynomials and rational functions. From Excursion 6.1.12, we know that
1
the formula given in the Properties of Derivatives Theorem (f) isvalid for n = >
In fact, it is valid for all nonzero real numbers. Prior to the Chain Rule, the only
8
way to find the derivative of f (x) = (x3 + (3x2 — 7) 12) , other than appeal to
the definition, was to expand the expression and apply the Properties of Derivatives
Theorem, parts (a), (b), (c) and (f); in view of the Chain Rule and the Properties of
Derivatives Theorem, we have

f'(x)=8 (x3 + (3x2 - 7) 12)7 |:3x2 + 72x (3x2 — 7) 11:| .

What we don’t have yet is the derivatives of functions that are not realized as al-
gebraic combinations of polynomialsost notably this includes the trigopnometric
functions, the inverse trig functiona) for any fixed positive real numbet, and
the logarithm functions.

For anyx € R, we know that

. Sin(X + h) — sinx . sin(h) cos(x) + cos(h) sinx — sinx
lim = lim
h—0 h h—0 h

o sin(h) . cos(h) —1
= rllano [(cosx) ( - ) + (sinx) (T)]

. CoS(X + h) — cosx . cos(h) cos(x) — sin(h) sinx — cosx
lim = lim
h—0 h h—0 h

o cos(h) — 1 PR sin(h)
= A@O [(cosx) (—h ) (sinx) (—h )} .

Consequently, in view of the limit of the sum and limit of the product theorems,
finding the derivatives of the sine and cosine functions depends on the existence of

lim Si”(h)) and lim (—COS(:‘]) -1

and

. Using elementary geometry and trigonom-
h—0 h h—0

etry, it can be shown that the values of these limits are 1 and 0, respectively. An
outline for the proofs of these two limits, which is a review of what is shown in an
elementary calculus course, is given as an exercise. The formulas for the derivatives
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of the other trigonometric functions follow as simple applications of the Properties
of Derivatives.
Recall that e = Iimo(1+ OYCandy = Inx < x = &Y. With these in addition
{—

to basic properties of logarithms, for x a positive real,

im0 =X Fln(1+ 2)}

h—0 h h—0| h

h 1/h
= lim {In(l—k—) } .
h—0 X

Keeping in mind that x isa constant, it follows that

. In(x+h)—Inx . |:[( h)x/h}l/x}

[im =lim|{In| {1+ -

h—0 h h—0 X
=—lim|In (1+—) H
Xh—=0 X

x/h
Because (1+ ;) —> eash — 0OandIn(e) = 1, the same argument that

was used for the proof of Theorem 5.2.11 allows usto conclude that

. In(x+hy—Inx 1
lim = —.
h—0 h X

Formulas for the derivatives of the inverse trigonometric functions and o*, for
any fixed positive real number «, will follow from the theorem on the derivative of
the inverses of afunction that is proved at the end of this chapter.

6.1.2 Revisiting A Geometric Interpretation for the Derivative

Completing the following figure should serve as a nice reminder of one of the com-
mon interpretations and applications of the derivative of a function at the point.

e On thex-axis, label thex-coordinate of the common point of intersection of
the curve,f (x), and the three indicated lines @as
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e Corresponding to eachline—(1, ¢2, andfs, on thex-axis label thex-coordinate
of the common point of intersection of the cunfe(x), with the line ax+h;y,
¢ + hy, andc + hz in ascending order. Note thhi, ho andhs are negative
in the set-up that is shown. Each of the lifes{,, and{3 are calledsecant
lines.

e Find the slopesn;, my, andmgs, respectively, of the three lines.

Excursion 6.1.22 Using terminology associated with the derivative, give a brief
description that applies to each of the slopesm; for j = 1,2, 3.

Excursion 6.1.23 Give a concise well-written description of the geometric inter-
pretation for the derivative of f at x= c, if it exists.

6.2 TheDerivative and Function Behavior

The difference quotient istheratio of the change in function valuesto the changein
arguments. Consequently, it should come as no surprise that the derivative provides
information related to monotonicity of functions.
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In the following, continuity on an interval | = [a, b] is equivalent to having
continuity on (a, b), right-hand continuity atxk = a and left-hand continuity at
X = b. For right-hand continuity ax = a; f (a+) = f (a), while left-hand
continuity atx = b requires thatf (b—) = f (b).

Definition 6.2.1 A real valued function f on a metric space (X, dx) has a local
maximum at apoint p € X if and only if

(3> 0)[(va) (e Ns(p) = (@) < T (p)]
the function has a local minimum at a point p € X if and only if

(35> 0)[(Va) (@ € Ns(p) = f (p) < f (@))].

Definition 6.2.2 Areal valued function f on ametric space (X, dx) hasa (global)
maximum at a point p € X if and only if
[(v) (xe X= f(x) < f(p)]:

the function has a (global) minimum at a point p € X if and only if

[(("™) (@eX= f(p) =< fX)].

Theorem 6.2.3 (Interior Extrema Theorem) Supposethat f isa function that is
defined onaninterval | = [a, b]. If f hasalocal maximum or local minimum at a
point Xg € (a, b) and f isdifferentiable at xg, then f’(xg) = 0.

Soace for scratch work or motivational picture.

Proof. Suppose that the functiohis ddined in the interval = [a, b], has a lo-
cal maximum akg € (a, b), and is differentiable aty. Becausef has a local max-
imum atxo, there exists a positive real numigesuch thaixo — d, Xo + 0) C (a, b)
and(vt) [t € (xo— J, X0+ ) = f (t) < f (x0)]. Thus, fort € (xo — J, Xo),

fH—fo0

— (6.4)
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whilet € (Xo, Xo + 0) implies that

(0-100 _,
t—Xp -

— f
Because f is differentia at Xo, Ilmu
t—Xo t — X

From (6.4) and (6.5), we know that f’ (xo) > Oand f’ (x0) < O, respectively. The
Trichotomy Law yieldsthat f’ (xg) =

The Generalized Mean-Value Theorem that follows the next two results contains
Rolle’s Theorem and the Mean-Value Theorem as special cases. We offer the results
in this order because it is easier to appreciate the generalized result Aéetimg
upon the geometric perspective that is offered by the two lemmas.

(6.5)

exists and is equa to f’ (Xo).

Lemma 6.2.4 (Rolle's Theorem) Suppose that f is a function that is continuous
ontheinterval I = [a, b] and differentiable on the ssgment 1° = (a, b). If f(a) =
f (b), then thereis a number xg € | ° such that f’(xg) =

Soace for scratch work or building intuition via a typical picture.

Proof. If f isconstant, we are done. Thus, we assume that f is not constant
inthe interval (a, b). Since f is continuous on |, by the Extreme Value Theorem,
there exists points ¢p and ¢ in | such that

f()<fTX < f(n) fordlxel.

Because f isnot constant, at least oneof {x e | : f(x) > f(a)} and

{xel: f(x) < f(@}isnonempty. If {x el : f(x)> f(a)} = (a,b), then
f (¢0) = f (a) = f (b) and, by the Interior Extrema Theorem, (1 € (a, b) issuch
that f'(¢1) =0. If {x el : f(x) < f(@)} = (a,b),then f (©1) = f (&) = f (b),
(o € (a, b), and the Interior Extrema Theorem impliesthat f’ (¢p) = 0. Finaly, if
{xel:f(xX)> f(@} #(@b)and{xel: f(x) < f(a)} # (a, b), thenboth (o
and g arein(a,b)yand f' (o) = f'(¢1) =0. m

Lemma 6.2.5 (Mean-Value Theorem)Supposethat f isa function that is contin-
uous on the interval k= [a, b] and differentiable on the segmerit+ (a, b). Then
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there exists a number & € | ° such that

f(b) — f(a)

'@ =——

Excursion 6.2.6 Use the space provided to complete the proof of the Mean-Value
Theorem.

Proof. Consider the function F gmed by

F(x) = f(x)—M

—— x-a)- @

as a candidate for application of Rolle’s Theorem.

Theorem 6.2.7 (Gener alized M ean-Value Theorem) Suppose that f and F are
functions that are continuous on the interval | = [a, b] and differentiable on the
segment 1°. If F/(x) # 0on |°, then

(@ F(b)—F()#0,and

(b) (3&) (gte [° A f(b) — f(a) _ f (5))

Fb)-F@ F(©)

Excursion 6.2.8 Fill in the indicated steps in order to complete the proof of the
Generalized Mean-Value Theorem.
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Proof. To complete a proof of (a), apply the Mean-Value Theorem td~.

For (b), forx e I, déeine the function by

f(b)— f(@
F(b) - F(&)

It follows directly thatp (a) = ¢(b) = 0.

p(x)=f(x) - f(@) - [FO) — F@].

Theorem 6.2.9 (Monotonicity Test) Suppose that a function f isdifferentiablein
the segment (a, b).

(@) If f"(x) > Ofor all x € (a, b), then f ismonatonically increasing in (a, b).
(b) If f”(x) =0for all x € (a, b), then f isconstant in (a, b).
(¢) If f/(x) < Oforall x € (a, b), then f ismonotonically decreasing in (a, b).

Excursion 6.2.10 Fill in what is missing in order to complete the following proof
of the Monotonicity Test.

Proof. Supposethat f isdifferentiablein the segment (a, b) and X1, x> € (a, b)
aresuchthat x; < X2. Then f iscontinuousin[x1, X2] and

@
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in (X1, X2). Fromthe , there exists & € (X1, X2) such
(2
that
f(x1) — f (x
£ (&) = (X1) (2)_
X1 — X2

If f"(x) > Ofor all x € (a,b), then f'(¢) > 0. Sncex; — X2 < O, it

follows that Jie, f(x) < f(x2). Sncexy and X2

()
were arbitrary, we have that

(VX1) (VYX2) {(xl, X2 € (@, b) A )=> f(x) < f (xz)} .
4

Hence, f is in (a, b).

®)
If £/ (x) = Ofor all x e (a, b), then

©)

Finally, if ' (x) < Ofor all x e (a, b),

("

*** A cceptable responses are: (1) differentiable, (2) Mean-Value Theorem,

(3) f (x1) — T (X2) <0, (4)x1 < X2, (5) monotonically increasing,

(6) f (x1) — f (x2) =0;i.e., f(x)) = f(x2). Sincex; andxy were arbitrary, we
have thatf is constant throughoug, b)., (7) thenf’(¢) < 0 andx; — x2 < O

implies thatf (x1) — f (x2) > 0O; i.e., f (x1) > f (x2). Becausex; andxo were

arbitrary we conclude that is monotonically decreasing i@, b).***

Example 6.2.11 Discuss the monotonicity of f (x) = 2x3 + 3x2 — 36x + 7.

For x € R, f/ (x) = 6x?+ 6x — 36 = 6(x + 3) (x — 2). Snce f’ispositivein
(—o0, —3) and (2, o0), f is monotonically increasing there, while f’ negative in
(—3,2) yieldsthat f is monotonically decreasing in that segment.
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Remark 6.2.12 Actually, in each of openintervals (—oo, —3), (2, >0), and (-3, 2)
that were found in Example 6.2.11, we have strict monotonicity; i.e., for X1, X2 €
(—o0, =3) or X1, X2 € (2,00), X1 < X2 impliesthat f (x1) < f (X2), whilexy, X2 €
(—3,2) and x1 < xpyieldsthat f (x1) > f (x2).

6.2.1 Continuity (or Discontinuity) of Derivatives

Given areal-valued functionf that is differentiable on a subs@tof R, the deriva-

tive F = f’is a function with domaif2. We have already seen thatneed not be
continuous. Itis natural to ask if there are any nice properties that can be associated
with the derivative. The next theorem tells us that the derivative of a real function
that is differentiable on an interval sdtiss the intermediate value property there.

Theorem 6.2.13 Suppose that f isa real valued function that is differentiable on
[a,b] and f’ (a) < f’(b). Thenfor any 1 € R suchthat f'(a) < 1 < f’(b), there
existsa point X € (a, b) suchthe f’ (x) = 4.

Proof. Suppose that f isa real valued function that is differentiable on [a, b]
and 1 € Rissuchthat f'(a) < 2 < f'(b). Let G(t) = f (t) — At. From
the Properties of Derivatives, G is differentiable on [a, b]. By Theorem 6.1.13, G
is continuous on [a, b] from which the Extreme Value Theorem yields that G has
a minimum at some x € [a,b]. SnceG'(a) = f'(t) — 1 < 0and G’ (b) =
f’(t) — 1 > 0, thereexistsat; € (a,b) andty € (a, b) suchthat G (t1) < G (a)
and G (t2) < G (b). It follows that neither (a, G (a)) nor (b, G (b)) isa minimum
of Gin[a, b]. Thus,a < x < b. Inview of the Interior Extrema Theorem, we have
that G’ (x) = Owhichisequivalentto f’(X) =1 m

Remark 6.2.14 With the obvious algebraic modifications, it can be shown that the
same result holds if the real valued function that is differentiable on [a, b] satisfies
f’(@) > f’(b).

Corollary 6.2.15 If f isareal valued function that is differentiable on [a, b], then
f’ cannot have any simple(first kind) discontinuities on [a, b].

Remark 6.2.16 The corollary tells us that any discontinuities of real valued func-
tions that are differentiable on an interval will have only discontinuities of the sec-
ond kind.
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6.3 TheDerivative and Finding Limits

The next result allows us to make use of derivatives to obtain some limits: It can
be used to find limits in the situations for which we have been using the Limit of
Almost Equal Functions and to find some limits that we have not had an easy means
of finding.

Theorem 6.3.1 (L'Hopital's Rule 1) Supposethat f and F are functions such that
f’and F' existonasegment | = (a,b)and F’ #0on .

/

(@ If f(a+) =F(a+) =0and (%) (a+) = L, then (%) (a+) = L.

f’ f
(b) If f(a+) = F(a+) = oc and (E) (a+) =L, then (E) (a+) = L.
Excursion 6.3.2 Fill in what ismissing in order to compete the following proof of
part (a).

Proof. Supposethat f and F aredifferentiableonasegment | = (a, b), F' # 0
onl,and f(a+) = F(a+) = 0. Setting f (a) = f(a+) and F (a) = F(a+)
extends f and F to functionsthat are in[a, b). Withthis, F (a) =0

@
and F’' (x) #0in | yieldsthat F (x) :
2

f
Quppose that ¢ > 0 isgiven. Snce (—) (a+) = L, thereexistsd > O

F/
suchthata < w < a+ J impliesthat

)

From the Generalized Mean-Value Theorem and the fact that(&) = f (a) =0, it
follows that

4
—_—

——
FX)—F@ -
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f (X) 1 <

FX)

arbitrary, we conclude that .
(6)

for some ¢ satisfyinga < & < a + J. Hence, e. Sncee > Owas

f’ (w)

*** A cceptable responses are: (1) continuous, (2) # 0, (3) 'F ") L' <&, (4
f () f (%)
F 5) f — f 6 and (7 I = L.x**
00:(8) 00 = T @, (6) g7y and (7) lim 2

Proof. Proof of (b). Suppose that f and F are functions such that f’ and F’
existonanopeninterval | ={x:a <x <b},F #0onl, f(a+) = F(a+) =

/

f
and = (@a+) = L. Then f and F are continuous on | and there existsh > 0
suchthat F/ 2 0inly, = {X:a < X < a+ h}. Fore > 0, there exists a¢ with
0 < 6 < h such that

/(&) € .
—L — for dl ls = {X: o).
) '<20r cinls={Xx:a<x<a+d}
Let x and c be such that X < c and x,c € l5. By the Generalized Mean-Value

FO)—f© _ ')

Theorem, there existséin |5 such thatF O—F0© _FQ) Hence,
' fo)—f©) €
F(x)— F(c) =2
In particular, fore < 1, we have that
f(x)—f()] f(x)—f(c)_ 1
FO—F@©| ~ |[Fo—F@ -TH=It+3

With a certain amount of playing around we claim that
fex) fx)—=—f@| |fe F) fx)—"1f()
FoO FO-F@©| [FeO  f0 FO—F(©

f(c) F(c) 1
F(x) 'N)OH+)

Forc fixed, ;()‘?) - Oandf—(()‘(’% — 0asx — at. Hence, there existg, 0 < §; < 4,

such that

1

f(0)
AL+ 1)

F(x)

F(©)
f(X)

€
Zand'
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Combining the inequalities leads to

f ()
F(x)

f(x) fXx)— f(c)
Fx) F(X) —F(

<

‘ f(x) — f(c) _L
F(x) — F(c)

whenever a < X < a+ d1. Sincee > 0 was arbitrary, we conclude that

f T (O
(7) @n=m £ =+

Remark 6.3.3 The two statements given in L'HOpital's Rule are illustrative of the

set of such results. For example, the=x a™ can be replaced with x> b~,

X = 400, X = 00, and X » —oo, with some appropriate magetations in the
statements. The following statement is the one that is given as Theorem 5.13 in our
text.

Theorem 6.3.4 (L’'Hépital’'s Rule Il) Suppose f and g arereal and differentiable

. , )

in(a, b), where—oco <a <b < oo0,d (x) # Oforall x e (a, b),anf)!Lrgg/ 0 -
. o o B (X))

A. If)ll_rgf(x)_OA)ll_rzgg(x)_Oor)ll_rgg(x)_—koo,then lim =A

x>ag (x)

Excursion 6.3.5 Use an appropriate form of L’'H6pital’'s Rule tofind

2 g _
1 Iimx 5X +6 — 7sin(x 3).
x—3 2X — 6
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1 w
2. lim (1+ —)
wW—> 00 w—1

***Hopefully, you got —3 and e, respectively.***

6.4 |nverse Functions

Recall that for arelation, S, on R, the inverse relation of S, denoted by S™1, is the

set of all ordered pairs (y, X) such that (x,y) € S. While afunction is arelation

that issingle-valued, its inverse need not be single-valued. Consequently, we cannot
automatically apply the tools of differential calculus to inverses of functions. What
follows if some criteria that enables us to talk about “inverse functions.” firee
result tells us that where a function is increasing, it has an inverse that is a function.

Remark 6.4.1 If uand o are monotonic functionswith the same monotonicity, then
their composition (if defined) isincreasing. If u and » are monotonic functionswith
the opposite monotonicity, then their composition (if defined) is decreasing.

Theorem 6.4.2 (Inver se Function Theorem) Supposethat f isa continuousfunc-
tion that is strictly monotone on an interval | with(lf) = J. Then

(&) Jisaninterval

(b) the inverse relation g of f is a function with domain J that is continuous and
strictly monotone on Jand

(c) we have ¢f (x)) =xforx e | and f(g(y)) =y forye J.

Proof. Because the continuous image of a connected set is connected and f
Is strictly monotone, J is an interval. Without loss of generality, we take f to be
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decreasing in the interval 1. Then f(x1) # f(x2) impliesthat x; # X and we
conclude that, for each wg in J, there exists one and only one (o € | such that
wo = f(¢o). Hence, theinverse of f isafunction and the formulas given in (c)
hold. It follows from the remark above and (c) that g is strictly decreasing.

To see that g is continuous on J, let wo be an interior point of J and
suppose that g(wo) = Xo; i.e., f(Xg) = wo. Choose points wy and w2 in J such
that w1 < wo < wy. Thenthereexist pointsx; and Xz in |, suchthat x; < Xg < X2,
f(x1) = w2 and f (x2) = w1. Hence, xp isaninterior point of 1. Now, without loss
of generality, takee > 0 small enough that theinterval (xo — €, Xo + €) is contained
in | and define wy = f(xo+¢€) and w; = f(xo —€) sOw] < w;. Since g is
decreasing,

Xo+ € = g(w]) > g(w) > g(ws) = X0 — e for wsuchthat w] < w < w5.
Hence,
g(wo) + € > g(w) > g(wo) — € for w suchthat wi < w < wj3.
Now taking J to be the minimum of w3 — wo and wo — w] leadsto
|9(w) — g(wo)| < € whenever [w — wo| < 6.
m

Remark 6.4.3 While we have stated the Inverse Function Theorem in terms of in
tervals, please note that the term intervals can be replaced by segtaebhjsvhere
a can be—oo and/or b can bex.

In view of the Inverse Function Theorem, when we have strictly monotone con-
tinuous functions, it is natural to think about differentiating their inverses. For a
proof of the general result concerning the derivatives of inverse functions, we will
make use with the following partial converse of the Chain Rule.

Lemma 6.4.4 Supposethereal valued functions F, G, and u aresuch that F (x) =
G (u(x)), u is continuous at xg € R, F’(xg) exists, and G’ (u (xg)) exists and
differs fromzero. Then u’ (Xp) isdefined and F’ (Xg) = G’ (U (Xg)) U’ (Xo).

Excursion 6.4.5 Fill in what is missing to complete the following proof of the
Lemma.
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Proof. Let AF = F(Xg+h)—F(Xg), Au = u(Xo+h)—u(xp) and up = u (Xp).
Then

AF = = G(ug + Au) — G(up).
()

Sinceu iscontinuous at Xg, we know that Ai ”}) Au = 0. By the Fundamental Lemma
_)

of Differentiation, there exists a function 7, with , that is continuous
@
atOandissuchthat AF = . Hence,
3
AF
Au _ h

h — [G/(ug) + n(Au)]’

From I!imoAu = 0, it follows that #(Au) — Oash — 0. Because G’ (up) exists
-

and is nonzero,

AF
: U(xo+h)—uxo) . h_ F’ (Xo0)
U (xo) = lim) h hO0[G(Uo) + 7(AW)] _ G (Uo)
Therefore, U’ (Xp) exists and . u

@

*** Acceptable responses are: (1) G(u(xp + h)) — G(u(xp)), (2) (0) = 0, (3)
[G'(uo) + 7(Au)]Au, and (4) F’ (x0) = G’ (Ug) U (Xg).***

Theorem 6.4.6 (I nver se Differentiation Theorem) Supposethat f satisfiesthe hy-
potheses of the Inverse Function Theoremglixa point of J such that "g(xo))
is dgined and is different from zero, thef(xp) exists and

1

—. 6.6
f7(g (x0)) (69

g (Xo) =

Proof. From the Inverse Function Theorem, f (g (X)) = x. Teakingu = g and
G = f inLemma 6.4.4 yields that g’ (Xo) existsand f’ (g (X)) g’ (x) = 1. Since

f/(g(Xo)) # 0, it follows that g’ (xo) = m asneeded. m
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Corollary 6.4.7 For a fixed nonnegative real number «, let g(x) = a*. Then
dom(g) =R and, for all x e R, g’ (X) = a*Ina.

Proof. We know that g (x) = a* istheinverse of f (x) = log, x where f is
a strictly increasing function with domain (0, oo) and range (—oo, o). Because
A=log, B < a” =B < Alna = InB, it follows that

InB
log, B = —.
a Ina

Hence

(%) = (log, X)/ _ (Inx)’ 1

Ina)  Xxlna'

1
From the Inverse Differentiation Theorem, we have that g’ (X) = T
g (X) Inoe =aoXlno. m

Remark 6.4.8 Taking a = einthe Corollary yields that (¢X)" = €*.

In practice, finding particular inversesis usually carried out by working directly
with the functions given rather than by making a sequence of substitutions.

Example 6.4.9 Derive aformula, in terms of x, for the derivative of y = arctanx,
“Zox<Z

We know that the inverse of u = tano isarelation that is not a function,; con-
sequently we need to restrict ourselves to a subset of the domain. Because u is
strictly increasing and continuous in the segment I(—E, E); the correspond-

ing segment i$—oo, co). We denote the inverse that corresponds to this segment by
y = f (x) = arctanx. From y= arctan x if and only if x= tanyy, it follows directly

that (sec? y) % =1lor % = %2y On the other handan® y 4+ 1 = sec? y with
1
x = tany implies thatsec?y = x? + 1. Thereforeg—;/ =f'x)= 2T

. X . . -
Excursion 6.4.10 Use f(x) = T—x to verify the Inverse Differentiation Theorem
on the segmen2, 4);, i.e., show that the theorem applig8)d the inverse g and
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its derivative by the usual algebraic manipulations, and then verify the derivative
satisfies equation (6.6)

***Hopefully, you thought to use the Monotonicity Test; that f isstrictly increasing
inl = (2,4) follows immediately upon noting that f' (x) = (1—x)"2 > 0in

. 4\ . : :
I. The corresponding segment J = | —2, —3 is the domain for the inverse g

that we seek. The usual algebraic manipulations for finding inverses leads us to
solving x = y (1 —y)~! for y. Then application of the quotient rule should have
ledto g’ () = (1+ x)~2. Finally, to verify agreement with what is claimed with
equation (6.6), substitute g into f’ (x) = (1 — x)~2 and simplify.***

6.5 Derivativesof Higher Order

If f isadifferentiable function on a set Q then corresponding to each x € Q, there
isauniquely determined f’ (x). Consequently, f’isasoafunction on Q. We have
already seen that f’ need not be continuous on Q. However, if f’ is differentiable
onaset A C Q, thenitsderivativeis afunction on A which can also be considered

for differentiability. When they exist, the subsequent derivatives are called higher

order derivatives. This process can be continued indefinitely; on the other hand, we

could arrive at a function that is not differentiable or, in the case of polynomials,

we'll eventually obtain a higher order derivative that is zero everywhere. Note that
we can speak of higher order derivatives only after we have isolated the set on which
the previous derivative exists.

Definition 6.5.1 If f isdifferentiable on a set Q and f’ is differentiable on a set
2

- : d-f .
Q1 C Q, thenthederivative of f” isdenoted by f” or o) and is called the second
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derivativeof f, ifthesecond derivativeof f isdifferentiableonaset Q, c Q1, then

. da3f . . I
the derivative of f”, denoted by f” or @ or 33 s called the third derivative

of f. Continuing in this manner, when it exists, (" denotes the n'" derivative of
f andisgiven by (f®-b)".

Remark 6.5.2 The statement “f ) exists at a point ¢ asserts that &= (t) is
defined in a segment containing Xor in a half-open interval having xas the
included endpoint in cases of one-sided differentiability) and differentiablg. dt x
k > 2, then the same two claims are true fof*f?. In general, “f® exists at a
point %" implies that each of 1), for j = 1,2, ...,k — 1, is dgined in a segment
containing x and is differentiable at x

3 5
Example6.5.3 Given f(x) = ——— inR — { —=1, find a general formula
! 0= =S| naas
for £,

From f (x) = 3(5 + 2x)2, itfollows that f (x) = 3-(—2) (5 + 2x)"3 (2),
f7(x) = 3:(=2) (=3) 5+ 2x)™*(22), 1@ (x) = 3:(—2) (=3) (—4) (5+ 2x) > (23),
and f® (x) = 3-(=2) (=3) (—=4) (=5) (5 + 2x)~° (2%). Basic pattern recognition
suggests that

fW(x)=(=1)"-3-2". (n+ 1)! 5+ 2x)~ "2, (6.7)

Remark 6.5.4 Equation (6.7) was not proved to be the case. While it can be proved
by Mathematical Induction, the set-up of the situation is direct enough that claiming
the formula from a sgitient number of carefully illustrated cases is/guént for

our purposes.

Theorem 6.5.5 (Taylor’s Approximating Polynomials) Suppose f isareal func-
tion on[a, b] such that there exists a J for which f("~1 is continuous orja, b]
and f(" exists for every & (a, b). Fory € [a, b], let

(=D £k (
4
Pio1(rit)= D T)(t - )<
k=0 '
Then, fora and g distinct points in[a, b], there exists a point x betweenand S
such that

f () (X)
n!

f(B) =Po1(o; B) + B—a). (6.8)
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Excursion 6.5.6 Fill inwhat is missing to complete the following proof of Taylor’s
Approximating Polynomials Theorem.
Proof. Since R_1 (a; B), (B — )™ and f (B) are fixed, we have that

f(8)=Pa-1(a; )+ M (B —a)"

for some Me R. Let
gt) = f(t)—Proz(a;t) =M (t —a)".
def

Then g is a real function oifa, b] for which is continuous and
€8]
g™ exists in(a, b) because . From
)
the Properties of Derivatives, for¢ (a, b), we have that

f (k)
g=" (t)—Z(k IO et

and

g’ (t) =

©)

In general, for j suchthat < j < (n—1)andte (a, b), it follows that

. _ =1 £k (4
Dwy= D) = : —_ ki — a1
g (1) (t) k§=j rEnC A J), M (t — o)
Finally,
g™ () = : (6.9)

4)
Direct substitution yields that @) = 0. Furthermore, for each j1 <

f & .
(@) t—a)< 1 = £® (a); conse-

j £ (n=1),t = a implies thatzk i k)t

quently,

g(@)=g" (@) =0foreach j,1<j < (n—1).
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In view of the choice of M, we have that g (#) = 0. Because g is differentiable in
(a, b), continuousin[a, b],andg (a) = g (8) = 0, by ,
)
there exists x; between a and g such that g’ (x3) = 0. Assuming that n > 1,
from Rolle’s Theorem, §differentiable in(a, b) and in [a, b] with
©)
g (a) = g (x1) = 0for a, X1 € (a,b) yields the existence obbetweern and
X1 such that . If n > 2, Rolle’s Theorem can be applied td ¢p
)
obtain x between such that ¢ (x3) = 0. We can repeat this pro-
®
cess through &, the last higher order derivative that we are assured exists. After
n steps, we have that there is ap betweern and %_1 such that §" (x,) = O.
Substituting ¥ into equation (6.9) yields that

0=g" (xn) =

9
Hence, there exists a real number(: x,) that is betweerr and f such that

(M
fM (x) = nIM; ie., f nI(X) = M. The dgénition of M yields equation (6.8).
- !

*** A coeptable responses are: (1) g™, (2) g isthe sum of functions having those

(k)
properties, (3) f” (t) — S h=3 ﬁ t—a)2—n(n=1M(t—a)"? ()

£ (t) — n!M, (5) Rolle’s Theorem or the Mean-Value Theorem, (6) continuous,
(7)g” (x2) = 0, (8)a andxy, and (9)f ™ (x,) — nIM ***

Remark 6.5.7 For n = 1, Taylor's Approximating Polynomials Theorem is the

Mean-Value Theorem. In the general case, the error from using &; p) instead
)

of f(p)is nI(X)

an approximati'on of this error whenever we have bound#sfd?? (x)}.

(B — a)" for some x betweem and ; consequently, we have

7
Example6.5.8 Let f (x) = (1—x)"tin [—Z é]' Then, foreachre J, ™ (x) =

. . . 37
n! (1 — x)~™+D is continuous u-{—z, é}' Consequently, the hypotheses for Tay-
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lor’'s Approximating Polynomial Theorem are met for each fi. For n = 2,

1 1
P—1(y;t) =Pi(y;t) = +
" 1=y @=-y)?

t—=7).

1 1 . . 11
If o = 2 andp = —5 the Theorem claims the existence oéx(—E, Z) such

that
)] 2
(D) o (L L) fO00 (11
2 4 2 2! 2 4

o (L y_ 1 1 11\ _,
A\ 2) 1 ( 1)2 2 4]~
4

Since

1—=
4

11 2 1 9
we wish tofind X ——, =) suchthat= = 0+ —— { — )], the only real
yind x € ( 2 4) 3 T A% (16) y
solution to the last equation isopx= 1 — m which is approximately equal to
. 1 1 . .
.055. Because (is betweern = 2 andp = —5 this verfies the Theorem for the
specfied choices.

6.6 Differentiation of Vector-Valued Functions

In the case of limits and continuity we have already justified that for functions

from R into R¥, properties are ascribed if and only if the property applies to each

coordinate. Consequently, it will come as no surprise that the same “by co-ordinate
property assignment” carries over to differentiability.

Definition 6.6.1 A vector-valued functionf froma subset Q of R into RK is differ-
entiable at a pointy € Q if and only if f is defined in a segment containing ¢ and
there exists an element of RX, denoted by f' (¢'), such that

lim |LO — (O

t—¢ t—¢

-] =0

where |-| denotes the Euclidean k-metric.
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Lemma 6.6.2 Suppose that;f fo, ..., fx are real functions on a subsg&tof R and
f(x) =(f1(xX), f2(x), ..., fk (X)) for x € Q. Thenf is differentiable at € Q with
derivativef’ (¢) if and only if each of the functiong,ffo, ..., fx is differentiable at

¢andf’ () = (f{ (), 1), - ().
Proof. For t and ¢ in R, we have that

fO-FQ o . (f®O)-1()
?—f(@—(—t_

fu® - k(@
i fk(C))-

Consequently, the result follows immediately from Lemma 4.3.1 and the Limit of
Sequences Characterization for the Limits of Functions. m

- 1),

Lemma6.6.3 If f is a vector-valued function fro®2 c R into RX that is differen-
tiable at a pointy € Q, thenf is continuous at .

Proof. Suppose that f is a vector-valued function fromQ c R into RX that is
differentiable at a poing € Q. Thenf is ddined in a segmerit containing; and,
fort e I, we have that

f — f f — f
f(t)—f(():( 1(2_(1(6) t=0). . k(ti):_[k(f) (t—C))

— (f1(0)-0, f2(0) - 0, ..., fx () - 0) ast —> ¢.
Hence, foreach € J, 1 < j <Kk, tIim fj (t) = fj (¢); i.e., eachf; is continuous
-¢
at¢. From Theorem 5.2.10(a), it follows thiais continuous at. m

We note that an alternative approach to proving Lemma 6.6.3 simply uses Lemma
6.6.2. In particular, from Lemma 6.6 2(x) = (f1 (X), f2 (X), ..., fk (X)) differen-
tiable at; implies thatf; is differentiable at for eachj, 1 < j < k. By Theorem
6.1.13, f; is continuous at for eachj, 1 < j <k, from which Theorem 5.2.10(a)
allows us to conclude th&ix) = (f1 (x), f2 (X), ..., fk (X)) is continuous at .

Lemma 6.6.4 If f and g are vector-valued functions fron® c R into RX that are
differentiable at a poing € Q, then the sum and inner product are also differen-
tiable at¢.

Proof. Supposethat f (x) = (1 (X), f2 (X), ..., fk (X)) and
gX) = (g1 (X), g2 (X), ..., gk (X)) are vector-valued functions from2 c R into
RK that are differentiable at a pointe Q. Then

(f+9) () = ((fr+91) (¥, (f24+92) (), ..., (fk + k) (X))
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and

(fe ) (X) = ((f101) (X), (f202) (X), ..., (fkOk) (X)) .

From the Properties of Derivatives (c) and (d), foreach j € J, 1 < j < Kk,
(fj +gj) and (f;g;) aredifferentiable at ¢ with (f; +g;) () = fi () + 9 ()
and (fjg;) () = /() 9j (O) + T} () g} (¢). From Lemma6.6.2, it follows that
(f + g) isdifferentiable at ¢ with

f+9 @ =F+d) )= ((f{+9) O, (+%) O, (T +9) )
and (f e g) isdifferentiable at ¢ with

feg) ()= (Feg) )+ (fed) ().

|

The three lemmas might prompt an unwarranted leap to the conclusion that all
of the properties that we have found for real-valued differentiable functions on sub-
sets ofR carry over to vector-valued functions on subset®ofA closer scrutiny
reveals that we have not discussed any results for which the hypotheses or conclu-
sions either made use of or relied on the linear orderinfR oince we loose the
existence of a linear ordering when we goR$, it shouldn’t be a shock that the
Mean-VaZIue Theorem does not extend to the vector-valued functions from subsets
of R to R“.

Example 6.6.5 For x € R, let f (X) = (cosx, sinx). Show that there exists an in-
terval[a, b] such thaf satigies the hypotheses of the Mean-Value Theorem without
yielding the conclusion.

From Lemma 6.6.2 and Lemma 6.6.3, we have thatdifferentiable in
(a, b) and continuous irja, b] for any a b € R such that a< b. Sincef (0) =
f(2r) = (1,0),f(2r)—f(0) = (0, 0). Becausd’ (x) = (—sinx, cosx), |[f' (x)| =
1 for each xe (0, 2r). In particular, (vx € (0, 2x)) (' (x) # (0, 0)) from which
we see thatvx € (0, 27)) (f (2z) — f (0) # (2 — 0)f' (x)); i.e.,

—~ @) [x € (0,27) A (f(2r) = (0) = 2z — O)f (¥))].

Remark 6.6.6 Example 5.18in our text jugies that L'HOpital’s Rule is also not
valid for functions fronR into C.
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When we justify that a result known for real-valued differentiable functions on
subsets ofR does not carry over to vector-valued functions on subsel®, af is
natural to seek mofications of the original results in terms of properties that might
carry over to the different situation. In the case of the Mean-Value Theorem, success
in achieved with an inequality that follows directly from the theorem. From the
Mean-Value Theorem, if is a function that is continuous on the intervak [a, b]
and differentiable on the segmelrit = (a, b), then there exists a numbére |°
such thatf (b) — f(a) = f'(¢) (b—a). Since¢ e 1°, |f'(&)| < sup|f (x)|.

xele°

This leads to the weaker statement thiatb) — f (a)| < |b —a| sup|f’ (x)|. On
xel©°

the other hand, this statement has a natural candidate for generalization because the
absolute value or Euclidean 1-metric can be replaced with the Euclidestric.

We end this section with a proof of a vector-valued adjustment of the Mean-Value
Theorem.

Theorem 6.6.7 Suppose that f is a continuous mapping of [a, b] into RX that is
differentiablein (a, b). Then there exists x € (a, b) such that

f (o) —f @I < (b—a)|f' () (6.10)

Proof. Suppose that= (f1, f») is a continuous mapping o&[b] into RK that
is differentiable in(a, b) and letz = f (b) — f (a). Equation 6.10 certainly holds
if z=(0, 0); consequently, we suppose tlzag (0, 0). By Theorem 5.2.10(b) and
Lemma 6.6.4, the real-valued function

¢ () =zef(t) fort € [a, b]

Is continuous ind, b] and differentiable ina, b). Applying the Mean-Value The-
orem tog, we have that there existse (a, b) such that

p0)—¢@=9¢"(x)(b—2a). (6.11)
Now,
p(0)—¢ @ =zef(b)—zef(a)
={FfM® —-f@)ef(b)—(f(b)—f(a)ef(a)
={Ffm —-f@)e(f(b)—Ff(a)

=z.z=|z|2.
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For z; = (f1 (b) — f1(a)) and zo = (f2 (b) — 2 (a)),
lp ()| = |zef (X)| =|z2f{ (X) + 225 (X)|
< izl + [z2ly/| 1 00| + | (0] = 12 f (0|

by Schwarz's Inequality. Substituting into equation (6.11) yields

1> = (b—a) |zef (x)| < (b—a) |zl | (X

which implies|z| < (b — a) |f (x)| becausgz| # 0. m

6.7 Problem Set F

1. Use the dnition to determine whether or not the given function is differen-
tiable at the spefied point. When it is differentiable, give the value of the
derivative.

(@ f(x)=x3x=0

[ x3 ,for 0<x<1

(b) f(xX) =] ;x=1
| Jx for x>1

ﬁsini Jfor x#£0
(© f0= X ;x=0

[ O Jfor x=0

— X =
22+ 1’

2. Prove that, iff andg are differentiable at, thenF(x) = (f + g)(x) is
differentiable ag andF'(¢) = f/'(¢) + d'(©).

d fx)=

3. Use the dénition of the derivative to prove thdt (x) = x" is differentiable
onR for eachn € J.

x2 for xeQ
4. Letf (x) = .
0 ,for x¢Q

Is f differentiable atx = 0? Carefully justify your position.
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5. If f isdifferentiableat ¢, prove that

o T ah = T —ph)
h—0 h

=@+p) 1.

6. Discussthe differentiability of the following functions on R.

@ f)=Ixl+Ix+1
(b) f(x)=x-Ix|

7. Suppose that f : R — R is differentiable at a point ¢ € R. Given any
two sequences {an}qo ; and {bn}p2; such that an # by for each n e J and
lima, = lim b, = ¢, isit true that
n—oo n— oo

lim @) — T (@)

n— oo bn — an

= ' (c)?

State your position and carefully justify it.
8. Use the Principle of Mathematical Induction to prove the Leibnitz Rule for
the nt" derivative of a product:

n

(19 60 = > (1) 1" 009 00

k=0

where (}) and @ (x) = f (x).

n!
— (n=Kk)! (k)
9. Usederivative formulasto find f’ (x) for each of the following. Do only the
obvious simplifications.
4x5 +3x —1

a f(x)=
@ 160 (x5 + 4x2 (5x3 — 7x4)7)

3
Ltax (4x9 — 3x + 10)2
(2+x2)°

15

(b) f(x)= (4x2 +

(2x2 + 3x5)3 +7

(@ f(x)= 7]
m+@+¢ﬁ?@
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10 12
@ 0= ((3x5 + X—15) + (wm - 5x2) 5)

(e f X :\/3+\/2+\/1+x

10. Complete the following steps to prove that

. snd . cosO—1
Iim— =1 and Im———— =

0.
0—0 0 0-0 0

(a) Draw a figure that will serve as an aid towards completion of a proof
sng

that lim—— = 1.
0—0 0
i. On acopy of a Cartesian coordinate system, draw a circle having
radius 1 that is centered at the origin. Then pick an arbitrary point
on the part of the circle that isin the first quadrant and label it P.
ii. Label the origin, the point (1, 0), and the point where the line x =
P would intersect the x-axis,

O, B, and A, respectively.

lii. Suppose that the argument of the politin radian measure, .
Indicate the coordinates of the poiRtand show the line segment
joining P to A in your diagram.

iv. If your completed diagram is correctly labelled, it should illustrate
that

sng  |PA

0 length of PB

Where|ﬁ} denotes the length of the line segment joining points

P andA and PB denotes the arc of the unit circle from the paht
to the pointP.

v. Finally, the circle having radiufOA| and centered at the origin
will pass through the poinf and a point and a point on the ray
OP. Label the point of intersection wit® P with the letterC and

show the ar€ A on your diagram.
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(b) Recall that, for acircle of radiusr, the area of a sector subtended by 0
2

. or
radiansis given by - Prove that

0cos’d cosfsingd 0
< < =
2 2 2
for 0 satisfying the set-up from part (a).
._sing
(c) Prove that lim—— = 1.
0—-0 0
. . cos) —1
(d) Recall that sifi0 + cof 0 = 1. Prove that |II81T =0.
_)

11. The result of Problem 10 in conjunction with the discussion that was offered
in the section on Formulas for Derivatives jtiss the claim that, for any

X € R, (sinx)’ = cosx and(cosx) = —sinx, wherex is interpreted as
radians. Use our Properties of Derivatives and trig identities to prove each of
the following.

(a) (tanx)’ = se@x

(b) (secx)’ = secx tanx

(c) (cscx)’ = — cscx cotx

(d) (In|secx + tanx|)’ = secx
(e) (In|cscx — cotx])’ = cscx

12. Use derivative formulas tiind f’ (x) for each of the following. Do only the
obvious simpliications.

@) f (x) = sir (3x4 + cod (Zx2 + \/x47+7))

tar® (4x + 3x?)
1+ cog (4x5)

(b) f ()=

2
) f(x)=(1+sed (3x))4 (x3 + - tanx)

2X2+1

(d) f (x) =cos (x4 — 4J1+ sed x)4
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13. Find each of the following. Use L'HOpital’'s Rule when it applies.

tanx
im ——
@ =
. tarPx —tar® x
(b) Jlno 1 — cosx

() lim —

4x3 + 2x2 — X
X—>005x3 + 3x2 4+ 2x
tanx — x
(e) Im—-—s—

x—0 x3
(f I|rr21+ X=2)In(x—-2)

(d) |

14. For f (x) = x3 andxp = 2 in the Fundamental Lemma of Differentiation,
show thaty (h) = 6h + h?.

1 . : :
15. Forf (x) = andxp = 1 in the Fundamental Lemma of Differentia-

X
tion, find the corresponding (h).

16. Suppose that, g, andh are three real-valued functions &andc is afixed
real number such that (c) = g(c) = h(c)andf’(c) = g (c) = h' (c). If
{A1, A2, Az} is a partition ofR, and

f(x) ,for xe A
LX)=1 g(x) ,for xe Ay ,
h(x) ,for xe As

prove thatlL is differentiable ak = c.

17. If the second derivative for a functidnexists atxg € R, show that

i fXo+h)—2f (X0)+ f (xo—h)
m
h—0 h2

— f”(X)

18. For each of the followindind formulas forf (™ in terms ofn e J.
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@ fx= Gx 122
(b) T (X) =9n(2x)
© f(X)=In(4x+23)
(d) f (X) — e(5x+7)

e X Jfor x>0

19. For f (x) = , show that f( (0) exists for each

0 ,for x<0O

n e J andisequa to 0.

20. Discuss the monotonicity of each of the following.

(@ f(x)=x*—4x+5

(b) f(x)=2x34+3x+5

© f ()= x+1
2x—1

(d) f (x)=x3eX

€ fx)=@0A+xe™
Inx

) fxO=—

X2

21. Supposethat f isareal-valued function orR for which both thefirst and sec-

22.

23.

ond derivatives exist. Determine conditions &hand f” that will suffice to
justify that the function is increasing at a decreasing rate, increasing at an in-
creasing rate, decreasing at an increasing rate, and decreasing at a decreasing

rate.

For a functionf from a metric spac& to a metric spac¥, let F; denote the
inverse relation fron¥ to X. Prove thatF is a function from rngf into X
if and only if f is one-to-one.

For each of the following,

e find the segment, k = 1,2, ..., where f is strictly increasing and
strictly decreasing,
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24.

25.
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e find the corresponding segments Jx = f (Ix) on which the correspond-
ing inversegy of f are déined,

e graph f on one Cartesian coordinate system, and each of the corre-
sponding inverses on a separate Cartesian coordinate system, and

e wWhenever possible, with a reasonable amount of algebraic manipula-
tions, find eachyy.

(@ f(X)=x>4+2x+2

2
®) f00="5

%2
(c) f(x)=?+3x—4

(d) f (x) =sinx for —37” <X<2r

3
(e) f(x):%+x2—4x+1

Suppose that andg are strictly increasing in an intervaland that

(f-9(x)>0

for eachx € |. Let F andG denote the inverses df andg, respectively,
and J; and Jo denote the respective domains for those inverses. Prove that

F (X) < G(x) for eachx € J; N Jy.

For each of the following, the Inverse Function Theorem applies on the indi-

cated subset @&. For each giverf find the corresponding inverge Use the

properties of derivatives tiind f’ andg’. Finally, the formulas forf’ andg’

to verify equation (6.6).

(@) f (x) = x3+ 3x for (—oo, 00)

4 1
) f(x) = x211 for (E,oo)

(c) f (x) =e™ for (—o0, 0)
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1
xsin— ,for 0<x<1
26. For f (x) = X , findthesegments Iy, k—1, 2, ...,

0 ,for x=0
where f is strictly increasing and strictly decreasing and the corresponding
segments Jx where the Inverse Function Theorem applies.

27. For each of the following, find the Taylor polynomials P (t) as described in
Taylor's Approximating Polynomials Theorem about the indicated ppint

@ f(x)= vy =1

5—2x
(b) f (x)=sinx;y =

NI

) f=e*1y=2
d fxX)=In@d—-x);y =1

28. For each of the following functions froRinto R3, find f'.

3.
@ f(x) = (% x tan(3x) , e cos(3x — 4))

(b) f(x) = (In (2x® + 3) , secx, sin® (2x) cos (2 + 3x?))

29. Forf (x) = (x2 +2X+2,3x + 2) in [0, 2], verify equation (6.10).
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