Chapter 7

Riemann-Stieltjes Integration

Calculus provides us with tools to study nicely behaved phenomena using small
discrete increments for information collection. The general ideaisto (intelligently)
connect information obtained from examination of a phenomenon over alot of tiny
discrete increments of some related quantity to “close in on” or approximate some-
thing that behaves in a controlled (i.e., bounded, continuous, etc.) way. The “clos-
ing in on” approach is useful only if we can get back to information concerning the
phenomena that was originally under study. The kewé this approach is most
beautifully illustrated with the elementary theory of integral calculus ®dt en-
ables us to adapt some “limiting” formulas that relate quantities of physical interest
to study more realistic situations involving the quantities.

Consider three formulas that are encountered frequently in most standard phys-
ical science and physics classes at the pre-college level:

A=l -w d=r-t m=d-|I.

Use the space that is provided to indicate what you “know” about these formulas.

Our use of these formulas is limited to situations where the quantities on the
right are constant. The minute that we are given a shape that is not rectangular,
a velocity that varies as a function of time, or a density that is determined by our
position in (or on) an object, at first, we appear to be “out of luck.” However, when
the quantities given are well enough behaved, we can obtain bounds on what we
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wish to study, by making certain assumptions and applying the known formulas
incrementally.

Note that except for the units, the formulas are indistinguishable. Consequently,
illustrating the “closing in on" or approximating process with any one of them car-
ries over to the others, though the physical interpretation (of course) varies.

Let's get this more down to earth! Suppose that you build a rocket launcher as
part of a physics project. Your launchiéres rockets with an initial velocity of 25
ft/min, and, due to various forces, travels at a tafe) given by

v (t) = 25— t? ft/min

wheret is the time given in minutes. We want to know how far the rocket travels in
thefirst three minutes after launch. The only formula that we hadessr - t, but

to use it, we need a constant rate of spéslcan make use of the formula to obtain
bounds or estimates on the distance travelled. To do this, we can take increments in

the time from 0 minutes to 3 minutes and “pick a relevant rate” to compute a bound
on the distance travelled in each section of time. For example, over the entire three
minutes, the velocity of the rocket is never more thatf25min.

What does this tell us about the product
(25 ft/min) - 3 min

compared to the distance that we seek?

How does the product (16 ft/min) - (3 min) relate to the distance that we seek?

We can improve the estimates by taking smaller increments (subintervals of 0
minutes to 3 minutes) and choosing a different “estimating velocity” on each subin-
terval. For example, using increments 05 Iminutes and the maximum velocity
that is achieved in each subinterval as the estimate for a constant rate through each
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subinterval, yields an estimate of
(25 ft/min) - (1.5 min) + ((25 — %) ft/min) -(1.5min) = 5%3 ft.

Excursion 7.0.1 Find the estimate for the distance travelled taking increments of
one minute (which isnot small for the purposes of cal culus) and using the minimum
velocity achieved in each subinterval as the “estimating velocity.”

***Hopefully, you obtained 61 feet.***

Notice that none of the work done actually gave us the answer to the origina
problem. Using Calculus, we can devel op the appropriate tool s to solve the problem
as an appropriate limit. This motivates the development of the very important and
useful theory of integration. We start with some formal definitions that enable us to
carry the “closing in on process” to its logical conclusion.

7.1 Riemann Sumsand Integrability

Definition 7.1.1 Given a closed interval | = [a, b], a partition of | is any finite
strictly increasing sequence of points P = {Xo, X1, .. ., Xn—1, Xn} Such that a = xp
and b = x,. The mesh of the partition {xg, X1, ..., Xn—1, Xn} iSdefined by
meshpP = max (Xj — Xj-1) -

Each partition of I, {Xo, X1, ..., Xn—1, Xn}, decomposes | into n subintervals |j =
[Xj—1,%j], ] =1,2,..,n,suchthat I; NIy = xj ifand only if k = j + 1 and is
empty for k #£ j or k # (j + 1). Each such decomposition of | into subintervalsis
called a subdivision of I.

Notation 7.1.2 Given a partition P = {Xg, X1, ..., Xn—1, Xn} Of aninterval 1 =
[a, b], the two notations Ax; and ¢ (1) will be used for (x; — xj_1), thelength of
the jt" subinterval in the partition. The symbol A or A (1) will be used to denote
an arbitrary subdivision of an interval |.
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If f isafunction whose domain containsthe closedinterval | and f isbounded
ontheinterval |, weknow that f has both aleast upper bound and a greatest lower
bound on | aswell as on each interval of any subdivision of I.

Definition 7.1.3 Given a function f that is bounded andfaed on the interval
| and a partition? = {Xo, X1, ..., Xn—1, Xn} Of I, let Ij = [xj_1,xj], Mj =
supf (x)and m = inlf f (x)for j =1,2,...,n. Then thaipper Riemann sum of
Xelj Xelj

f with respect to the partition P, denoted by UP, f), is d¢ined by
n
U (P, f) = D MjAx
j=1
and thelower Riemann sum of f with respect to the partition P, denoted by
L (P, T), is d¢gined by
n
L(P, )= ij AX;j
j=1

whereAx; = (Xj — Xj-1).

Notation 7.1.4 With the subdivision notation the upper and lower Riemann sums
for f are denoted by UA, f) and L(A, f), respectively.

11
Example7.1.5 For f(x) = 2x+1inl = [0,1] andP = O’Z’E’%’ll’

1(3 5 9 1 3 5
U(P,f)=Z(§+2+§+3)=ZandL(P,f):Z(1+—+2+§)=

0 ,for xeQN[O,2]
Example7.1.6 Forg (x) =
1 ,for x¢QnNJO0,2]
U(A(l),g)=2andL(A (I),g) = 0for any subdivision of0, 2].

To build on the motivation that constructed some Riemann sums to estimate a
distance travelled, we want to introduce the idea of refining or adding points to
partitions in an attempt to obtain better estimates.
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Definition 7.1.7 For a partition Px = {Xo, X1, ..., Xk—1, Xk} Of an interval | =
[a, b], let Ak denote to corresponding subdivision of [a, b]. If P, and Py, are
partitions of [a, b] having n+ 1 and m+ 1 points, respectively, and P, C Pm, then
Pm isarefinement of P, or A, isarefinement of Ap. If the partitions P, and P
are independently chosen, then the partition P, U Py, is a common refinement of
Pn and P, and the resulting A (P U P) is called a common refinement of Ap
and A,

. 13 11153
E 718 L = -, =1 *=10,—-, =, =, =, — 1t.
XCursion 8 Let P [O, > 7 ]andP [O, 1’328 2 ]

(@ If A and A* are the subdivisions of | = [0, 1] that correspond P and P*,
. 1 13 3 . .
respectively, then A = [[O E} , [5’ Z} , [Z’ 1“ Find A*.

3
> = E,Z,andb: Z,l.Fork=1,2,3,IetA(k)be

the subdivision of I that consists of all the elements of A* that are contained
inly. Find A (k) fork = 1, 2, and 3.

(b) Set|1=|:0,}i|,|2 13

(c) For f (x) = x2 and the notation established in parts (a) and (b), find each of
the following.

(i) m=inf f ()
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(i) mj =X|£||f f(x)forj =123
J

(i) m =inf 3inf £ ()2 J e A(j)]

(iv) M =supf (x)

xel

(v) Mj =supf (x)forj=1,2,3

Xel |

(vi) MJ?k =sup{supf (X):J e A(j)

xeld

(d) Note how the values m,jmmj, M, M;, and M compare. What you ob-
served is a special case of the general situation. Let
P = {XO = aa Xla LREE) Xn—ls Xn = b}

be a partition of an interval I= [a, b], A be the corresponding subdivision
of [a, b] andP* denote a rénement of® with corresponding subdivision de-
noted byA*. Fork =1, 2, ..., n, let A (k) be the subdivision of;Iconsisting
of the elements oA* that are contained inyl. Justify each of the following
claims for any function that is g@ed and bounded on 1.

@ Ifm= )I(I;l: f(x)andm = X|£1|fl f (x),then, for j=1,2,...,n, m< m;

andm < inf f (x) for J € A ().
xelJ
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(i) M =supf (x) and Mj = sup f (x), then,for j =1,2,...,n, Mj <
xel Xel;
M and Mj > supf (x) for J € A (j).

xeld

Our next result relates the Riemann sums taken over various subdivisions of an
interval.

Lemma 7.1.9 Suppose that f is a bounded function with domain | = [a, b]. Let

A beasubdivisionof I, M =supf (x),andm = im:f (X). Then
xel Xe

mb-a)<L(A,f)<U(A,f)<xM((b-a) (7.2)
and
L(A, fy<L (A% f)<U (A% f)<U(A,f) (7.2)

for any refinement A* of A. Furthermore, if A, and A, are any two subdivisions
of |, then

L(A,, f)<U (A f) (7.3)
Excursion 7.1.10 Fill in what is missing to complete the following proofs.

Proof. Suppose that f is a bounded function with domain | = [a,b], M =
supf (x), and m = im:f (x). For A = {lx:k=1,2,...,n} an arbitrary subdi-
Xe

xel

vision of I, let Mj = supf (x) andm; = inlf f(x). Thenl; c I for each
X€|j Xe j

j =1,2,...,n, we have that

m<mj < ,foreachj =1,2,...,n.
@)

BecauseAx; = (xj — xj—1) > 0 for eachj = 1, 2,..., n, it follows immediately
that

n n
=m> (xj —xj_1) < > mMjAx; =L (A, f)
&) =1 j=1
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and

n n

D mjAx; < > MjAx; =U (A, ) < =M(b-a).

j=1 j=1 ©)
Therefore, m(b—a) < L (A, f) <U (A, f) < M (b - a) asclamed in equation
(7.2).

Let A* bearefinement of A and, foreachk = 1,2, ..., n, let A (k) bethe
subdivision of |y that consists of all the elements of A* that are contained in .
In view of the established conventions for the notation being used, we know that
W) JeA*= @K (ke{l,2,..,n}AJ e AK)); adso, foreach J € A (k),
JClk=>mg=inf f(xX) <inff (x)and Mg =supf (x) >supf (x). Thus,

Xelk xed xely xed

ml () <L (AK),f) and ML) = U (AK), )

from which it follows that
n n
L(A, f)y=>"me(l) <D LA, fy=L(a%f)
j=1 j=1

and

U (A, f)= >> U, H=
j=1

@ ®

From equation (7.1), L (A*, f) < U (A*, ). Finaly, combining the inequalities
yields that

L(A, fy<L(A* f)<U (A% f)<U(A,f)
which completes the proof of equation (7.2).

Supposethat A, and A; aretwo subdivisionsof |. Then A = A, UA; is
A, and A . Because A isarefinement of A, , by the

(6)
comparison of lower sums given in equation (7.2), L (A,, f) < L (A, f). Onthe
other hand, from A being arefinement of A, it followsthat

0]
Combining the inequalities with equation (7.1) leads to equation (7.3). m
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*** Acceptableresponsesare: (1) Mj < M, (2m(b—a), Q) M X1, (Xj — Xj-1),
4 er‘zl M;¢ (1), (5) U (A*, f), (6) the common refinement of, and
(MU (A, )y <U(f,A))***

If f isabounded function with domain | = [a,b] and p = @[a, b] isthe
set of al partitions of [a, b], then the Lemmaassuresusthat {L (A, f): A € p}is
bounded above by (b —a)supf (x) and {U (A, f): A € g} isbounded below by

xel
(b—a) in1|‘ f (x). Hence, byethe least upper bound and greatest lower bound prop-
Xe
erties of the reals both syp (A, f): A e p}andinf{U (A, f): A € p}existto
see that they need not be equal, note that—for the bounded fugdiwen in Exam-
ple 7.1-we have that syp (A, Q) : A € o} = 0whileinf{lU (A,Q9): A € p} =
2.

Definition 7.1.11 Supposethat f isafunction on R that isdefined and bounded on
theinterval | = [a,b] and o = @ [a, b] isthe set of all partitions of [a, b]. Then
the upper Riemann integral and the lower Riemann integral are defined by

b b
/ f (x)dx = inf U (P, f) and / f (xX)dx = supL (P, f),
a Pep a Pegp

respectively. Iff_;f xX)dx = f;f (X) dx, then f is Riemann integrable, or just

b
integrable, on |, and the common value of the integral is denoted by / f (x) dx.
a

5+3 ,for x¢Q
Excursion 7.1.12 Let f (x) = .
0 , for xe@Q
For each n € J, let A, denote the subdivision of the interval [1, 2] that con-
sists of n segments of equal length. Yag : n € J} to find an upper bound for
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nn+1)

JZf (x)dx. [Hint: Recall that> f_; k = 5

]

***Corresponding to each A, you needed to find auseful formfor U (Ay, ). Your
work should have led you to a sequence for which the limit existsasn — oo. For

. . . . 1 2 n
n € J, the partition that givesthedesired A, |s[1, 1+ = 1+ e 1+ ﬁ]' Then

g : 5i
An = {11, 12, .oy In} with 1} = [1+ JT’”H and M; = 8+ > leads to
21 5 — 21
U(An, )= > + o Therefore, you should proved that [ f (x) dx < 7.***
It is arather short jJump from Lemma 7.1.9 to upper and lower bounds on the
Riemann integrals. They are given by the next theorem.

Theorem 7.1.13 Suppose that f is g@ed on the interval 1= [a,b] and m <
f(x)<Mforallx € I. Then

b b
m(b—a)g/ f(x)dxg/ f(x)dx<M((b-a). (7.4)
J2 a
Furthermore, if f is Riemann integrable on I, then
b
m(b—a)g/ f(x)dx<M((b—-a). (7.5)
a

Proof. Since equation (7.5), is an immediate consequence of the definition of
the Riemann integral, we will prove only equation (7.4). Let D denote the set of all
subdivisions of theinterval [a, b]. By Lemma 7.1.9, we have that, for A*, A € D,

mb-a)<L(f,A*)<U(f,A)<M(b-a).
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Since A isarbitrary,

m(b—a) <L (f, A% §A|r€1fDU(f,A)

[ f, A M(b-a)i.e
andAIQfDU(, )< M((b-a)i.e,

mb—a) <L (f, A" g/bf(x)dxg M(b—a).

a

Because A* is also arbitrary, m(b—a) < sup L (f,A*) and sup L (f, A*) <
A*eD A*eD

f_;’f x)dx; i.e,

b _
m(b—a)g/ f(x)dxg/bf(x)dx.

Combining the inequalities leads to equation (7.4). m

Before getting into some of the general properties of upper and lower integrals,
we are going to make a dlight transfer to a more general set-up. A re-examination
of the proof of Lemma 7.1.9 reveals that it relied only upon independent application
of properties of ifimums and supremums in conjunction with the fact that, for any

n
partition{Xo, X1, ..., Xn—1, Xn}, Xj —=Xj—1 > 0@and>_ (Xj — Xj—1) = Xn—Xo. Now,
j=1

given any functiorx that is déined and strictly increasing on an interval p], for
any partition? = {a = Xg, X1, ..., Xn—1, Xn = b} of [a, b],

a (P) ={a (@) = a(X0),x (X)), ..., (Xn-1) , & (Xn) = a (D)} C & ([&, b]),

a (Xj) —a (xj—1) > 0 andi (a (Xj) — @ (Xj-1)) = a (b) — a (a). Consequently,
j=1
a (P) is a partition of !

[a@,a®]=({l:1 =[c.dAra(P)cC I},

which is the “smallest” interval that contaiag[a, b]). The casex (t) =t returns
us to the set-up for Riemann sunn the other handy ([a, b]) need not be an
interval because need not be continuous.
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Example7.1.14 Let | = [0,3] and a (t) = t?> + [t]. Thena(l) = [0,1) U
. 1.5_8
[2,5) U[6, 11) U {12}. For the partitionP = [O, -1 -,2, —,3] of I, a (P) =

2’7473
1 41 82 . . . :
0,-,2,—,6,—, 12 is a partition of[0, 12] which containsx (1).
4 16 9
Definition 7.1.15 Given a function f that is bounded andfted on the closed
interval | = [a, b], a functiona that is d¢gined and monotonically increasing on
I, and a partition? = {Xg, X1, ..., Xn—1, Xn} Of | with corresponding subdivision
A, let Mj = supf (x) and my = inf f (x), for I} = [Xj-1, X} ]. Then theupper
Xelj Xelj
Riemann-Stieltjes sum off over a with respect to the partitiorP, denoted by
U(@P, f,a)orU (A, f,a), isdefined by

n
U, f,a) :ZMjAaj
=1

and the lower Riemann-Stieltjes sum of overoa with respect to the partitiorP,
denoted by L (P, f,a) or L (A, f, a), isdefined by

n
LP, f,a)= ij Aaij
j=1
where Aaj = (a (Xj) — a (Xj-1)).
Replacing x; with a (x;j) in the proof of Lemma 7.1.9 and Theorem 7.1.13

yields the analogous results for Riemann-Stieltjes sums.

Lemma 7.1.16 Supposethat f isabounded functionwith domain | = [a, b] and «
isafunction that is defined and monotonically increasingon | . Let P be a partition
of I, M = supf (x),andm = in1|‘ f (X). Then

Xe

xel
m(OC (b) —a (a)) < L (Pa fa OC) < U (Pa fa OC) < M (a (b) —a (a)) (76)
and
L (P, f,a) < L(P*, f,a) <U (P* f,a) <U (P, f,a) (7.7)

for any refinement P* of P. Furthermore, if A, and A, are any two subdivisions
of |, then

L(A,, f,a) <U (A, f,a) (7.8)
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The bounds given by Lemma 7.1.16 with the greatest lower and least upper
bound properties of the reals the following definition.

Definition 7.1.17 Suppose that f is a function on R that is defined and bounded
ontheinterval | = [a,b], o = ¢ [a, b] isthe set of all partitions of [a, b], and
a is a function that is defined and monotonically increasing on |. Then the upper
Riemann-Stieltjes integraland the lower Riemann-Stieltjes integradre defined by

b b
/ f (X)da (x) = inf U (P, f,a) and / f (X)da (X) = supL (P, f,a),
a Pegp a Pegp

respectively. Iff_abf (X)da (X) = f:f (X) da (x), then f is Riemann-Stieltjes in-
tegrable or integrable with respect ta: in the Riemann senseon |, and the

b b
common value of the integral is denoted by / f (X)da (X) or / fda.
a a

Definition 7.1.18 Supposethat o isafunction that is defined and monotonically in-
creasing on the interval k= [a, b]. Then the set of all functions that are integrable
with respect tax in the Riemann sense is denotedbg).

Because the proof is essentialy the same as what was done for the Riemann
upper and lower integrals, we offer the following theorem without proof.

Theorem 7.1.19 Suppose that f is a bounded function with domaia Ja, b], a is
a function that is déned and monotonically increasing on I, andf (x) < M
forallx € I. Then

b b
m(a(b)—a(a))SA fdag/ fda < M (a (b) —a (@)). (7.9

Furthermore, if f is Riemann-Stieltjes integrable on |, then

b
m(a (b) —a () < / f (X)da (X) < M (a (b)—a(a)). (7.10)
a
In elementary Calculus, we restricted our study to Riemann integrals of con-
tinuous functions. Even there we either glossed over the stringent requirement of
needing to check all possible partitions or limited ourselves to functions where some
trick could be used. Depending on how rigorous your course was, some examples of
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finding the integral from the definition might have been based on taking partitions
of equal length and using some summation formulas (like was done in Excursion
7.1.12) or might have made use of a special bounding lemma that applied to x" for
eachn e J.

It is not worth our while to grind out some tedious processes in order to show
that special functions are integrable. Integrability will only be a useful concept if it
IS verifiable with a reasonable amount of effort. Towards this end, we want to seek
some properties of functions that would guarantee integrability.

Theorem 7.1.20 (Integrability Criterion) Suppose that f is a function thatis bounded
on an interval I = [a, b] anda is monotonically increasing on |. Thend % (a)
on | if and only if for every > 0 there exists a partitiorP of | such that

U, f,a)—L(P, f,a) <e. (7.11)

Excursion 7.1.21 Fill in what is missing to complete the following proof.

Proof. Let f be afunction that is bounded on an interval | = [a, b] and o be
monotonically increasing on | .
Suppose that for every € > 0 there exists a partition P of | such that

U@, f,a)—LP, f,a) <e. *)

From the definition of the Riemann-Stieltjes integral and Lemma 7.1.16, we have
that

IA

b
L (P. f.a) s/ f (%) da (x) <
J2 6] @)

It follows immediately from (*) that

b b
0§/ f(x)da(x)—/ f (X)da (X) < e.

Sincee was arbitrary and the upper and lower Riemann Stieltjes integrals are con-
stants, we conclude th#f f (x) da (x) = fabf (X) da (x);i.e.,

©)
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Conversely, suppose that f € R(a) and let ¢ > 0 be given. For p =

@ [a, b] the set of al partitions of [a, b], f;’ f (X)da (X) = 7i)nf U@, f,a) and
€p

f; f X)da (X) = supL (P, f,a). Thus, % > 0 implies that there existsaP; €
Pegp

@ [a,b] suchthat [° f (x)da (x) < U (P1, f,a) < [° f () da (x) + % and there
exists P; € g [a, b] such that [ f (x) da (x) —%

4
Therefore,

b b
f (%) da (%) <%and/ f (x)da (X) = L (Py, f,a) < %

**)

Let P be the common refinement of P, and P,. Lemma 7.1.16, equation (7.7)
applied to (**) yields that

U (P, f,a)—/

a

= —/abf(x)da(x)<%and/abf(x)da(x)— = <%.
Thus
U P, f,a) = L(P, f,a))
_ (u P, f.a) = [° (x)da (x)) +( _ ) <.

|
*** A cceptable responses are: (1) f_abf X)da (), QU (P, f,a), Q) f € R(a),
4 < LP2 f,a) < fab f (X)da (x), (5) U (P, f,a), (6) L (P, f,a), and (7)
2 (0 da (X) = L (P, f,a)***

Theorem 7.1.20 will be useful to us whenever we have away of closing the gap

between functional values on the same intervals. The corollaries give us two “big”
classes of integrable functions.

Corollary 7.1.22 If f isa function that is continuous on the interval | = [a, b],
then f is Riemann-Stieltjes integrable ofa, b].
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Proof. Let o be monotonically increasingon | and f be continuouson | . Sup-
pose that > 0is given. Then there exists gn> 0 such that¢ (b) — a (a)] # < ¢.
By the Uniform Continuity Theorem{ is uniformly continuous ind, b] from
which it follows that there exists@> 0 such that

(Vu) (Vo) [u,v el Alu—o| <= |f(u)— f ()] <e].

LetP = {xo = a, X1, ..., Xn—1, Xn = b} be a partition of §, b] for which meshP <

oand,foreach,j =1,2,...,n,setMj = su f (X)andm; = inf f (X).
h J ) xJ-_lsxpst- () : Xj—1<X<Xj ()

ThenMj —m; < nand

n

UP, f,a)—L(P, f,a) =D (Mj —mj) Aaj <7 D> Aaj =nla(b) —a(@)] <e.

=1 =1
Sincee > 0 was arbitrary, we have that
VMe)(e > 0= @P) (P epla,blAaU (P, f,a)—L (P, f,a) <¢)).

In view of the Integrability Criterion,f € %R (a). Becausex was arbitrary, we
conclude thatf is Riemann-Stieltjes Integrable (with respect to any monotonically
increasing function org, b]). =

Corollary 7.1.23 If f isafunction that ismonotonic ontheinterval | = [a, b] and
a is continuous and monotonically increasingon |, then f € R (a).

Proof. Suppose thaf is a function that is monotonic on the interdai= [a, b]
anda is continuous and monotonically increasinglori-ore > 0 given, letn € J,
be such that

(@ (b)—a@)|f (b) - @] <ne.

Becausex is continuous and monotonically increasing, we can choose a partition
P = {Xo = &, X1, ..., Xn—1, Xn = b} of [a, bl suchthatAaj = (a (Xj) — a (Xj-1)) =

M. If fis monotonically increasing ih, then, foreach € {1, 2, ..., n},
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Mj= sup f(x)=f(xj))andm;=_inf f(x)=f(xj-1)and

Xj -1 <X<X; Xj—1=X=Xj

n
UP, f,a)=L(P, f,a) =D (Mj—mj) Aqg;
i=1

MZ f(xj) = f(xj_1))

n

= O (1 ) - 1 @y <

while f monotonically decreasing yieldsthat M; = f (xj_1), m; = f (x;) and

U (P, f,a) — L (P, f,a)_wz (Xj—1) = f (x}))
_ab)—a(d
N n

(f(@—f(b)) <e.
Since¢ > 0 was arbitrary, we have that
VMe)(e > 0= @P) (P epla,blAaU (P, f,a) =L (P, f,a) <¢)).

In view of the Integrability Criterion, f € R (). m

Corollary 7.1.24 Suppose that f is bounded on [a, b], f has only finitely many
points of discontinuity in I = [a, b], and that the monotonically increasing function
a is continuous at each point of discontinuity of f. Then f € R (a).

Proof. Let ¢ > 0 be given. Suppose that f isbounded on [a, b] and continuous
on [a,b] — E where E = {¢1, (2, ..., ¢k} IS the nonempty finite set of points of
discontinuity of f in[a, b]. Suppose further that o is a monotonically increasing
function on [a, b] that is continuous at each element of E. Because E is finite and
a is continuous at each ¢j € E, we can find k pairwise disoint intervals [uj, vj],
] =1,2,...,k, such that

”'C*

k
],DJ C[a,b] and Z(a(vj)—a(uj))<g*
=1
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for any ¢* > O; furthermore, the intervals can be chosen in such a way that each
point ¢m € E N (a, b) is an element of the interior of the corresponding interval,
[Um, Um] . Let

k

K =[ab] - (uj,0;).

j=1

Then K iscompact and f continuous on K impliesthat f isuniformly continuous
there. Thus, corresponding to ¢* > 0, there existsad > 0 such that

(V) (V) (s,te K Als—t] <d= [f(s)— f (D) <¢&¥).

Now, let P = {xo = a, X1, ..., Xn—1, Xn = b} be a partition of [a, b] satis-
fying the following conditions:

e V) (je{L2, ...k} =>ujePAvjeP),
e (Vi) (j €{1,2, ...k} = (uj,vj) NP =4), and
e (VPp)(VD[(Pe{l2,...,n}Aje{l,2,..,K} AXp_1 # Uj) = AXp < ).

Note that under the conditions establisheg,, = uj implies thatxq = v;j. If

M =sup|f (X)|, Mp = sup f(x)andmp = _inf f (x), then for each
xel Xp-1<X<Xp Xp—1=<X<Xp

P, Mp — mp < 2M. FurthermoreM, — mp < ¢* as long axp_1 # uj. Using
commutativity to regroup the summation according to the available bounds yields
that

UP, f,a)—L(P, f,a) =D (Mj —mj) Aaj < [a(b) —a (@] " +2Me* <&
j=1

& . .
whenevers* < . Sincee > 0 was arbitrary, from the Inte-

oo 2M +[a(b?—a(a)]
grability Criterion we conclude that € R (). =

Remark 7.1.25 The three Corollaries correspond to Theorems 6.8, 6.9, and 6.10
inour text.

As a fairly immediate consequence of Lemma 7.1.16 and the Integrability Cri-
terion we have the following Theorem which is Theorem 6.7 in our text.



7.1. RIEMANN SUMSAND INTEGRABILITY 293

Theorem 7.1.26 Suppose that f is bounded on [a, b] and « is monotonically in-
creasing ofa, b].

(a) If there exists am > 0 and a partitionP* of [a, b] such that equation (7.11)
Is satigied, then equation (7.11) is sgfiexd for every rénementP of P*.

(b) Ifequation (7.11) is sait&ed for the partitior’P = {xg = a, X1, ..., Xn—1, Xn = b}

and, for each j, j=1,2,...,n, s; and t are arbitrary points in[x;j_1, X; ],
then

fS—f Aaj < ¢.
Z|J tj)| A

(c) If f € R(a), equation (7.11) is sajfed for the partition
= {XO =a, X1, ..., Xn—1, Xn = b}

and, for each j, j= 1,2, ..., n, t; is an arbitrary point in[x;_1, X;], then

< €.

b
(tj) Aaj —/a f (X)da (X)

Remark 7.1.27 Recall the following dgnition of Riemann Integrals that you saw
in elementary calculus: Given a function f that isfided on an interval | =
{Xx:a<x<b},the“R”sumforA = {l1, I, ..., In} a subdivision of | is given by

I
S

i

f(&)e())

I\
[

i

where(; is any element ofjl The point; is referred to as a sampling point.
To get the “R” integral we want to take the limit over such sums as the mesh
of the partitions associated withh goes to0. In particular, if the function f

iIs dgined on | = {x:a < x < b} and g [a, b] denotes the set of all partitions
{Xo = a, X1, ..., Xn—1, Xn = b} of the interval I, then f is said to be “R” integrable
over | if and only if

=

j=
f (&) (6 = xj-)

m&ehP[a b]—0 =1
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exists for any choices d@f € [xj_1, xj]|. The limitis called the “R” integral and is

denoted byj: f (x)dx.

Takinga (t) =t in Theorem 7.1.26 jugies that the old concept of an “R”
integrability is equivalent to a Riemann integrability as introduced at the beginning
of this chapter.

The following theorem gives a sufficient condition for the composition of a
function with a Riemann-Stieltjes integrable function to be Riemann-Stieltjes inte-
grable.

Theorem 7.1.28 Suppose f € R(a)on[a,b], m < f < M on|[a,b], ¢ iscon-
tinuous on[m, M], and h(x) = ¢ (f (x)) for x € [a,b]. Then he R (a) on
[a, b].

Excursion 7.1.29 Fill in what is missing in order to complete the proof.

Proof. For f € R(a) on[a,b] suchthat m < f < M onJ[a,b] and ¢ a
continuous function on [m, M], let h (x) = ¢ (f (X)) for x € [a, b]. Suppose that
¢ > Qisgiven. By the , ¢ isuniformly continuous on

@
[m, M]. Hence, thereexistsad > 0 such that 6 < ¢ and

Vs) (V) (s,te[mM M]AIs—tl <= p(S)—@ ()] <e). (*)
Because , thereexisssaP = {xp=4a,X1,...,Xn = b} € p[a,b]
such that ©
U P, f,a)—L (P, f,a) < (5%)
Foreach j € {1,2,..,n}, let Mj = Xj_;sg)p()sxj f(x),mj = xj_fging f (x), le* =
xJ-_lslsJEst-h (x), and mj = Xl__1i Q)f(sxjh (X). From the Trichotomy Law, we know that
A={j:je{l,2.,nA(Mj—mj) <}
and

B={j:je{l2 . .,n}A(Mj—mj) =5}
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aredigoint.
If j € A thenu,v € [Xj—1,X;] = |f (u) = f ()| < 6. It follows from
(%) that ;ie, [h(u)—h(@)| <& Hence, M{ —mj < &. Since
©)
Bc{l2..,j}, () impliesthat

5ZAaj§Z(Mj—mj)Aaj§ < &2

jeB jeB 4

Because 0 < ¢ by choice, we conclude that > Aaj < &. Consequently, for
jeB
K= sup |¢ ()], wehavethat (MJ* — m’!‘) < 2K foreach j € {1,2,...,n} and

m<t<M J

3 (M}“ - m].*) Aa;j < 2K . Combining the bounds yields that
jeB

U (Pa haa) —L (735 ha a)
n

= > (My-m) g
i=1

o> (M;—mT) Aaj+ 3 (M; —m]?‘) Aaj
jeA jeB

< + 2Ke.

©)

Since ¢ > 0 was arhitrary, the Integrability Criterion alows us to conclude that
heX(a) =

*** Acceptable responses are: (1) Uniform Continuity Theorem, (2) f € R (a), (3)
lp (F () = (f @)l <&, (AU (P, f,a)-L (P, f,a),(5) e[a (b) — a (a)]***

7.1.1 Propertiesof Riemann-Stieltjes Integrals

This section offers a list of properties of the various Riemann-Stieltjes integrals.

The first lemma allows us to draw conclusions concerning the upper and lower
Riemann-Stieltjes sums of a constant times a bounded function in relationship to
the upper and lower Riemann-Stieltjes sums of the function.
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Lemma 7.1.30 Suppose that f is a function that is bounded andnéel on the
interval | = [a, b]. For k a nonzero real number and-g kf, we have

k-inff (0 ifk>0 k-supf (x) ,ifk>0
Xe

xel
infg (x) = _ supg (X) = :
k-supf (x) ,ifk <0  xel k-inff(x) ,ifk<0O
xel xel
Proof. We will prove two of the four equalities. For f afunction that is defined
and bounded on the interval | = [a, b] and k a nonzero real number, let g (X) =
Kf (X).
Supposethatk > Oandthat M = supf (x). Then f (x) < M foral x € |

xel
and

g(x) =kf (x) <kMforal xel.

Hence, kM isan upper bound for g (x) ontheinterval | . If kM isnot theleast upper
bound, then there existsan ¢ > O suchthat g (x) < kM — ¢ foral x € I. (Here, ¢
can be taken to be any positive real that islessthan or equal to the distance between
kM and supg (x).) By substitution, we have kf (x) < kM — ¢ forall x € . Since

xel
k is positive, the latter is equivalent to

&
f(x)gM—(E) foral x e |
which contradictsthat M isthe supremum of f over |. Therefore,

supg (X) = kM = ksupf (X).

xel xel

Next, supposethat k < Oandthat M = supf (x). Now, f (x) < M for all
xel

x € | impliesthat g (x) = kf (x) > kM. Hence, kM is alower bound for g (x)
on |. If kKM is not a greatest lower bound, then there exists an ¢ > 0, such that
g(X) > kM + ¢ fordl x € I. But, fromkf (x) > kM + ¢ andk < 0, we conclude
that f (X) < M + (¢/k) for dl x € I. Since ¢/k is negative, M + (¢/k) < M
which gives us a contradiction to M being the sup f (x). Therefore,

xel

infg (x) = kM = ksupf (X).
xel

Xel
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Theorem 7.1.31 (Properties of Upper and Lower Riemann-Stieltjes Integrals)
Suppose that the functions f, f1, and f, are bounded and defined on the closed in-
terval | = [a, b] anda is a function that is déned and monotonically increasing
inl.
K[2f (x)da(x) ,if k>0
(a) If g = kf fork e R— {0}, then [Pgda =
K[2f ) da(x) ,if k<O
B K[Pf (x)da (x) ,if k>0
and [Pgda = .
K[2f () da(x) ,if k<O

(b) Ifh = fy + fo, then
(i) foh (0 da(x) > [2f1(x) da (x) + [; f2 (x) o (x), and
(i) [Ph ) da (0 < [Py (0 da (x) + [P o () da (x).
(c) If f1(x) < fa(x)forall x €I, then
0} f_:fl (X) dat (X) < f_:fz (x) dat (x), and
(i) [2 100 doc (%) < f2 f2 (%) dot ().
(d) Ifa <b < cand f is bounded on*I= {x : a < X < ¢} anda is monotoni-
cally increasing on 1, then
M) Jef (0 da ()= f_ab f () da () + fi f (0 da (), and

(i) [Sf (0 da (x) = [PF (})da () + [T (x)dat (x).
Excursion 7.1.32 Fill in what is missing in order to complete the following proof
of part d(i).

Proof. Supposethat a < b < ¢ and that the function f is bounded in the
interval | * = [a, c]. For any finite real numbers y and 4, let D [y, 4] denote the
set of all subdivisions of theinterval [y, 2]. Supposethat € > Oisgiven. Since

b C
/ f(X)da (X)= sup L(A,f,a)and [ f(X)da(X)= sup L(A, f,a),
Ja_ AeDJ[a,b] Jb AeD[b,c]
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there exists partitions P, and Py, of [a, b] and [b, c], respectively, with correspond-
ing subdivisionsA, and Ay, such that

b c
L (An, f,a)z/ f(x)da(x)—gandL(Am, f,oc)z/ f(x)da(x)—g
Ja_ Jo

For P = P, U Py, let A denote the corresponding subdivision af §]. Then

[ f () dex (%)

>

1)
= L(An, f,a)+L(Am, f,a)
>

(@)
Sincee > 0 was arbitrary, it follows that
[ b c
/ f (X)da (x) 2/ f (X)da (x)+/ f (X)da (X).
Ja_ Ja Jb_

Now, we want to show that the inequality can be reversed. Suppose thdlis
given. Since

C
/ f(X)da (X) = sup L (A, f,a),
Ja_ AeDla,c]
There exists a\" € D [a, c] such that

L(A’, f,a) >/Cf (X)da (X) —¢.

For P’ the partition of p, c] that corresponds ta\’, let P’ = P’ U {b} and A”
denote the regnement ofA’ that corresponds tB”. From

3
L (A/, f,a) <L (A”, f,a).

BecauseA” is the union of a subdivision ofa] b] and a subdivision ofH, c], it
follows from the déinition of the lower Riemann-Stieltjes integrals that

b c
/ f (X)da (X) +/ f (X)da (X) > L (A”, f,oc).
Ja_ Jb_
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Therefore,

b c
/ f (X)da (X) —I—/ f(X)da (X) > L (A”, f,a) >L (A’, f,a) >
Ja_ b

“

Since¢ > 0 was arbitrary, we conclude that
b c c
/ f (X)da (x)+/ f (X)da (X) 2/ f (X)da (X).
Ja_ b Ja_

Inview of the Trichotomy Law, [ f (x) dat (x) > f_abf () da () + fy f () da ()

and [P (x)da 0O+ [£f () da () > [CF (x) da (x) yieldsthe desired result. m
*** A cceptable responsesinclude: (1) L (A, f, a),

2 f;’f (X) da (x)+fkff (X) da (X)—¢, (3) Lemma7.1.16, (4) same as completion
for (2).x** -

Given Riemann-Stieltjes integrable functions, the results of Theorem 7.1.31
translate directly to some of the algebraic properties that are listed in the follow-
ing Theorem.

Theorem 7.1.33 (Algebraic Properties of Riemann-Stieltjes Integrals) Suppose
that the functions f, f1, f, € R () ontheinterval | = [a, b].

(@ Ifg(x) =kf (x)foral x e I,theng € R («) and
b b
/ag(x)doc(x):k/a f (X)da (X).
(b) Ifh= f1 + fo,then f1 + f2 € R () and
b b b
/h(x)da(x):/ fl(x)da(x)+/ f2 (X)da (X) .
(© If f1(x) < fo(x)forall x € I, then

b b
/ f1 () dot (x) < / f2 (X) dot (%) .
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(d) If the function fe R (a) alsoon I = {x : b < x < ¢}, then f is Riemann-
Stieltjes integrable on U | * and

c b C
/f(x)da(x):/ f(x)da(x)+A f (X)da (X).
(e) If[f xX)| < M forx e I, then

b
/ f () da (0| < M [a (0) — & ()] .

(N If f eR(a*)onl,then fe R(a+a*)and
b b b
/fd(a—l—a*):/ f(x)da(x)+/ f (x)da* (X).

(g) If cis any positive real constant, thenef % (ca) and

b b
/ fd(Ca):c/ f (X)da (X).

Remark 7.1.34 Aslong as the integrals exist, the formula given in (d) of the Corol-

lary holds regardless of the location of be., b need not be between a and c.

Remark 7.1.35 Since a point has no dimension (that is, has ler@thve note that
a
/ f (X)da (x) = Ofor any function f.
a

Remark 7.1.36 If we think of the dgénition of the Riemann-Stieltjes integrals as
taking direction into account (for example, Wi]ﬁf (X)da (x) we had a< b and

took the sums over subdivisions as we were going from a to b), then it makes sense

to introduce the convention that

a b
/ f (X)da (X) = —/ f (X)da (X)
b a

for Riemann-Stieltjes integrable functions f.
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The following result follows directly from the observation that corresponding
to each partition of an interval we can derive a partition of any subinterval and vice
versa.

Theorem 7.1.37 (Restrictions of I ntegrable Functions) If the function f is(Rie-
mann) integrable on an interval I, then| - is integrable on F for any subinterval
[ *of I.

Choosing different continuous functions for ¢ in Theorem 7.1.28 in combina
tion with the basic properties of Riemann-Stieltjes integrals allows us to generate
a set of Riemann-Stieltjes integrable functions. For example, bedause= t?,
¢2 () = |t], andgs (t) = yt + 4 for any real constantg and 4, are continuous
onR, if f € % (a) on an interval &, b], then each of f)2, | f|, andy f + 1 will
be Riemann-Stieltjes integrable with respect:ton [a, b]. The proof of the next
theorem makes nice use of this observation.

Theorem 7.1.38 If f € R (a) and g € R (a) on [a, b], then fg € R (a).

Proof. Suppose that € % (o) andg € % (a) on [a, b]. From the Algebraic
Properties of the Riemann-Stieltjes Integral, it follows that+ g) € %R () on
[a,b] and (f — g) € % () on [a, b]. Taking¢ (t) = t2 in Theorem 7.1.28 yields
that(f + g)? and(f — g)? are also Riemann-Stieltjes integrable with respeet to
on [a, b]. Finally, the difference

4fg=(f +9)°>— (f —g)* € R(a) on [a,b]
as claimed.m

Theorem 7.1.39 If f € R (a) on[a, b], then|f| € R (a) and

b b
/ f (x)da (X) s/ If 00] dot ().

Proof. Supposef € %R (a) on[a,b]. Taking¢ (t) = |t| in Theorem 7.1.28
yields that|f| € %R (a) on [a,b]. Choosey = 1, if [ f (x)da (x) > 0 and
y =—=1,if [ f (X)da (x) < 0. Then

b b
/f(x)da(x):y/ f(X)da(x) and yf(x)<|f(x)| forx e [a,Db].
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It follows from Algebraic Properties of the Riemann-Stieltjes Integrals (a) and (c)
that

b b b b
/ f (%) da () =y/ f(x)da(x)=/ yf(x)da(x)s/ If (0] det (%)

|

One glaring absence from our discussion has beenfapegamples ofinding
the integral for integrable functions using thefidgion. Think for a moment or
so about what the dimition requires us tdind: First, we need to determine the
set of all upper Riemann-Stielties sums and the set of all lower Riemann-Stieltjes
sums this is where the subdivisions of the interval over which we are integrating
range over all possibilities. We have no uniformity, no simple interpretation for the
suprema and fima we need, and no systematic way of knowing when we “have
checked enough” subdivisions or sums. On the other hand, whenever we have
general conditions that insure integrability, the uniqueness of the least upper and
greatest lower bounds allows usfiod the value of the integral from considering
wisely selected special subsets of the set of all subdivisions of an interval.

The following result offers a stitient condition under which a Riemann-Stieltjes
integral is obtained as a point evaluation. It makes use of the characteristic function.
Recall that, for a seband A c S, thecharacteristic function ya : S— {0, 1} is
defined by

1 ,if xeA
XA (X) =
0O ,if xeS—A

In the following, x(0,o) denotes the characteristic function wih= R and A =
(0, o0); i.e.,

1 ,if x>0

X(0,00) (X) = :
0 ,if x<0O

Lemma 7.1.40 Supposethat f isbounded on [a, b] and continuous at s € (a, b).
If & (X) = x(0,00) (X —S), then

b
/ f (X)da (X) = f ().
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Proof. For each’P = {xo = a, X1, ..., Xn—1, Xn = b} be an arbitrary partition for
[a, b], thereexistsaj € {1,2,...,n} suchthat s € [Xj_]_, Xj). From the definition
of o, wehavethat o (xx) = Oforeachk € {1, 2, ..., ] — 1} and a (xx) = 1 for each
k e{j,...,n}. Hence,

1 ,if k=]
Aok = a (X)) — o (Xk—1) = ;
0 ,if ke{l,2,...,j—1uU{j+1,..,n}
from which we conclude that
U@P, f,a)= sup fX)adL (P, f,a)= inf f(x).
Xj_1<X<X; Xj—1=X<Xj

Since f iscontinuous at s and (xj — Xj—1) < meshP, sup f(x) > sand
Xj_1§X§Xj

inf  f (xX) > sasmeshP — 0. Therefore, f;’ f(X)da(x)=f(s). m

Xj_j_SXSXj

If the function f is continuous on an interval [a, b], then Lemma 7.1.40 can be
extended to a sequence of pointsin the interval.
Theorem 7.1.41 Suppose the sequence of nonnegative real numbers {cy} 2, is

(o)
such that > ¢, is convergent, {sn}o2; is a sequence of distinct points in (a, b),
n=1

o0
and f isa function that is continuous on [a, b]. If & (X) = 2> Cnx(0,00) (X — Sn),
n=1

then
b 00
/ f () da () =D cnf(sn).
a n=1

Proof. Foru,» € (a,b) suchthatu < o,let§, = {hejJ:a<s <u}and
T,={nel:a<s <v}. Then

OC(U)ZZCnSZCnZOC(U)

neg, neT,

from which we conclude that a is monotonically increasing. Furthermore, a () =
(o)

Oanda (b) = > cy.
n=1
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o0
Let ¢ > O begiven. Since > ¢, is convergent, there exists a positive
n=1
integer K such that

K
where M = sup [f (X)|. Let a1 (X) = 2 Cnx.00) (X — ) and az(X) =
=1

xe[a,b]

o0
Y. Cnx(0,00) (X — &n). It follows from Lemma 7.1.40 that
n=K+1

b K
|1 e0daroo =Y e )
a j=1
while ¢z (b) — a2 (a) < % yields that

< é&.

b
/ f (%) daz (x)

Because a = a1 + a2, we conclude that

< é&.

b K
/ f () da () — D cnf (sn)
a n=1

Sincee > O was arhitrary, fab f(x)da(x)=> 2 1¢nf(sh). =

Theorem 7.1.42 Suppose that is a monotonically increasing function such that
a’ € Ronla,b] and f is areal function that is bounded e b]. Then fe R («)
if and only if fa’ € R. Furthermore,

b

b
/ f (xX)da (x):/ f (xX)a’ (x)dx.

a

Excursion 7.1.43 Fill in what is missing in order to complete the following proof
of Theorem 7.1.42.
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Proof. Supposethat ¢ > Qisgiven. Sincea’ € R on[a, b], by the Integrability
Criterion, there exists apartition P = {Xo, X1, ..., Xn} Of [a, b] such that

U (P,d) - (7.12)

&
< —
M

@

where M = sup|f (x)|. Furthermore, from the Mean-Value Theorem, for each
j €{1,2,...,n} there exists & € [xj_1, Xj] such that

Aaj = :a/(tj) AXj. (7.13)
@)

By Theorem 7.1.26(b) and (7.12), for asiye [Xj—1, %], j € {1,2,...,n}
Z }oc SJ —ao } AXJ <eé. (7.14)

With this set-up, we have that

Z f (Sj) Aaj = Z
=1 =1 3
and
[Z0o0f () Ay — 200 f (s5) o (s5) Axg|
= =201 T (si) o (55) Ax
@
= 2016 [0 () - o' (5)] ax)
< MISIL[@ () -’ ()] Axj| <o
That s,

n

Z (sj) Aaj — Zf (s)) &’ (sj) AX]

< (7.15)
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for any choice of pointssj € [Xj—1,Xj], j =1,2,...,n. Then
n
f(sj) Aaj <U (P, fa') +¢
j=1
and
U, f,a) <U (P, fa') +e.
Equation (7.15) aso allows us to conclude that
U (P, fa) <U (P, fa)+e.
Hence,
U (P, f,a) —U (P, fa')| <. (7.16)

Since P was arbitrary, if followsthat (7.16) holdsfor al P € @ [a, b], the set of all
partitions of [a, b]. Therefore,

b
/fumﬂm—

<eg.

®)
Because ¢ > 0 was arbitrary, we conclude that, for any function f that is bounded
on[a, b],

b

b
/ f (x)da (x):/ f (xX)a’ (x)dx.

a

Equation (7.15) can be used to draw the same conclusion concerning the compara-
ble lower Riemann and Riemann-Stieltjes integrals in order to claim that

b b
/ f (X)da (x) :/ f (xX)a’ (x)dx.

The combined equalities leads to the desired conclusmon.
*** Acceptable responses are: (1JP, o), (2) a (xj)—a (xj—1) (3) f (sj) &’ (tj) AX;
_b * k%
4) Z?:l f (Sj) o’ (tj) Axj, (5) fa f (X)a’ (X)dx.
Recall that our original motivation for introducing the concept of the Riemann
integral was adapting formulas suchAs=1-w,d =r -tandm =d - | to more
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general situations; the Riemann integral allow us to replace one of the “constant
dimensions” with functions that are at least bounded where being considered. The
Riemann-Stieltjes integral allows us to replace both of the “constant dimensions”
with functions. Remark 6.18 on page 132 of our text describes afgpegample
that illustrates tdlexibility that has been obtained.

The last result of this section gives us conditions under which we can transfer
from one Riemann-Stieltjes integral set-up to another one.

Theorem 7.1.44 (Change of Variables) Supposethat ¢ isastrictly increasing con-
tinuous function that maps an intervd\, B] onto[a, b], a is monotonically in-
creasing orfa, b], and f € R (a) on[a, b]. Fory € [A, B], let  (y) = a (¢ (Y))

and g(y) = f (¢ (y)). Then ge R (f) and

B b
/g(y)dﬂ(y)=/ f (%) da ().
A a

Proof. Because ¢ is strictly increasing and continuous, each partition P =
{Xo0, X1, ..., Xn} € g[a,b] if and only if @ = {yo, V1, ..., Yn} € @[A, B] where
xj = ¢ (yj) foreach j € {0,1,...,n}. Since f ([xj—1, Xj]) = g ([yj-1,y;]) for
each j, it follows that

U(Q,0,p)=U(P,f,a) and L(Q,09,8) =L (P, f,a).
The result follows immediately from the Integrability Criterion. m

7.2 Riemann Integralsand Differentiation

When we restrict ourselves to Riemann integrals, we have some nice results that
allow us to make use of our knowledge of derivatives to compute integrals. The
first result is both of general interest and a useful tool for proving some to the
properties that we seek.

Theorem 7.2.1 (M ean-Value Theorem for Integrals) Suppose that f is continu-
ous on I=[a, b]. Then there exists a numb&in | such that

b
/ f(xX)dx= "1 () (b—-a).



308 CHAPTER 7. RIEMANN-STIELTJES INTEGRATION

Proof. Thisresult follows directly from the bounds on integrals given by Theo-
rem 7.1.13 and the Intermediate Value Theorem. Sintecontinuous ond, b, it
is integrable there and, by Theorem 7.1.13,

b
m(b—a)g/ f(X)dx <M (b-—a)

wherem = im: f(x) = miln f (X) = f (xp) forsomexp € | andM = supf (x) =
Xe Xe

b xel
—fa(g (x;)dx is a real number
such thatm < A < M. By the Intermediate Value Theorerh(xp) < A < f (X1)
implies that there exists@e | such thatf () = A. =

The following two theorems are two of the most celebrated results from integral

calculus. They draw a clear and important connection between integral calculus
and differential calculus. Thiérst one makes use of the fact that integrability on an
interval allows us to déne a new function in terms of the integral. Namelyf ifs
Riemann integrable on the interval, [b], then, by the Theorem on Restrictions of
Integrable Functions, we know that it is integrable on every subinterval @] In
particular, for eackx € [a, b], we can consider

maltxf (X) = f(x1) for somex; € I. Now, A =
Xe

X
f:x——>/ f (t)dt.
a

This function is sometimes referred to as the accumulatiof-gdfrobably as
a natural consequence of relating the process of integratifindimg the area be-
tween the graph of a positive function and the real axis. The vartalesed as
the dummy variable becauses the argument of the function. The accumulation
function is precisely the object that will allow us to relate the process of integration
back to differentiation at a point.

Theorem 7.2.2 (The First Fundamental Theorem of Calculus) SQupposethat f e
R on | = [a, b]. Thenthefunction F given by

F(x):/xf(t)dt

is uniformly continuous on [a, b]. If f iscontinuouson I, then F is differentiable
in (a, b) and, for each x € (a, b), F' (x) = f (x).
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Proof. Suppose that u,» € [a, b]. Without loss of generality we can assume
that u < ». Then, from the Algebraic Properties of Riemann-Stieltjes Integrals (d)

and (e),
IF () = F ()] = / f (t)dt

< Mlu-—o]

whereM = sup| f (t)|. Thus,
tel

(Ve>0)(Vu)(Vu)(u,ve | A U= 0 <5=%=>|F(o)—F(u)| <g);i.e.,

F is uniformly continuous or.

For the second part, supposés continuous ond, b] andx € (a, b). Then
there exist®; such thaf{x + h : |h| < 61} c (a, b). Sincef is continuous it is in-
tegrable on every subinterval bf for |h| < J1, we have that each q§+h f (t)dt,

X £ (tydt, and [T  (t) dt exists and

X

/ax+hf(t)dt:/axf(t)dt+/xx+hf(t)dt.

Consequently, for anly, with |h| < 01, we have that

x+h
F(x+h)—F(x):/ f (t)dt.

By the Mean-Value Theorem for Integrals, there exigtsvith |x — &,| < d1 such
that

X+h
/ f(t)dt=f (&) -h.

Hence, forlh| < 1,

F(xX+h) —F(®)
h
where|x — &| < d1. Now, suppose that > 0 is given. Sincef is continuous

at x, there exists @, > 0 such tha{f (w) — f (X)| < € whenevelqw — x| < d.
Choos&) = min{d1, d2}. Then, forlh| < J, we have

F(x+h-FX
h

= f (n)

— 0 =1f ) — X <e
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Since e > 0 was arbitrary, we conclude that

lim F(xX+h)y—F(x)
h—0 h

=fX);ie,
F'(x) = f (x). Sincex € (a, b) wasarbitrary, we conclude that F is differentiable
on theopeninterva (a, b). m

Theorem 7.2.3 (The Second Fundamental Theorem of Calculus) If f € % on
| = [a, b] and there exists a function F that is differentiable[anb] with F' = f
, then

b
/ f(t)dt=F (b)— F ().

Excursion 7.2.4 Fill in what is missing in order to complete the following proof.

Proof. Supposethat ¢ > Oisgiven. For f € R, by the , We can

o)
choose a partition P = {xo, X1, ..., Xn} Of [a,b] suchthat U (P, f) — L (P, f) <
¢. By the Mean-Value Theorem, for each € {1, 2, ...,n} there is a point; e
[Xj-1, Xj] such that

F(xj) = F (xj-1) = F'(t;) Axj =

@)
Hence,

D () ax =

j=1 (©)

n b
On the other hand, from Theorem 7.1.26(}2 f(tj) Ax; — [ f () dx| < e.
i= a

j=1

Therefore,
b

—/ f (x)dx
()

a

< €.

Sincee > 0 was arbitraryJ:,j‘b f)dt=F((b)—F(@). =
*** Acceptable responses are: (1) Integrability Criterion,f(:@j) AXj, B)F (b)—
F (a).***
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Remark 7.2.5 The statement of the First Fundamental Theorem of Calculusdiffers
from the one that you had in elementary Calculus. If instead of taking f to be
integrablein | = [a, b], wetake f to beintegrable on an open interval containing
I, we can claimthat G (x) = f; f (t) dt is differentiable on [a, b] with G’ (x) =
f (x) on[a, b]. This enables us to offer a slightly different proof for the Second
Fundamental Theorem of Calculus. Namely, it followsthat if F isany antiderivative
for f then F — G = c for some constant ¢ and we have that

b
F(b)—F(a):[G(b)-l—c]—[G(a)-l—c]=[G(b)—G(a)]=/ f (t)dt.

a

Remark 7.2.6 The Fundamental Theorems of Calculus give us a circumstance un-

der whichfinding the integral of a function is equivalentfading a primitive or
antiderivative of a function. When f is a continuous function, we conclude that it
has a primitive and denote the set of all primitives/by (x) dx; tofind the d@nite

integral fab f (x) dx, wefind any primitive of f, F, and we conclude that
b
/ f(x)dx=Fx)[2=F () -F@).
a

7.2.1 Some Methodsof Integration

We illustrate with two methods, namely substitution and integration-by-parts. The
theoretical foundation for the method of substitution is given by Theorem 7.1.42
and the Change of Variables Theorem.

Theorem 7.2.7 Suppose that the function f iscontinuous on a segment |, the func-

: u . : : .
tions u and—x are continuous on a segment J, and the range of u is contained in
I.Ifa,be J, then

b u(b)
/ f(u(x))u’(x)dx:/ f (u)du.
a u(a)

Proof. By the First Fundamental Theorem of Calculus, for each ¢ € I, the
function

F(u):/uf(t)dt
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is differentiable with F’ (u) = f (u) for u € | with c < u. By the Chain
Rule, if G(x) = F (u(x)), then G’ (x) = F'(u(x))u (x). Hence, G’ (x) =
f (u(X)) U (x). Also, G’ is continuous from the continuity of f, u, and u’. It fol-
lows from the Second Fundamental Theorem of Calculus and thaitde of G
that

b b
/ f(u(x))u’(x)dx:/ G X)dx=G((b)—G(@ =F (u(b)—F u(@).

a

From the dénition of F, we conclude that

u(b) u(a) u(b)
F(u(b))—F(u(a)):/ f(t)dt—/ f(t)dt:/ f (t)dt.
c c u(a)

The theorem follows from the transitivity of equam.

Example 7.2.8 Use of the Substitution Method of Integration to find

/0”/4 cos (St + %) sin (St + %) dt

(@) Takeu = cos(3t + %)

(b) Takeu = cos’ (3t + %)

The other common method of integration with which we should all be familiar
is known as Integratioby Parts The IBP identity is given by

/udv=ua—/vdu
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for u and o differentiable and follows from observing that d (uo) = udo + »du,
which is the product rule in differential notation. This enables us to tackle in-
tegrands that “are products of functions not related by differentiation” and some
special integrands, such as the inverse trig functions.

Example 7.2.9 Examples of the use of the Integration-by-Parts method of integra-
tion.

1. Find [ x3- V1 — x2dx.

2. Find [ arctan (x) dx
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3. Find [ € sin(3x) dx

7.2.2 TheNatural Logarithm Function

The Fundamental Theorems enable us to find integrals by looking for antideriva-
tives. The formulgx™)’ = nx"~1 for n an integer leads us to conclude tﬁaxi(dx =

% + C for any constan€ as long ak+ 1 # 0. So we can’t use a simple formula

to determine
b1
/ —dx,
a X

though we know that it exists for arfinite closed interval that does not contain O
becausex~! is continuous in any such interval. This motivates us to introduce a
notation for a simple form of this integral.

Definition 7.2.10 The natural logarithm function, denoted by In , isdefined by the
formula

X
In X =/ %dt,for every x > 0.
1

As fairly immediate consequences of théid#ion, we have the following Prop-
erties of the Natural Logarithm Function. Lét(x) = Inx for x > 0 and suppose
thata andb are positive real numbers. Then, the following properties hold:

1. In(ab) =In(a) + In (b),
2. In(a/b) =In(@) — In (b),
3. In(1) =0,
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4. In@") =r -In(a) for every rationa numberr,
1
5 f'(x) ==,
)=

6. f isincreasing and continuouson | = {x : 0 < X < +oc},

~N

1
- <1In(2) < 1,

oo

.In X — +o0asx = 400,
9. In X — —oc0asx — 0F, and

10. therangeof f isall of R.

Remark 7.2.11 Once we have property (6), the Inverse Function Theorem guaran-
tees the existence of an inverse functionlfor. This leads us back to the function
e,

7.3 Integration of Vector-Valued Functions

Building on the way that limits, continuity, and differentiability from single-valued
functions translated to vector-valued functions, wérde Riemann-Stieltjes inte-
grability of vector-valued functions by assignment of that property to the coordi-
nates.

Definition 7.3.1 Given a vector-valued (n-valued) functiom = (fq, fo, ..., fp)
from [a, b] into R" where the real-valued functions, ff,, ..., f, are bounded on
the interval | = [a, b] and a functiorn that is dg¢ined and monotonically increas-
ing on 1,fis Riemann-Stieltjes integrable with respecton |, writtenf € R (a),
ifandonly if (vj) (j €{1,2,..,n} = fj € R (a)). Inthiscase,

b b b b
/f(x)d“(x)dff (/ fl(x)da(x),/ fz(x)da(x),...,/ fn(x)da(x)).

Because of the nature of the definition, any results for Riemann-Stieltjes inte-
grals that involved “simple algebraic evaluations” can be translated to the vector-
valued case.
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Theorem 7.3.2 Suppose that the vector-valued functidnand g are Riemann-
Stieltjes integrable with respect toon the interval 1= [a, b].

(a) If k is areal constant, thenflke % («) on | and
b b
/ kf(x)da(x):k/ f(X)da (X).
(b) Ifh =f+ g, thenh € R (a) and
b b b
/ h (x) da (X) :/ f (X) da (x)+/ g (x)da (X).

(c) If the function fe R (a) alsoon I* = {x : b < x < ¢}, then f is Riemann-
Stieltjes integrable with respect éoon | U | * and

c b c
/e‘f(x)da(x)z/ f(x)da(x)+[) f(x)da (X).

a

(d) Iff e X(a*)on 1, thenf € R(a + a*) and

b b b
/fd(a—l—a*):/ f(x)da(x)+/ f (x)da* (X).

a

(e) If cis any positive real constant, thée % (ca) and
b b
/ fd (ca) =C/ f(X)da (X).
a a

Theorem 7.3.3 Suppose that is a monotonically increasing function such that
a’ € R on[a,b] andf is a vector-valued function that is bounded [@nb]. Then
f € R (a) if and only iffa’ € R. Furthermore,

b b
/f(x)da(x):/ f(x)a’ (x)dx.

a

Theorem 7.3.4 Suppose thdt= (fq1, f, ..., fy) e Ron | =[a,b].
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(&) Then the vector-valued functiéngiven by

F(x) = (/X fl(t)dt,/x fz(t)dt,...,/x fn(t)dt) forx e |

is continuous offia, b]. Furthermore, iff is continuous on I, ther is differ-
entiable in(a, b) and, for each xe (a, b), F' (x) =f(x) =
(f1 (), f2(x), ..., fn (X)).

(b) If there exists a vector-valued functi@on | that is differentiable there with
G’ =f,then

b
/ ft)dt=G(b)—G (a).

On the other hand, any of the results for Riemann-Stieltjes integrals of real-
valued functions that involved inequalities require independent consideration for
formulations that might apply to the vector-valued situatiarile we will not
pursue the possibilities here, sometimes other geometric conditions can lead to
analogous results. The one place where we do have an almost immediate carry
over is with Theorem 7.1.39 because the inequality involved the absolute value
which generalizes naturally to an inequality in terms of the Euclidean metric. The
generalization—natural as it is—still requires proof.

Theorem 7.3.5 Supposethat f : [a,b] - R"andf € R («) on [a, b] for some «
that is defined and monotonically increasing on [a, b]. Then |f| € R (a) and

b b
/f(x)da (%) §/ If (X)]da (X) . (7.17)

Excursion 7.3.6 Fill inwhat ismissing in order to complete the following proof.

Proof. Suppose thadt= (f1, fo, ..., fn) € R(a) onl = [a, b]. Then

1001 =/ 1200 + 200 +... + T2(x) = Oforx e | (7.18)

and, becausé is on |, there existsM > 0 such thatf (I)|] =
€8]
{If()l:xel} c [0,M]. Since(Vj)(j €{1,2,...,n}= fj € %R (a)) and the
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function ¢ (t) = t2 is continuous on R, by ,

2
v])) (j e{l,2,.,n}= 1‘2 € St(oc)) From Algebraic Property (b) of the Riemann-
Stieltjes mtegral f2(x) + f2(x) + ..+ f2(x) € m(a) Taking¢* (t) = /1 for
t > 0in Theorem 7.1.28 yields th#f

()
Since (7.17) is certainly safised if f, we assume that# 0. For each

j €(L,2,...,n}, letw; = [2 f; (x)da (x) and setv = [P f (x) da (x). Then

n n b b n
|W|2:ij2:ij/ fj (t) do (t):/ (ij fi (t))da (t).
i=1 =1 e * \i=t
From Schwarz’s inequality,

Zw, fit)y<__ If) fort e[a,b]. (7.19)

@

Now Z?:le fj (t) and|w] |f (t)| are real-valued functions dm, b] that are in
R (o). From (7.19) and Algebraic Property (c) of Riemann-Stieltjes integrals, it
follows that

b/ n b b
wi? = | (ij f (t))da(t)s/ WiIf Ol da @) = ol [ 1FO1der 0.
a \|=1 a a

Becausew # O, (w2 < |w| [P [f ()| da (t) implies thatjw| < [ [f (t)| da (1)
which is equivalent to equation 7.17&

*** Acceptable responses are: (1) bounded, (2) Theorem 7.1.28, ), (4)
|W|.***

7.3.1 Rectifiable Curves

As an application of Riemann-Stieltjes integration on vector-valued functions we
can prove a result that you assumed when you took elementary vector calculus.
Recall the following dénition.

Definition 7.3.7 A continuous function y froman interval [a, b] into R" is called
acurveinR" or acurveon[a, b] inR"; if y isone-to-one, thery is called anarc,
andify (a) = (p), theny is aclosed curve.
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Remark 7.3.8 In the dé¢inition of curve, we want to think of the curve as the actual
mapping because the associated set of poinf&"iris not uniquely determined by
a particular mapping. As a simple exampjg,(t) = (t,t) andyz (t) = (t, t2) are
two different mappings that give the same associated subBe&t of

Givenacurve y on [a, b], for any partition of [a, b],

P = {XO = aa Xla L) Xm—ls Xm = b}

AP, y) =Zm)|y (xj) =7 (xj-1)]-

=1

Then A (P, y) isthe length of apolygonal path having vertices

y (X0),y (X1), ...,y (Xm) which, if conditions are right, gives an approximation
for the length of the curve y. For g [a, b] the set of al partitions of [a, b], it is
reasonabl e to define the length of acurve y as

Aly)= sup AP,y);
Pepla,b]

iIf A(y) < oo, theny issaidto berectifiable.

In various applications of mathematics integrating over curves becomes impor-
tant. For this reason, we would like to have conditions under which we can deter-
mine when a given curve is refiible. We close this chapter with a theorem that
tells us a condition under which Riemann integration can be used to determine the
length of a rectiable curve.

Theorem 7.3.9 Suppose that y isa curveon [a,b] inR". If y’ is continuous on
[a, b], then y isrectifiable and

b
A(y)=/ 1y’ )] dt.

Proof. Suppose that is a curve ond, b]in R" such that’ is continuous. From
the Fundamental Theorem of Calculus and Theorem 7.1.3pPx{oi, x;| C [a, b],

Xj Xj
/ y’ (t)dt g/ |7 ()] dt.
Xj—1 Xj—1

v (%)) =7 (xj-2)| =
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Hence, for any partition of [a, b], P = {Xxo0 = a, X1, ..., Xm=1, Xm = b},
b
NGRS s/ ' @] dt

a
from which it follows that

b

AG) = [l o] e (7.20)
a

Let ¢ > 0 be given. By the Uniform Continuity Theorem, y’ is uniformly
continuous on [a, b]. Hence, there existsa ¢ > 0 such that

Is—tl<o= [y (s—y V)| < (7.21)

&
2(b—a)’

Choose P = {Xo = a, X1, ..., Xm—1, Xm = b} € g [a, b] be such that mesh’? < ¢.
It follows from (7.21) and the (other) triangular inequality that

te[X—Lx]= |y O <y (x)|+ Z(bL—a)'
Thus,
o Oldt < [y (x)] Ax; +ﬁ“i
2+ () =y O] di| + 2(b8— 2
< X’jﬂly’(t)dt‘ + |y [y () = V’(t)]dt) + 2(b—a)AXj
= Iy () =7 (xj-1)] +2(2(b8— a)AXj)
= |y (%) =7 (xj-9) [+ (bia)AXj'
Summing the inequalitiesfor j = 1,2, .. myields that
/ab|y’(t)|dt <AP,y)+e. (7.22)

Sincee > 0 was arbitrary, we conclude that f;’ |y ] dt < AP, ).

Combining the inequalities (7.20) and (7.21) leads to the desired conclu-
sion. m
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7.4 Problem Sat G

1.

Let f (x) = X%, g(x) = [2x], and, for n e J, P, denote the partition of
[0, 2] that subdivides the interval into n subintervals of equal length. Find
each of the following.

@ U (P3, 1)

(b) U (Ps, 0)

(€) L (Ps, f)

(d) L (Ps, 0)

For f(x) = 2x24+ 1, a(t) = t + |3t] and A the subdivision of [0, 1]
consisting of 4 subintervalsof equal length, findU (A, f,a)and L (A, f, a).

For f (x) = 3xin [—%,1}, a®) =t,andP = [—} —},O,},ll, find

2" 472
U@, f,a)andL (P, f, a).

Suppose that the function f in bounded on theinterval [a, b] and g = kf for
afixed negative real number k. Prove that supg (X) = kim: f (x).
Xe

xel

Suppose that the function f inbounded ontheinterval | = [a, b] and g = kf
for afixed negative integer k. Show that

/abg (X)dx = kff (X) dx.

Suppose that the functions f, f;, and f, are bounded and defined on the
closed interval | = [a, b] and « is afunction that is defined and monotoni-
cally increasing in . Prove each of the following:

(8) Ith = fi+fz, then [Ph (x) da (x) > [2 f1 (x) da (X)+ J f2 (x) dot (X)

(b) Ifh = f1+4f, thenf_abh (X)da (X) < f_abfl (X) da (x)—l—f_ab f2 (X) da (X)
(c) If fr(x) < fa(x)forallx e I,thenf_;’fl (X)da (xX) < f_abfz (X) da (X)

(d) If f.(x) < f2(x)forallx e 1, then [P 1 (x) da () < [P 2 (x) dat ().
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(e)Ifa <b<cand fisboundedon I* = {x:a<x<c}ada is
monotonically increasing on | *, then

—c ) —c
/f(x)da(x):/ f(x)da(x)—l—A f (X)da (X).

7. Suppose that f is abounded functionon | = [a,b]. Let M = supf (x),

xel
m=inf f (x), M* =sup|f (X)|,and m* = inf | f (X)].
xel xel Xel

(@ Showthat M* —m* < M —m.
(b) If f and g are nonnegative bounded functionson I, N = supg (x), and
|
n= im:g(x), show that .
Xe

sup (fg) (x) — inf (fg) (x) < MN —mn

xel

8. Supposethat f isbounded and Riemann integrableon | = [a, b].

(@) Provethat | f|isRiemannintegrableon |.
(b) Show that fabf(x)dx‘ < [P1f (01dx.

9. Supposethat f and g are nonnegative, bounded and Riemann integrable on
| =[a,b]. Provethat fgisRiemannintegrableon |.

i : .
10. LetA:[%.n,je.,]]/\J <2”/\2J(j}and

o Jif xe A
f(xX)=

0 ,if xe[0,1]—A
Is f Riemannintegrableon [0, 1]. Carefully state and prove your conclusion.

11. Let f (x) = x? and « (t) = |3t] where |..] denotes the greatest integer
function.
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o
(@) For the partition P = {Xj = ?J 1] =0,1,2, 3] with associated sub-

division A = {l4, I2, I3}, findU (P, f, a).
2 2] .

(b) IfP* = [uj - 13 j=o0, 1,2}U{uj+2= S+ 1=123456
and A* denotes the associated subdivision@f2], thenP* is a re-
finement ofP. For eachk € {1,2,3}, let A (k) be the subdivision
of Ik consisting of the elements &* that are contained ih,. Find

L(A(Q2)), f,a).

Fora < b, letC ([a, b]) denote the set of real-valued functions that are con-
tinuous on the interval = [a, b]. For f, g € C ([a, b]), set

b
d(t9) = [ 1100-g00lox

Prove thatC ([a, b]), d) is a metric space.

If f is monotonically increasing on an intervial= [a, b], prove thatf is
Riemann integrable. Hint: Appeal to the Integrability Criterion.

n
For nonzero real constards c, ..., Cn, let f (x) = ch X)X+ 0,
j=1
where|-| denotes the greatest integer function andenotes the character-
istic function onR. Is f Riemann integrable oRR? Carefully justify the

position takenif yes, find the value of the integral.

Prove that if a functiori is “R” integrable (see Remark 7.1.27) on the interval
| =[a,b], thenf is Riemann integrable oh

Suppose that andg are functions that are positive and continuous on an
interval | = [a, b]. Prove that there is a numbgre | such that

b b
/ f(x)g(x)dx=f(¢)/ g (x) dx.

Fora < b, letl = [a, b]. If the function f is continuous orl — {c}, for a
fixedc € (a, b), and bounded oh, prove thatf is Riemann integrable oh
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Supposethat f inintegrableon | = [a, b] and
@AM EAM)(M>0AM>0AWX)(Xel =>m< f(xX) <M)).

Prove eRonl.

1
f (X)
For f (x) = x2 4 2x, verify the Mean-Value Theorem for integrals in the
interval [, 4].
sinx

3
Fmdl/‘d§+”dt
1

eXZ

Forx > 0, letG (x) = / sin’ 3t dt. Make use of the First Fundamental
JX

Theorem of Calculus and the Chain Ruleftod G’ (x). Show your work

carefully.

Suppose that € % andg € % on| = [a, b]. Then each off2, g2, and fg
are Riemann integrable dn Prove the Cauchy-Schwarz inequality:

b 2 b b
(/ f(x)g(x)dx) g(/ fz(x)dx)(/ gz(x)dx).

[Note that, fora = fab f2(x)dx, g = fab f (x)g(x)dx,andy = f: g2 (x) dx,
a?x + 2px + y is nonnegative for all real numbexg

dt .
Forf (x) =Inx = flx e for x > 0 anda andb positive real numbers, prove
each of the following.

(@) In(ab) =In (@) + In (b),
(b) In(a/b) =In(a) —In(b),
() In@") =r -In(a) for every rational numbar,
1
(d () =<,
(e) f isincreasing and continuous on= {x : 0 < X < 400}, and

0 3<h@<1



