Chapter 8

Sequences and Series of Functions

Given aset A, asequence of elements of Aisafunction F : J — A; rather than
using the notation F (n) for the elements that have been selected from A, since the
domain isaways the natural numbers, we use the notational convention a, = F (n)
and denote sequences in any of the following forms:

{an}tpe1 {8n}neg » or a1, ag, ag, &, -....

Given any sequence {ck} - ; of elements of aset A, we have an associated sequence
of nth partial sums

n

{sntpey wheres, = > o
k=1

the symbol >/, ck is called a series (or infinite series). Because the function

g (X) = x — lisaoneto-one correspondence frafninto JuU {0}, i.e.,g : J =

JUu {0}, a sequence could have beerfided as a function ofiu {0}. In our dis-
cussion of series, the symbolic descriptions of the sequenceth giartial sums
usually will be generated from a sequence for whichfirgt subscript is 0. The
notation always makes the indexing clear, when such fpiggiis needed.

Thus far, our discussion has focused on sequences and series of complex (and

real) numbersi.e., we have taked = C and A = R. In this chapter, we tak@ to
be the set of complex (and real) functions@randR).
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326 CHAPTER 8. SEQUENCESAND SERIES OF FUNCTIONS

8.1 Pointwise and Uniform Convergence

The first important thing to note is that we will have different types of convergence

to consider because we have “more variables.” Thefrst relates back to numerical
sequences and series. We start with an example for which the work was done in
Chapter 4.

Example8.1.1 For eachn € J, let f, (z2) = z" where z € C. We can use results
obtained earlier to draw some conclusions about the convergence of { f,, (2)}72,. In
Lemma 4.4.2, we showed that, for any fixed complex number zg such that |zp] < 1,

nIi_)m z5 = 0. In particular, we showed that for g, 0 < [z9| < 1, if & > 0O, then
o0

taking

1 , fore>1

M =M (e, 20) = In (&)
LnleI

-‘ , fore <1

yields that |25 — 0| < & for all n > M. When zp = 0, we have the constant
sequence. In offering this version of the statement of what we showed, | made a
“not so subtle” change in formatnamely, | wrote the former Nk) and M (¢, zp).
The change was to stress that our discussion was tied tix&eé point. In terms
of our sequencd fn (2)}o2,, we can say that for eacfixed point g € Q =
{ze C:|z|] <1}, {fn(20)};2, is convergent td. This gets us to some new termi-
nology: For this example, if {z) = Ofor all z € C, then we say thatf, (z0)}2;

is pointwise convergent to f on Q.

It is very important to keep in mind that our argument for convergence at each
fixed point made clear and definite use of the fact that we had a point for which a
known moduluswas used in finding an M (g, zp). Itisnatural to ask if the pointwise
dependence was necessary. We will see that the answer depends on the nature of
the sequence. For the sequence given in Example 8.1.1, the best that we will be
able to claim over the set Q is pointwise convergence. The associated sequence of
nth partial sums for the functions in the previous example give us an example of a
sequence of functions for which the pointwise limit is not a constant.

Example8.1.2 For a # 0 and each ke JU{0}, let f (z) = aZ where ze C.
In Chapter 4, our proof of the Convergence Properties of the Geometric Series
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Theorem showed that the associated sequence of nth partial sums {s, (2)}2, was
given by

_ Zn+1)

s@=> k@= Zaz —
k=0

In view of Example 8.1.1, Wesea?that for eachfixedzgp € Q = {ze C:|z| < 1},
{Sn (Z0)} 1 is convergent to 1 . Thus, {sn (2)}2 is pointwise convergent on

Q. In terminology that is soon to be introduced, we more commonly say that “the
seriesy roaz is pointwise convergent ai.”

Our long term goal is to have an alternative way of looking at functions. In par-
ticular, we want a view that would give promise of transmission of nice properties,
like continuity and differentiability. The following examples show that pointwise
convergence proves to be infiafent.

Example8.1.3 For eachn € J, let f, (2) = 1% where z € C. For each fixed

Z we can use our properties of limits to find the pointwise limit of the sequences
of functions. If z = 0, then { f, (0)}2; converges to 0 as a constant sequence of
zeroes. If zisa fixed nonzero complex number, then

n%z . z z

||m—=||m = - =1.
n—ool 4+ n2z n—oo 1 Z

1 ,for zeC—-{0}
Therefore, f, — f where f (2) =
0 ,for z=0

Remark 8.1.4 From Theorem 4.4.3(c) or Theorem 3.20(d) of our text, we know

n 1
h R, impliesthat lim ——— = 0. Letti =
that p > Oand a € ,|mp|$tatn|_>moo(1+p)n 0. Letting ¢ 11 p

for

p > O leadsto the observation that

lim n*¢" = (8.1)

n—oo

whenever 0 < ¢ < l1andfor any a € R. Thisis the form of the statement that
Is used by the author of our text in Example 7.6 where a sequence of functions for
which the integral of the pointwise limit differs from the limit of the integrals of the
functions in the sequenceis given.
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Example 8.1.5 (7.6 in our text) Consider the sequence{ f} 2 ; of real-valued func-
tions on the interval I= [0, 1] that is given by £ (x) = nx (1 —x?)" forn € J.
For fixed x € | — {0}, takinga = land¢ = (1—x?) in (8.1) yields that
n(l—xz)n —> 0as n— oo. Hence, § _%} 0. Because {(0) = 0 for all

n e J, we see that foreach % |,
. . _ 2 n

In contrast to having the Riemann integral of the limit function over | b&nge
have that

. 1 . n 1
lim / fn(X) dx= lim =—.
n—oo /o n—oo2n + 2 2

Note that, sincex in Equation 88.1) can be any real number, the sequence of real
functions g (x) = nx (1 — x2) for n € J converges pointwise t@on | with

1 n2
X) dx = asn )
/Ogn() 2n+2%oo — 00

This motivates the search for a stronger sense of convergence; namely, uniform
convergence of a sequence (and, in turn, of a series) of functions. Remember that
our application of the term “uniform” to continuity required much nicer behavior
of the function than continuity at points. We will make the analogous shift in going
from pointwise convergence to uniform convergence.

Definition 8.1.6 A sequence of complex functions { fn};2; converges pointwise to
afunction f on asubset Q of C, written f, — f or f, —3 f,ifand only if the
pAS

sequence { fn (Z0)}pe; — T (20) for each zp € Q; i.e,, for each z5 € Q
(Ve > 0) @M = M (¢, 20) € J) (N > M (€, 20) = | (20) — T (20)] < &).

Definition 8.1.7 A sequence of complex functions { f} converges uniformly to f
on a subset Q of C, written f, = f,if and only if

Me>0 @AM =M(@E)MeJA@N)(V2)(n>MAzZze Q= | (2 — f (2] <¢)).
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Remark 8.1.8 Uniform convergence implies pointwise convergence. Given a se-
guence of functions, the only candidate for the uniform limit is the pointwise limit.

Example8.1.9 The sequence considered in Example 8.1.1 exhibits the stronger
sense of convergence if we restrict ourselves to compact subsets of
Q ={zeC:|zl <1}. Foreachne ], let f,(2) = z" where ze C. Then
{fn (2)}72 is uniformly convergent to the constant functiorizf = 0 on any com-
pact subset of).
Suppose Kc Q is compact. From the Heine-Borel Theorem, we know that
K is closed and bounded. Hence, there exists a positive real number r such that
r<land(vz)(ze K= |zl <r). LetQ ={ze C:|z] <r}. Fore > 0, let

1 , fore>1

"In(a)"‘ , for.s<1'

Inr

M=M @)=

In
Thenn> M = n > n(f)
r" < ¢ and it follows that

= ninr < In(¢) becaus® < r < 1. Consequently,

1fh(@—0=|2"=1z2"<r" <e.

Sincee > 0 was arbitrary, we conclude that,f= f. Because Kc Q;, f, = f
Qr K
as claimed.

Excursion 8.1.10 When we restrict ourselves to consideration of uniformly con-
vergent sequences of real-valued function®Roihe dgnition links up nicely to a

graphical representation. Namely, suppose that=ft f. Then corresponding to
[a,b]

anye > 0, there exists a positive integer M such thatrM = | f, (X) — f (X)| <

¢ for all x € [a, b]. Because we have real-valued functions on the interval, the in-

equality translates to
fX)—e< fu(X) < f(X)+eforallx e [a,b]. (8.2

Label the followingfigure to illustrate what is described in (8.2) and illustrate the
implication for any of the functions, vhen n> M.
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Remark 8.1.11 The negation of the definition offers us one way to prove that a
sequence of functions is not uniformly continuous. Given a sequence of functions
{ fn} that are defined on a subset Q of C, the convergence of { f,} to afunction f on
Q isnot uniformif and only if

e > 0)(YM)[M € J =
@n) (Jzm,) (N> M Azm, € QA | fn (zm,) = f (zmy)] = €)1

[©.9]

- 1 L
Example 8.1.12 Use the definition to show that the sequence e is point-

wise convergent, but not uniformly convergent, to the functigr) f= 0 on Q =
{ze C:0<|z| < 1}.
Suppose thatgzis afixed element o2. Fore > 0, let M = M (e, z9) =

1 1 1
{ —‘ Thenn> M = n > = < ¢ becausdzp| > 0. Hence,
|zol & |zole  nzol

1 1
——o‘_
nz

0.9]

. . 1 :
Sinces > 0was arbitrary, we conclude th%t—} is convergent t® for each

[0.9]

1 . o
Zp € Q. Therefore,[n—Z] IS pointwise convergent df.
n=1

1 1
On the other hand, let = > and for each ne J, setz = PR Then
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Zn € Q al'ld

1

1 1
Ol=|——— =14+ - >c¢.
Nzn 1 n
n
n+1
o

1 : :
Hence, [ — } is not uniformly convergent on Q.
n=1

e}
Example 8.1.13 Prove that the sequence [m] converges uniformly for
n=1

1
|z| > 2and doesnot convergeuniformlyinQ* ={ze C: |z] < 2}—{—5 ‘ne J].

1
Lt Q={zeC: |zl > 2} and, for eachn e ], let f, (2) = Tonz From
the limit properties of sequences, { f, ()}, ; is pointwise convergent on C to
0 ,for zeC—-{0}

f(2) = {
1 ,for z=0

Thus, the pointwise limit of { f, (2)},2; on Q isthe constant function 0. For ¢ > O,

1/1 ] 1/1
letM =M =|(=({-4+1)]|. Th M —-+1 e —
(¢) ’72(5—'_) enn > =>n>2(8+):>2n_1<
¢ becausen > 1. Furthermore, |z] > 2= nj|z| >2n=n|z]—-1>2n—-1> 0.
Hence, |z| >2AN> M =

1
1+ nz

1 1 1
< < < <
“Inlzl—-1] T njzl—-1" 2n-1

Because ¢ > O was arbitrary, we conclude that f, = 0.
Q

€.

|fn(2)—0|=‘

1
On the other hand, let ¢ = > and, corresponding to each n € J, set
1
In = ﬁ Then Zn € Q* and

1
| fn (Zn) = O = |———| =

(2)

NI
IV
™
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Hence, { fn (2)}52; isnot uniformly convergent in Q*.

Excursion 8.1.14 Use the definition to prove that the sequence {z"} is not uni-
formly convergent inz| < 1.

***Hopefully, you thought to make use of the choices ¢, = (1 — %) that could be
related back to e~ 1. ***

Using the definition to show that a sequence of functions is not uniformly con-

vergent, usually, involves exploitation of “bad points.” For Examples 8.1.12 and

8.1.13, the exploitable point was= 0 while, for Example 8.1.14, it was = 1.

Because a series of functions is realized as the sequemtk pértial sums of
a sequence of functions, thefawtions of pointwise and uniform convergence of
series simply make statements concerningnthepartial sums. On the other hand,
we add the notion of absolute convergence to our list.

Definition 8.1.15 Corresponding to the sequence {ck (2)}2, of complex-valued
functions on ase® c C, let

S@=D «@
k=0

denote the sequence of nth partial sums. Then

(a) the seriesy 2 ¢k (2) is pointwise convergent on Q to S if and only if, for
each g € Q, {§, (20)} 2 converges to ). and

(b) the seriey 2, ck (2) is uniformly convergent on Q to S if and only if § =
Q
S.
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Definition 8.1.16 Corresponding to the sequence {cx (2)}2, of complex-valued
functions on a se© c C, the seriesy -, ck (2) is absolutely convergent on Q
if and only if 32 Ick (2)| is convergent for each & Q.

Excursion 8.1.17 Fora # 0and ke JU {0}, let & (z) = aZ. In Example 8.1.2,
we saw that

o o
Z o (2) = Z az
k=0 k=0
is pointwise convergent foreachz Q = {ze C : |z| < 1} to a(1 — zp) L. Show

that

(i) D keoCk (2) is absolutely convergent for each  Q;

(i) > k= Ck (2) is uniformly convergent on every compact subset Kof

(iii) D pepCk (2) is not uniformly convergent of2.

***For part (i), hopefully you noticed that the formula derived for the proof of the
Convergence Properties of the Geometric Series applied to the real series that re-
jal (1 12"")

sults from replacingz® with |al |z|%. Since>R_, lal |zI¢ = e

we
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00 a
conclude that {>°¢_, lal |z|k}n:0 — 1|—||z| for each z € C such that |z| < 1;
e, ootk (2) = D pegaz is absolutely convergent for each z € Q. To show
part (ii) it is helpful to make use of the fact that if K is a compact subset of
Q then there exists a positive real number r suchthat r < 1and K ¢ Q; =

{ze C:|z| < r}. Theuniform convergence of > 2 ck (z) on € then yields uni-

n n k a (1 — Zn+1)
form convergence oK. For§,(z) = D> ok (2) = D y_paz" = —1—7
andS(z) = 1—2 you should have noted thi, (2) — S(2)| < for all

Zl

In(e(L—r)lal™h)
Inr

sibility for justifying the uniform convergence. Finally, with (iii), corresponding to

Z € Q; which leads toM (¢) = max{ 1,

— 1|t as one pos-

eachn € J, letz, = (1 — m) thenz, € Q for eachn and S, (z,) — S(zn) =

n+1
(n+1)]a| (1— m) can be used to justify that we do not have uniform

convergenceé**

8.1.1 Sequencesof Complex-Valued Functions on Metric Spaces

In much of our discussion thus far and in numerous results to follow, it should
become apparent that the properties claimed are dependent on the properties of the
codomain for the sequence of functions. Indeed our original statement of the defini-

tions of pointwise and uniform convergence require bounded the distance between
images of points from the domain while not requiring any “nice behavior relating
the points of the domain to each other.” To help you keep this in mind, we state the
definitions again for sequences of functions on an arbitrary metric space.

Definition 8.1.18 A sequence of complex functions { fn}o2; converges pointwise
to a function f on a subset Q of a metric space (X, d), written f, — f or

fn __é f, if and only if the sequence { f (wo)}ne; —> T (wo) for each wo € Q;
we

i.e., for each wg € Q

(Ve > 0)(AM = M (g, wp) € J) (N > M (¢, wo) = | (wo) — T (wo)| < ¢).
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Definition 8.1.19 A sequence of complex functions { f,} converges uniformly to f
on a subset Q of a metric space (X, d), written f, = f onQ or f, = f, if and
Q

only if

(Ve > 0)@AM =M () [M e JA (VN) Vw) (N> M Aw € Q
= |fn (w) — T ()] < &)].

8.2 Conditionsfor Uniform Convergence

We would like some other criteria that can alow us to make decisions concerning
the uniform convergence of given sequences and series of functions. In addition,
if can be helpful to have a condition for uniform convergence that does not require
knowledge of the limit function.

Definition 8.2.1 A sequence { fy}o2 , of complex-valued functions satf®@s the
Cauchy Criterion for ConvergenceonQ c C if and only if

Ve >0 @AM e)[(Vn) (VM) (V2) (N> M AM>MAZeEQ
= |fh (2 — Tm (2] < &)].

Remark 8.2.2 Alternatively, when a sequence sat@is the Cauchy Criterion for
Convergence on a subs@t c C it may be described as beinmiformly Cauchy
on Q or simply as being Cauchy.

In Chapter 4, we saw that in R" being convergent was equivalent to being
Cauchy convergent. The same relationship carries over to uniform convergence
of functions.

Theorem 8.2.3 Let { fy}2; denote a sequence of complex-valued functions on a
setQ c C. Then({fn};2; converges uniformly of if and only if{ f,} 22 ; satigies
the Cauchy Criterion for Convergence en
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Space for scratch work.

Proof. Suppose that { fn}2; is a sequence of complex-valued functions on a
setQ c C that converges uniformly o€ to the functionf and lete > 0 be given.

Then there exist$1 € J such thain > M implies that| f, (2) — f (2)| < % for

all z e Q. Taking any othem > M also yields that f, (2) — f (2)| < % for all
ze Q. Hence, fom> M An > M,

lfIm@) - T @I =1(fmn(@ - T (@) - (fh (@ - T (D)
< Ifm@-f@I+1fh@-f@) <e

for all z € Q. Therefore{ fn};2 ; is uniformly Cauchy orf.

Suppose the sequenth,}° ; of complex-valued functions on a setc
C satidies the Cauchy Criterion for Convergence@rmand lete > 0 be given. For
z e Q, {fn (2)}72, is a Cauchy sequence @@ becauseC is complete, it follows
that { fn (2)}72, is convergent to somg, € C. Sincez € Q was arbitrary, we
can ddine a functionf : Q — Chy (V2) (ze Q = f (2) = (7). Then,f is the
pointwise limit of { f}22 ;. Becausd fy}2 ; is uniformly Cauchy, there exists an
M e J such thain > M andn > M implies that

|h@—ﬂﬂﬂ<%hmheﬂ

Suppose thah > M is fixed andz € Q. Sincemim fm (&) = f (&) for each
o0

¢ € Q, there exists a positive integdf* > M such thatm > M* implies that

[fm(2) — T (2)] < % In particular, we have thatfy-11(2) — f (2)| < % There-

fore,

ITh@ =@ =1t (@ = fms1(@D+ fm41(2 — T (2]
<1t @ = M1 @I+ 1 T2 (@D = T (D] <e.

Butn > M andz € Q were both arbitrary. Consequently,



8.2. CONDITIONS FOR UNIFORM CONVERGENCE 337

Mn)VZ2)(n>MAzeQ=|fh(@ -T2 <¢).

Since¢ > Owas arbitrary, we concludethat f, = f. m
Q

Remark 8.2.4 Notethat in the proof just given, the positive integer M* was depen-
dentonthe point z and thei.e., M* = M* (&, z). However, thgnal inequality ob-
tained via the intermediate travel through information fromi,Mf, (z) — f (2)] <

¢, was independent of the point z. What was illustrated in the proof was a process
that could be used repeatedly for eack £2.

Remark 8.2.5 In the proof of both parts of Theorem 8.2.3, our conclusions relied
on properties of the codomain for the sequence of functions. Namely, we used the
metric onC and the fact thatC was complete. Consequently, we could all@w

to be any metric space and claim the same conclusion. The following corollary
formalizes that claim.

Corollary 8.2.6 Let { fn},2, denote a sequence of complex-valued functions de-
fined on a subseR of a metric spacéX, d). Then{ f,} 2, converges uniformly on
Q if and only if{ f,};2 ; satigies the Cauchy Criterion for ConvergenceQn

Theorem 8.2.7 Let { fy};2; denote a sequence of complex-valued functions on a
setQ c C that is pointwise convergent @ to the function f i.e.,

lim f,(2) = f (2);
n—oo
and, for each ne J, let M, = sup|f,(2) — f (2)|]. Then f = f if and only if
zeQ Q

n—oo

Use this space tgll in a proof for Theorem 8.2.7.
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Theorem 8.2.8 (Weierstrass M-Test) For each n € J, let u, (w) be a complex-
valued function that is ¢gimned on a subse&® of a metric spacéX, d). Suppose that
there exists a sequence of real constéiils } o~ ; such thatju, (w)| < Mp for all
w € Q and for each ne J. If the seriesy 2 ; M converges, the -~ ; un (w)
and> > ; |un (w)| converge uniformly 0.

Excursion 8.2.9 Fill in what is missing in order to complete the following proof of
the Weierstrass M-Test.

Proof. Suppose that {un (w)}2;, @, and {Mn}o2; are as described in the hy-
potheses. For eache J, let

S (w) =D uk (w) andTy (w) = D |uk ()|
k=1 k=1

and suppose that > 0 is given. Since> .~ ; M, converges andMn}>°, C R,
{Zrk‘:l Mk}ﬁil is a convergent sequence of real numbers. In view of the com-
pleteness of the reals, we have thaty_, Mk}:;l is . Hence, there

@

exists a positive integef such than > K implies that

n+p
> M <& foreachp e J.
k=n+1

Since|uk (w)| < M for all w € Q and for eaclkk € J, we have that

n+p n+p
Tarp (@) = Ta ()| =| D luk)l|= D luk(w)| forallw e Q.
k=n+1 k=n+1
Therefore{Tn}o2 4 is in Q. Itfollows from the
@ ©)
that
n+p n+p
- < D> lu)l s D Mi<e
4 (5) k=n+1 k=n+1

forall w € Q. Hence {$,};2; is uniformly Cauchy ir2. From Corollary 8.2.6, we
conclude that . m
(6)
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*** A cceptable responses include: (1) Cauchy, (2) uniformly Cauchy, (3) triangular
inequality, (4) [ Snep () — S ()], (8) [ TR, 1 Uk (), and (6) 22521 tn () and
> 021 lun (w)| converge uniformly on Q.***

Excursion 8.2.10 Construct an example to show that the converse of the Weier-
strass M-Test need not hold.

8.3 Property Transmission and Uniform Convergence

We have aready seen that pointwise convergence was not sufficient to transmit the
property of continuity of each function in a sequence to the limit function. In this
section, we will see that uniform convergence overcomes that drawback and allows
for the transmission of other properties.

Theorem 8.3.1 Let{ fn};2, denote a sequence of complex-valued functiofiseti

on a subsef of a metric spacé&€X, d) such that § = f. For w a limit point of Q
Q

and each re JJ, suppose that

t|Ln2) fn (t) = An.

teQ

. : o
Then{An} 2, converges an(til_)nzlf 1) = nan;oA”'

Excursion 8.3.2 Fill in what is missing in order to complete the following proof of
the Theorem.

Proof. Suppose that the sequer(dg}; ; of complex-valued functions figed
on a subsef) of a metric spacé€X, d) is such that £ = f, w is a limit point of

Q
Q and, for each ne J, tIi_)m fn(t) = A,. Lete > 0 be given. Sincepf= f,
w Q
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by Corollary 8.2.6, { fn},2 4 is on Q. Hence, there exists a positive

@
integer M such that implies that

)

10 (t) — fm ()] < %for all
@

Fixmandnsuchthatm > M andn > M. Sincetli_>m fk (t) = A for eachk € J,
it follows that thereexistsaé > Osuchthat O < d (t, w) < d impliesthat

&
|fm(t)— Anl| < :—))and
@

Fromthe triangular inequality,

[An — Al < [An— fn (D] + + [ fm (t) — Aml < &.

©)

Snce m and n were arbitrary, for each ¢ > 0 there exists a positive integer M
such that (Vm) (vn)(n > M Am> M = |A, — An| <¢); i.e, {An}lr2, € Cis
Cauchy. From the compl eteness of the complex numbers, if follows that {An} 2 ; is
convergent to some complex number; let I|m An = A

We want to show that A isalso equal to I|m f (t). Again we suppose that

teQ
¢ > Oisgiven. From f, = f there exists a positive integer M1 such that n > M1
Q

implies that

< %for all t € Q, while the convergence of {An}2 4
©)
yields a positive integer My such that |A, — A| < %whenever n > My. Fix n such
that n > max {M1, M»>}. Then, for all t € Q,

& &
fO=fa®l <5 and A - Al <z

SincetILm fn (t) = An, thereexistsa é > 0 such that

teQ

|0 (t) — An| < %for allt e (Ns () — {w}) N Q.
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Fromthe triangular inequality, for all t € Q suchthat 0 < d (t, w) < 4,

[f (1) —Al< <e.
W)

Therefore, .
8

*** Acceptable responsgx are: (1) uniformly Cauchy, 2)n> M Am> M, (3t e
Q,(4) fn (1) — Anl < :—3,(5) fr ()= fm (), (6) f O—Ffn (), (D) T ®) = fn (OI+
[ fn (1) = Anl + A0 — Al and (8) lim f (t) = Ax*»

teQ

Theorem 8.3.3 (The Uniform Limit of Continuous Functions) Let { f,}2° ; denote
a sequence of complex-valued functions that are continuous on a suligetf a met-
ric space(X, d). If f, = f, then f is continuous of2.

Q

Proof. Suppose that { fy}n2; is a sequence of complex-valued functions that
are continuous on a subs@t of a metric spacégX,d). Then for eacht € Q,
tIim fn (t) = fn (). Taking Ay, = fn (¢) iIn Theorem 8.3.1 yields the clainm
—¢

Remark 8.3.4 The contrapositive of Theorem 8.3.3 affords us a nice way of show-

ing that we do not have uniform convergence of a given sequence of functions.
Namely, if the limit of a sequence of complex-valued functions that are continuous
on a subsef2 of a metric space is a function that is not continuousthnve may
immediately conclude that the convergence in not uniform. Be careful about the
appropriate use of this: The limit function being continuous IS NOT ENOUGH to
conclude that the convergence is uniform.

o)

The converse of Theorem 8.3.3 is false. For example, we know that -
n=1
converges pointwise to the continuous function f (z) = 0in C — {0} and the con-
vergence is not uniform. The following result offers a list of criteria under which
continuity of the limit of a sequence of real-valued continuous functions ensures

that the convergence must be uniform.

Theorem 8.3.5 Suppose that Q is a compact subset of a metric space (X, d) and
{ fn}ne; Satisfies each of the following:
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(1) {fn}n2, isasequence of real-valued functions that are continuous on

(i) fn —Q—> f and f is continuous o, and
(i) vn)Vw)y(helArwe Q= f(w) > fhi1(w)).

Then f, = f.
Q

Excursion 8.3.6 Fill in what is missing in order to complete the following proof of
Theorem 8.3.5.

Proof. For { f,}2 ; satisfying the hypotheses, set g, = f, — f. Then, for each

n € J, gy is continuous on Q and, for each ¢ € Q, r]ILm On (0) = . Since
4 S
@

fn (w) > fny1 (w) impliesthat fp (w) — f (w) > fry1 () — T (w), we also have

that (Vn)(Vw)(n eJAhweQ=
@
To seethat g, = O, supposethat ¢ > Qisgiven. For eachn € J, let
Q

Kn={XxeQ:gh(X)>e}.

Because Q and R are metric spaces, g, is continuous, and {w e R: w > ¢} isa
closed subset of R, by Corollary 5.2.16 to the Open Set Characterization of Con-
tinuous Functions, . As a closed subset of a compact metric space,
()
from Theorem 3.3.37, we conclude tha} is . If x € Kpy1, then
4

Ont1 (X) > e andgn (X) > Ony1 (X); it follows from the transitivity of > that

. Hencex e K. Sincex was arbitrary(Vx) (x € Kpp1 = X € Kp);

®
le., . Therefore {Kn}o2 4 is a sequence of compact

(6) (1)
subsets of2. From Corollary 3.3.44 to Theorem 3.3.48yn € J) (K, # 0)) =
N Kk # 0.

kel
Suppose thab € Q. Thennim On (w) = 0 and{gn (x)} decreasing yields

the existence of a positive integkr such thah > M implies that 0< g, (w) < ¢.

In particular,w ¢ K1 from which it follows thatw ¢ (] K,. Becausan was
neJ
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arbitrary, Vw € Q) w ¢ () Kn );i.e, (| Kn = 8. We conclude that there exists
neJ neJ
apositive integer P such that Kp = ¢. Hence, K, = @ for all ; that is, for

®)
aln>P,{xeQ:gh(X)>¢e} =0. Therefore,

(MX)(MN)XxXeQAN>P=0<gy(X) <¢).

Sincee > Owas arbitrary, we have that g, = 0 which is equivalent to showing that
Q
fh= . m

Q
*** Acceptable responses are: (1) 0, (2) gn (w) > gny1 (w), (3) Ky isclosed, (4)
compact, (5) gn (X) > ¢, (6) Kny1 C Ky, (7) nested, and (8) n > P.***

Remark 8.3.7 Snce compactnesswasreferred to several timesin the proof of The-
orem 8.3.5, it is natural to want to check that the compactness was really needed.

. . .1 )~
The example offered by our author in order to illustrate the neeh»sm}
in the segment0, 1).

n=1

Our results concerning transmission of integrability and differentiability are for
sequences of functions of real-valued functions on subsets Rf

Theorem 8.3.8 (Integration of Uniformly Convergent Sequences) Let a beafunc-
tion that is (dgned and) monotonically increasing on the intervakl[a, b]. Sup-
pose thaf f,}2; is a sequence of real-valued functions such that

MnN)(nel= fheR(a) onl)

and f, = f.Then fe R (a)on | and
[a,b]
b b
/ f (X)da (x) = lim / fn (X) da (X)
a n— oo a

Excursion 8.3.9 Fill in what is missing in order to complete the following proof of
the Theorem.
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Proof. Foreachn € J, let e, = sup| fn (X) — f (X)]. Then
xel

fn(X)—en < (X)) < fora<x<b
(€]

and if follows that

b b b
/(fn<x)—en)da(x)s/ f(x)da(x)s/ f (%) dot (x) <

b
/ (fn (X) + &n) dat (X) . (8.3)

Properties of linear ordering yield that

b b
05/ f(x)da(x)—/ f (X)da (X) <

b
/ (fn (X) + &n) da (X) — . (8.4)
a )

Because the upper bound in equation (8.4) isequivalent to

3
we conclude that

(Vnel) (0 < f_;f (X) da (X) —f_:f (X)da (X) < ) By The-

4
orem8.2.7¢gn — 0asn — oo. Sincef;f (x) da (x)—fabf (X) da (x) is constant,

we conclude that . Hencef € % (a).
(©)
Now, from equation 8.3, for eaahe J,

b b b
/(fn(x>—en)da(x>s/ f(x)da(x)s/ (Fn (X) + £n) dat (%)

(6) Finish the proof in the space provided.
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*** Acceptable responses are:(1) fp (X) + eng) f;’ (fn (X) — &n) da (X),

(3) Ja eenda (X), (4) 2en[a (0) —a @), (B) [;' f () da (x) = [ (x) dat (), (6)
Hopefully, you thought to repeat the process just illustrated. From the modified
inequality it follows that

f: f (X)da (X) — fab fn (X) da (x)‘ < &n[a (b) — a (a)]; then because e, — 0 as
n — oo, givenany ¢ > Othereexistsapositiveinteger M suchthat n > M implies
that en [a (D) — a ()] < e.*¥**

o0
Corollary 8.3.10 If f, € R (a) on[a, b], for eachn € J, and Z fk (X) converges

k=1
uniformly on [a, b] to a function f, then f € R (a) on [a, b] and

b 0 b
/ f (x)da (X) = Z/ fi (X) dax (X) .
a k=12

Having only uniform convergence of a sequence of functions is insufficient to
make claims concerning the sequence of derivatives. There are various results that
offer some additional conditions under which differentiation is transmitted. If we
restrict ourselves to sequences of real-valued functions that are continuous on an
interval [a, b] and Riemann integration, then we can use the Fundamental Theorems
of Calculus to draw analogous conclusions. Namely, we have the following two
results.

Theorem 8.3.11 Suppose that { fn} 2 ; is a sequence of real-valued functions that

are continuous on the intervgh, b] and f, = f. Forc € [a, b] and each ne J,
[a,b]
let

Then f is continuous ofa, b] and , = F where
[a,b]

F(x):/X f (t)dt.

The proof isleft as an exercise.
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Theorem 8.3.12 Supposethat { fr};2; issuchthat f, m f and, for eachn € J,
a,

f, iscontinuousonaninterval [a, b]. If f;, = g for somefunction g that isdefined
[a,b]
on[a, b], then g iscontinuous on [a, b] and f’ (x) = g (x) for all x € [a, b].

Proof. Suppose that { f,};2; is such that f, m f , f. iscontinuous on an
a’

interval [a, b] for eschn € J, and f; — g for some function g that is defined on
[a,b]
[a, b]. From the Uniform Limit of Continuous Functions Theorem, g is continuous.

Because each f,, iscontinuousand f;, = g, by the second Fundamental Theorem
[a,b]
of Calculus and Theorem 8.3.11, for [c, X] C [a, b]

/Xg(t)dt:nll)ngo/x fr;(t)dt:nli)ngo[fn(x)— fn (©)] .

Now the pointwise convergence of { f,} yieldsthat nILrQo [fn () = fa(0)] = f (-
f (c). Hence, from the properties of derivative and the first Fundamental Theorem
of Calculus, g(x) = f/(x). m

We close with the variation of 8.3.12 that is in our text; it is more general in
that it does not require continuity of the derivatives and specifies convergence of
the original sequence only at a point.

Theorem 8.3.13 Suppose that { fn} 2 ; is a sequence of real-valued functions that
are differentiable on an intervdla, b] and that there exists a poinpyxe [a, b]
such thatnll}n;o fn (Xo) exists. If{ fg}g‘;l converges uniformly ofa, b] then{ fn}o2 4

converges uniformly ofa, b] to some function f and
(VX) (x ela,bl= f'(x) = nILngo fi (x)) .

Excursion 8.3.14 Fill in what is missing in order to complete the following proof
of Theorem 8.3.13.

Proof. Suppose e > 0 is given. Because { fn (Xo)},—; IS convergent sequence
of real numbers and R is complete, { fn (Xo)}ne; is . Hence, there
D
exists apositive integer My such that n > M1 and m > My implies that

| (X0) — fm (X0)| < g
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Because { f} , converges uniformly on [a, b], by Theorem , there exists
3]
apositive integer M2 such that n > M2 and m > My implies that

&

i
2b—a)

12 — T (O] <

(©)

For fixed mandn, let F = f, — f,,. Since each fy is differentiable on [a, b],
F is differentiable on (a, b) and continuous on [a, b]. From the

()
Theorem, for any [x, t] C (a, b), thereexistsaé € (x,t) suchthat F (x) — F (1) =
F’ (&) (x —t). Consequently, if m > My andn > My, forany [x, t] C (a, b), there
existsa¢ € (x,t), it follows that

[(fn () = fm (X)) = (fn @) = fm (D) = |1 (&) = O] Ix =t (85)

&

2(b—a)

<

X —1t| <
®)

Let M = max {M1, M2}. Thenm > M andn > M impliesthat

| fn (w) — fm (w)]
< (fn (W) = fm (w)) — (fn (X0) = fm Xo))| + | fn (X0) — fm (X0)| < &

forany w € [a, b]. Hence, { fy} 2 ; converges uniformly on [a, b] to some function.
Let f denote the limit function; i.e,, f (x) = nIl)m fn (X) for each x € [a, b] and

fn = f.
[a,b]

Now we want to show that, for each x € [a, b], f/ (x) = nILn;o fl(x);i.e,
for fixed x € [a, b],
n— oot— X t — X t—x t—X
where the appropriate one-sided limit is assumed whexn = a or x = b. To this
end, forfixedx € [a, b], let

fn () — fn (%) O -fX
t —X and ¢(t)d€f t—X

tn(t) =

fort € [a,b] — {x} andn € J. Then,x € (a, b) implies thattli)r){ayﬁn t) = f, (%),
while x = a andx = byield that lim¢n (t) = ) (a) and lim¢, (t) = f (),
t—at t—b~
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respectively. Suppose ¢ > O if given. If m > My, n > My, andt € [a, b] — {x},
then

&

|pn () — Ppm (V)| = < Z(b——a)

(6

from equation (8.5). Thus, {¢n}oc; is uniformly Cauchy and, by Theorem 8.2.3,
uniformly convergentont € [a, b] — {x}. Since f (t) = nIi%m fn (t) fort € [a, b],
we have that

im ¢n () =& ().

Consequently, ¢n = ¢ on [a, b] — {x}. Finaly, applying Theorem 8.3.1 to the
sequence {¢n}oeq, Where Ap = f) (X) yieldsthat

£ (x) = fime (t) =

(N

|

*** A cceptable responses are: (1) Cauchy, (2) 8.2.3, (3) dl ¢ € [a, b], (4) Mean-

Value, (5)%,

©) fn@® =)  fm® - fm)| _ [(fa () = fm (1) — (Fn (X) = fm (X))
t— X t — X - It — x| ’

1 _ 1 / * %%
(7) nirgoAn o n“—>moo fn ().

Rudin ends the section of our text that corresponds with these notes by con-
structing an example of a real-valued continuous function that is nowhere differen-
tiable.

Theorem 8.3.15 There exists a real-valued function that is continuous d and
nowhere differentiable oR.

Proof. First we defineafunction ¢ that is continuous on R, periodic with period
2, and not differentiable at each integer. To do this, we define the function in a
interval that is“2 wide” and extend the dmition by reference to the original part.
Forx € [—1, 1], suppose thap (x) = |X| and, for allx € R, let¢ (X + 2) = ¢ (X).
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In the space provided sketch a graph of ¢.

The author shows that the function

o0 3 n

_ - n

r00 =3 () ¢ @
n=0

satisfies the needed conditions. Use the space provided to fill in highlights of the

justification.

8.4 Familiesof Functions

Since any sequence of functionsis also a set of functions, it is natural to ask ques-

tions about sets of functions that are related by some commonly shared nice behav-
ior. The general idea is to seek additional properties that will shared by such sets
of functions. For example, i is the set of all real-valued functions from, [0

into [0, 1] that are continuous, we have seen that an additional shared property is
that(Vf)(f e F= 3t)(t € [0,1] A f (1) =1)). In the last section, we consid-
ered sets of functions from a metric space i@tor R and examined some of the
consequences of uniform convergence of sequences.
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Another view of sets of functions is considering the functions as points in a
metric space. Let C ([a, b]) denote the family of real-valued functions that are con-
tinuous on the interval = [a,b]. For f andg in C ([a, b]), we have seen that

pao (1,9) = max T () =g ()]

and

b
p(f,g>=/ If (x) — g ()] dx.

are metrics orC ([a, b]). As a homework problem (Problem Set H, #14), you
will show that (C ([a, b]), p) is not a complete metric space. On the other hand,
(C ([a,h]), pxo) is complete. In fact, the latter generalizes to the set of complex-
valued functions that are continuous and bounded on the same domain.

Definition 8.4.1 For a metric space (X, d), let C (X) denote the set of all complex-
valued functions that are continuous and bounded on the domain X and, corre-
sponding to each & C (X) thesupremum norm or sup norm s given by

Il =1flix =sup[f )|

xeX

It followsdirectly that || f ||y =0« f (x) =0foral x e X and

v (ve) (fLgeCX)=IIf +dalx < I flx+llgllx)-

The details of our proof for the corresponding set-up forC ([a, b]) allow us to claim
thatpoo (f,9) = || f — gllx Is a metric forC (X).

Lemma 8.4.2 The convergence of sequencesin C (X) with respect to po 1S equiv-
alent to uniform convergence of sequences of continuous functions in subsets of
X.
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Use the space below to justify the claim made in the lemma.

***Hopefully, you remembered that the metric replaces the occurrence of the ab-

solute value (or modulus) is the statement of convergence. The immediate trans-
lation is that for every > 0, there exists a positive integht such thath > M
implies thatp, (fn, ) < &. Of course, you don't want to stop therthe state-

ment po (fh, f) < & translates to supf, (x) — f (x)] < & which yields that
xeX

(VX)) (x e X = [fn (X) — f (X)| < ¢&). This justties that convergence ¢ff,}2 ;

with respect tg, implies that{ fn};2,; converges uniformly tdf. Since the con-

verse also follows immediately from the fitgtions, we can conclude that con-

vergence of sequences i€ (X) with respect to p iS equivalent to uniform

convergence**

Theorem 8.4.3 For a metric space X, (C (X), pxo) isa complete metric space.

Excursion 8.4.4 Fill in what is missing in order to compl ete the following proof of
Theorem 8.4.3.

Proof. Since (C (X), pxo) isametric space, from Theorem 4.2.9, we know that
any convergent sequence in C (X) is Cauchy.
Suppose that { fn}2 ; isaCauchy sequencein (C (X), pxo) andthat e > 0
is given. Then there exists a positive integer M suchthatn > M and m > M
implies that cie,forn> Mandm > M,
@

SUp| fn (5) - fm (5)| < €.
feX

Hence, (VX) (x EX= ) Sincee > 0 was arbitrary, we conclude
2

that { fa}o2, is . Asa
©) 3
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sequence of complex-valued functions on a metric spae by Theorem ,

@
{fn}h= is uniformly convergent. Lef : X — C denote the uniform limit. Be-

causef, = f, for anye > 0 there exists a positive integdt such than > M

- - X
implies that

[ fn (X) = f (X)] <%foral|xax.

In particular, =sup|fh (&) — ()] < ¢ <. Sinces > Owas ar-
(5) ‘:eX 2

bitrary, we conclude that, (fn, f) = Oasn — oo. Hence{ f,};2; is convergent

to f in (C(X), poo)-

Now we want to show that € C (X). As the uniform limit of continuous
functions from a metric spacé in C, we know thatf is . Because
(6)
fn = f, corresponding te = 1 there exists a positive integkt such than > M

X
implies that| f, (x) — f (X)] < 1 for all x € X. In particular, from the (other)
triangular inequality, we have that

(V¥) (x e X= [T ()] < [fm41 ()1 +1). (8.6)

Since fyy1 € C (X), fm41 is continuous and on X. From equation
(1)
(8.6), it follows thatf is on X. Becausef : X — C is contin-

()
uous and bounded oX, . The sequencef,} 2, was an arbitrary

®
Cauchy sequence if€ (X), pso). Consequently, we conclude that every Cauchy
sequence irfC (X), poo) is convergent inC (X), po). This concludes that proof
that convergence i(C (X), poo) IS equivalent to being Cauchy (@ (X), psc). ®

*** Acceptable responses are: (i) (fh, fm) < &, (2) | fn (X) — Tm (X)] < ¢, (3)
uniformly Cauchy, (4) 8.2.3, (5)« (fn, ), (6) continuous, (7) bounded, and (8)
f e C(X).***

Remark 8.4.5 At first, one might suspect that completenessisan intrinsic property
of a set. However, combining our prior discussion of the metric spaces (R, d) and
(Q, d) where d denotes the Euclidean metric with our discussion of the two metrics
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on C ([a, b]) leads us to the conclusion that completeness depends on two things:
the nature of the underlying set and the way in which distance is measured on the
Set.

We have made a significant transition from concentration on sets whose ele-
ments are points on a plane or number line (or Euclidean n-space) to sets where the
points are functions. Now that we have seen a setting that gives us the notion of
completeness in this new setting, it is natural to ask about generalization or transfer
of other general properties. What might characterizations of compactness look like?
Do we have an analog for the Bolzano-Weierstrass Theorem? In this discussion,
we will concentrate on conditions that allow us to draw conclusions concerning se-
guences of bounded functions and subsequences of convergent sequences. We will
note right away that care must be taken.

Definition 8.4.6 Let F denote a family of complex-valued functions ¢gged on a
metric spac€Q, d). Then

(a) Fis said to beuniformly bounded on Q if and only if
AM eR)(VI)(Vw)(f e FAw e Q= |f (w)] < M).

(b) Fis said to bdocally uniformly bounded on Q if and only if
(Vw) (w € Q = (IN,) (N, € Q A F is uniformly bounded on }N).

(c) any sequencgfn}y2, C F is said to bepointwise bounded on Q if and only
if
(Vw) (w € Q@ = {fy (w)};2, is boundedl: i.e., corresponding to each e
Q, there exists a positive real numberwl\élzf ¢ (w) such that
e

| fn (w)| < M,, foralln € J.

Example8.4.7 For x € Q = R— {0}, let F = { o (X) = rﬂL ‘nell. Then,

+ x2

2
for w € Q, taking¢ (w) = % implies that| fy (w)| < ¢ (w) foralln € J.
w

Thus,F is pointwise bounded of.

Remark 8.4.8 Uniform boundedness of a family implies that each member of the
family is bounded but not conversely.
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Excursion 8.4.9 Justify this point with a discussion of 7 = {f,(2) =nz: n e J}
onU={zeC:|zl <r}.

***Hopefully, you observed that each member of F isbounded in U, but no single
bound works for all of the elementsin F.***

Remark 8.4.10 Uniform boundedness of a family implies local uniform bounded-
ness but not conversely.

" :n e Jt is locally uniformly

1
Excursion 8.4.11 To see this, show th t1
bounded in U= {z: |z| < 1} but not uniformly bounded there.

***Neighborhoods that can justify local uniform boundedness vary; the key isto
capitalize on the fact that you can start with an arbitrary fixed z € U and make use
of its distance from the origin to define a neighborhood. For example, given zg € U

. 1—r
with [zg] =1 < 1,let N; = N (zo, T); now, Nz, ¢ U and ‘(1—2”)‘1) <

(1 — |z|)~* can be used to justify that, for each n € J, ‘(1 — z“)_l‘ <41-r)/3.
The latter allows us to conclude that the given family is uniformly bounded on
Nz,. Since zo was arbitrary, we can claim local uniform boundednessin U. One
way to justify the lack of uniform boundednessiis to investigate the behavior of the
functions in the family at the points «/1 — n=1***
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The following theorem gives us a characterization for local uniform bounded-
ness when the metric space is a subs& of C.

Theorem 8.4.12 A family of complex valued functions F on a subset Q of C is
locally uniformly bounded in Q if and only if F is uniformly bounded on every
compact subset of Q.

Proof. (<) This is an immediate consequence of the observation that the clo-
sure of a neighborhood i@ or R is compact.

(=) SupposeF is locally uniformly bounded on a domaihandK is a compact
subset of2. Then, for eaclz € K there exists a neighborhoodnfN (z; ¢;) and a
positive real numbeiy,, such that

[T ()] < Mg forallg € N(z¢€z).

Since{N (z; ¢;) : z € K} coversK, we know that there existsfaite subcover, say
{N(zj5¢z): ] =12,---,n}. Then, forM = max{Mz, : 1 < j < n}, |f (2)| <
M, for all z € K, and we conclude th&k is uniformly bounded oK. m

Remark 8.4.13 Note that Theorem 8.4.12 made specific use of the Heine-Borel
Theoremi.e., the fact that we were in a space where compactness is equivalent to
being closed and bounded.

Remark 8.4.14 Inour text, an example is given toillustrate that a uniformly bounded
sequence of real-valued continuous functions on a compact metric space need not
yield a subsequence that converges (even) pointwise on the metric space. Because
the verfication of the claim appeals to a theorem given in Chapter 11 of the text, at
this point we accept the example as a reminder to be cautious.

Remark 8.4.15 Again by way of example, the author of our text illustrates that it

is not the case that every convergent sequence of functions contains a uniformly
convergent subsequence. We offer it as our next excursion, providing space for you
to justify the claims.

Excursion 8.4.16 LetQ ={xeR:0<x <1} =0, 1] and
2
F=1fa(x)= I

‘ne
x2 4+ (1 — nx)?
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(8) Show that F isuniformly bounded in Q.

(b) Find the pointwise limit of { f,}2, for x € Q.

(c) Justify that no subsequence of { f,}2 ; can converge uniformly on Q.

***For (), observing that x2 + (1 — nx)? > x2 > Oforx € (0,1] and f, (0) = 0
for eachn € Jyieldsthat | f, (x)| < 1for x € Q. In (b), since the only occurrence
of n isin the denominator of each fy, for each fixed x € Q, the corresponding
sequence of real goesto 0 asn — oo. For (c), in view of the negation of the defi-
nition of uniform convergence of a sequence, the behavior of the seqUénfe;

oo

: 1 ,
at the pomts[—] allows us to conclude that no subsequencegff>; will
=1
converge uniforrr?ly orf.***

Now we know that we don’t have a “straight” analog for the Bolzano-Weierstrass
Theorem when we are in the realm of families of function§ {X). This poses the
challenge ofinding an additional property (or set of properties) that will yield such
an analog. Towards that end, we introducértea property that requires “local and
global” uniform behavior over a family.
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Definition 8.4.17 Afamily F of complex-valued functions ¢ggned on a metric space
(Q, d) is equicontinuous on Q if and only if

Ve >0)(F0>0) (Vi) Vu) (Vo) (f e FAUeEQAD e QAD(U,0) <0
= |fu)-—-1f@) <eé).

Remark 8.4.18 If F is equicontinuous of2, then each fe F is clearly uniformly
continuous ir2.

Excursion 8.4.19 On the other hand, for § = {z: |z| < R}, show that each func-

tionin F = {nz: n e J} is uniformly continuous on RJthoughF is not equicon-
tinuous on L.

Excursion 8.4.20 Use the Mean-Value Theorem to justify that
. X
{fn(x) :nsmﬁ 'n e.,]]}

Is equicontinuous 62 = [0, co)

The next result is particularly useful when we can designate a denumerable
subset of the domains on which our functions are defined. When the domain is
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an open connected subset of R or C, then the rationals or points with the real and
imaginary parts as rational work very nicely. In each case the denumerable subset
is dense in the set under consideration.

Lemma8.4.21 If { fy};2, isapointwise bounded sequence of complex-valued func-
tions on a denumerable set E, thefy},2; has a subsequenc{e‘nk}i‘;1 that con-
verges pointwise on E.

Excursion 8.4.22 Finish the following proof.

Proof. Let {f,} be sequence of complex-valued functions that is pointwise
bounded on a denumerable &tThen the seE can be realized as a sequefiog
of distinct points. This is a natural setting for application of the Cantor diago-
nalization process that we saw earlier in the proof of the denumerability of the
rationals. From the Bolzano—\Weierstrass Theorgimn(w1)} bounded implies that
there exists a convergent subsequehbf;l (u)l)}. The process can be applied to
{ fn,1 (w2)} to obtain a subsequenéé, > (w2)} that is convergent.

f1.1 f21 fa1
fi12 fao fa2

[0.9] .

In general{ fn,;} ~, is such thaf fn j (w;j)},, is convergent andlf,,; } ~  is a
subsequence of each pfn,k}il fork =1,2,..., j — 1. Now considef fn,n}ﬁo:1

n
00 .

n=m+1 'S @
from which it follows that{ fn n (x)} is convergent

*** Forx € E, there exists aM e J such thatx = wy. Then{fyn}

subsequence dffn v}
atx. ***

The next result tells us that if we restrict ourselves to domHKirteat are com-
pact metric spaces that any uniformly convergent sequendi(k) is also an
equicontinuous family.

o0
n=M+1
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Theorem 8.4.23 Suppose that (K, d) is a compact metric space and the sequence
of functions { fn},2; issuch that (vn) (n € J = f, € C (K)). If { f};2; converges
uniformly on K, then 7 = { f, : n € J} isequicontinuous on K.

Proof. Supposethat (K, d) isacompact metric space, the sequence of functions
{fn}pe1 C C(K) convergesuniformly on K and ¢ > Oisgiven. By Theorem 8.2.3,
{fn}peq is uniformly Cauchy on K. Thus, there exists a positive integer M such

thatn > M impliesthat || fn, — |l < % In particular,

nm—fmw<%ﬂxmn>m.

Because each f, is continuous on a compact set, from the Uniform Continuity
Theorem, for each n € J, f, is uniformly continuous on K. Hence, for each
j € {1,2,..., M}, there existsa d; > Osuchthat x,y € K and d(X,y) < Jj

. . & .
impliesthat | fj (x) — fj (y)| < 3 Letd= 1§nj1|SnM5j. Then

. (je{l,2,...,M}AX,ye KAd(X,y) <d) =
1) (7x) (W){ f00- 1] <% } ®7)

Forn> M andx,y e K suchthat d (x, y) < ¢, we also have that

[T 00 = fn (VI < [0 () — fm COI +
T ) = MWl +HITm () = (W <& (88)

From (8.7) and (8.8) and the fact that ¢ > O was arbitrary, we conclude that

(Ve > 0) (o > 0) (Vfn) (Vu) (Vo) (fre FAU, o e KAd(U,v) <0
= |fu)-—f@) <e¢);ie,

F isequicontinuouson K. m
We are now ready to offer conditions on a subfamily of C (K) that will give us
an analog to the Bolzano-Weierstrass Theorem.

Theorem 8.4.24 Suppose that (K, d) is a compact metric space and the sequence
of functions {fy};2, issuch that (vn)(ne J = f, e C(K)). If {fa:nel}is
pointwise bounded and equicontinuous on K, then

(@ {fn:neJ}isuniformly bounded on K and
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(b) {fn}n2, contains a subsequence that is uniformly convergent on K.

Excursion 8.4.25 Fill in what is missing in order to complete the following proof
of Theorem 8.4.24.

Proof. Suppose that (K, d) is a compact metric space, the sequence of func-
tions { fn};2; is such that(vn) (n e J = f, € C(K)), the family {f, :n e J} is
pointwise bounded and equicontinuouskon

Proof of part (a):

Lete > O be given. Sincéf, : n € J} is equicontinuous oK, there exists
ao > 0 such that

(V) (V) (YY) [(ne TAX,y e KAad(X,y) < &) = |[fn (X) — fa (V)] <&].
(8.9)

BecausgNs (u) : u € K} forms an for K andK is compact, there

@
exists afinite number of points, sapi, p2, ..., pk, such thatk c

@
On the other hand,f, : n € J} is pointwise boundedconsequently, for eachj,

j €{1,2,...,k}, there exists a positive real numiddy; such that
(vn)y (nel = |fn(pj)] < Mj).

ForM = , it follows that
3

VN (V) ((nedAje(l2 . ..kh=|fa(p))| <M). (8.10)

k
Suppose thak € K. SinceK c [J N;s(p;) there exists am e {1,2, ..., k}
j=1

such that . Henced (x, pm) < ¢ and, from (8.9), we conclude that

@)
for all n € J. But then|fn, (X)| — | fn (Pm)| < | fn (X) — fn (Pm)]

()
yields that| f, (X)| < | fn (pm)| + ¢ for . From (8.10), we conclude
6)
that| fp (X)| < M + ¢ for all n € J. Sincex was arbitrary, it follows that

VN (V) [(neJAaxeK)y= [fa(X)| <M +e];ie,
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{fao:nel}is

0

Almost a proof of part (b):
If K werefinite, wewould be done. For K infinite, let E be adenumerable
subset of K that isdensein K. (The reason for the “Almost” in the title of this part
of the proof is that we did not do the Exercise #25 on page 45 for homework. If
K c Ror K c C, then the density of the rationals leads immediately to &set
that satifies the desired propettin the general case of an arbitrary metric space,
Exercise #25 on page 45 indicates how we can use open coverings with rational
radii to obtain such a set.) Becaydsg : n € J} is onE, by Lemma
8)
8.4.21, there exists a subsequencé fafl o> ;, say{gj }Til that is convergent for
eachx € E.

Suppose that > 0 is given. Sincq f, : n € J} is equicontinuous oiK,
there exists @ > 0 such that

(V) (90 (W) [ (1€ TAx,y e K AD(Y) <0) = 100 = fa (Y] < 5]

BecauseE is dense inK, {Ns (u) : u € E} forms an open cover fok. Because
K is compact, we conclude that there existénite number of elements &, say
w1, W2, ..., Wg, SUch that

q
K c | Ns(w)). (8.11)
j=1

Since{ws, wy, ..., wq} C E and{g; (x)}(j’i1 is a convergent sequence of complex
numbers for eaclx € E, the completeness @i, yields Cauchy convergence of
{9 (ws)}(j’ilfor eachws, s € {1, 2, ..., q}. Hence, for eack € {1, 2, ..., q}, there
exists a positive intege¥ls such than > Mgandm > Mg implies that

|On (ws) — Om (ws)| < %

Suppose thak € K. From (8.11), there exists am € {1, 2,...,q} such that
. Thend (x, ws) < o implies that

©

[ fn (X) — fr (ws)] < %
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fordlne].Lee M =max{Ms:se (1,2 ..,q}}. Itfollowsthat, forn > M and
m> M,

|On (X) = gm ()] < [gn (X) — On (ws)| +

+ [gm (ws) — Gm (X)| < &.

‘ (10)

Since¢ > O0and x € K were arbitrary, we conclude that
(Ve>0) @AM el [n>MAam> M= (vx) (x € K = |gh (X) — gm (X)| < &)];

i.e, {9 }Tozl is . By Theorem 8.4.23, {g; }Tozl is uniformly conver-
(11)
gentonK as neededm

k
*** Acceptable responses are: (1) open cover,|(PNs (pj),

j=1
n € J, (7) uniformly bounded oK, (8) pointwise bounded oK, (9) X € Ns (ws),
(20) |gn (ws) — Om (ws)], (11) uniformly Cauchy oK .***

Since we now know that for families of functions it is not the case that every
convergent sequence of functions contains a uniformly convergent subsequence,
families that do have that property warrant a special label.

Definition 8.4.26 Afamily F of complex-valued functions ¢gned on a metric space
Q is said to benormal in Q if and only if every sequendd,} c F has a subse-
quence{ fnk} that converges uniformly on compact subset of

Remark 8.4.27 In view of Theorem 8.4.24, any family that is pointwise bounded
and equicontinuous on a compact metric space K is normal in K.

Our last definition takes care of the situation when the limits of the sequences
from afamily arein the family.

Definition 8.4.28 A normal family of complex-valued functiods is said to be
compact if and only if the uniform limits of all sequences converging/Anare
also members aof.
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8.5 The Stone-Weierstrass Theorem

In view of our information concerning the transmission of nice properties of func-

tions in sequences (and series), we would like to have results that enable us to
realize a given function as the uniform limit of a sequence of nice functions. The
last result that we will state in this chapter relates a given function to a sequence of
polynomials. Since polynomials are continuously differentiable functions the theo-
rem is particularly good news. We are offering the statement of the theorem without
discussing the proof. Space is provided for you to insert a synopsis or comments
concerning the proof that is offered by the author of our text on pages 159-160.

Theorem 85.1 If f € C ([a, b]) for a < b, then there exists a sequence of polyno-
mials{Pn}o2; C C ([a, b]) such thatnli)m P (X) = f (X) where the convergence is
uniform of[a, b]. If f is a real-valued function then the polynomials can be taken
as real.

Space for Comments.

8.6 Problem Set H

1. Use properties of limits to find the pointwise limits for the following se-
guences of complex-valued functions@n

nz 1%
(@) {1+ nzZLZ1
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nz2 1%
O e,

A
(C) [l"'zn]n—l

n?z 1%
O |zl ,

© 1+n22+ n |~
1-n?z 1+2n),_4

() {ze"}

2. Foreachn € J, let f,(x) = % Use the definition to prove that { fn}2 ;

IS pointwise convergent on [0, oo), uniformly convergent on [a, oo) for any
fixed positive real number a, and not uniformly convergent on (0, co).

3. For each of the following sequences of real-valued functions oR, use the
definition to show thaf f, (x)}52, converges pointwise to the spged f (x)
on the given sel; then determine whether or not the convergence is uniform.
Use the dénition or its negation to justify your conclusions concerning uni-
form convergence.

(@) (fn (012, = [ }; 00 =01 =[0,1]

b) (£, (x)ml:[ ]; f00=01=0,1]

N

- n3x
© (I = | 7 g ] 00 =01 = [0,
3
(d) {fan ¥zt = TH)ZXZ]; f(x) =0, 1 = [a,00) wherea is a

positivefixed real number

1—x" 1 11
(e){fn(x)}gil=[ _"X];f(x)zl ;.z[_i,é}

1 — X
() (fn 00}y = frxe™}: f 00 =01 =[0,1]
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4.

10.

For the sequence { fn},2; of rea-valued functions o given by f, (X) =
N+ (n+2)x"

x forne Jandf (x) = 0forx € I = [0, 1], show that
fn (X) — f (X) asn — oo for eachx € I. Isis true that

1 1
/ fn (X) dx — / f (x) dx asn - oc0?
0 0

Suppose that the sequences of functipfg - ; and{gn}-, converge uni-
formly to f andg, respectively, on a seA in a metric spac€s, d). Prove
that the sequendef, + gn} =, converges uniformly td + g.

X2
(1+nx?) /n
gentinl = {x € R: |X| < h}. (Hint: Justify that each, (x) =

Determine all the values afsuch thatz is uniformly conver-

2

(14 nx?)
Is increasing as a functionand make use that the obtain an upper bound on
the summand.)

o0 o0
. Prove that, if} |aa| is convergent, ther) a, cosnx converges uniformly

for all x e R.

[0.9] o0
Suppose thaZn |bn| is convergent and let (x) = an sinnx for x € R.

n=1 n=1
Show that

[o.]
f/(x) = ann cosnx

n=1

and that boch:bn sinnx andZ:nbn cosnx converge uniformly for alk e

R.

Prove that if a sequence of complex-valued function€aronverges uni-
formly on a setA and on a seB, then it converges uniformly oA U B.

Prove that if the sequen¢é,}> , of complex-valued functions o@ is uni-
formly convergent on a sé& to a function f that is bounded o8, then
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there exists a positive real number K and a positive integer M such that
VN (VX)(n> MAX e Q= |fy(X)| < K).

11. Suppose that { fn}a2 ; isasequence of real-valued functions each of which is
continuous on an intervdl = [a, b]. If {fn};2, is uniformly continuous on
I, prove that there exists a positive real numKesuch that

(Vn)(¥X)(ne I Aax el = |f,(X)] < K).

12. Without appeal to Theorem 8.3.Be., using basic properties of integrals,
prove Theorem 8.3.11: Suppose thdg} 2, is a sequence of real-valued

functions that are continuous on the intenalp] and f, = f. Forc €
[a,b]
[a, b] and eacln € J, let Fy (X) = fcx fn (t)dt.Then f is continuous on
e

[a,b]andFy, = F whereF (x) = [ f (t)dt.
[a.b]

13. Compare the values of the integrals of the nth partials sums over the interval
[0, 1] with the integral of their their limit in the case whepg, -, fk () is
such that

x+1 , =1<x<0

fl(X):{—x—kl, O<x<1 '’

and, foreacm =2, 3, 4, ...,

0 L —1<X<—
_1 l
n’x4+n , —<x<0
S (X) = ; n 1
—n®Xx+4n 0<X§ﬁ
1
0 , —<Xx<1
n

Does your comparison allow you to conclude anything concerning the uni-
form convergence of the given series n1{? Brigfy justify your response.
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0 Jf —1l<x < ——
14. Foreachn € J, let f (X) = { nx2+1  if —%<x<—
1
0 Jf —<x<1
n

Then {fy}2, C C([—1,1]) whereC ([—1, 1]) is the set of real-valued func-
tions that are continuous or-[L, 1]. Make use of f,};2; to justify that the
metric spacéC ([—1, 1]), p) is not complete, where

1
p(f,g>=/_l|f(x>—g(x>|dx.

15. For each of the following familieg of real-valued functions on the spéed
setsQ, determine whether of nof is pointwise bounded, locally uniformly
bounded, and/or uniformly bounded @n Justify your conclusions.

(a)]-':[l—é:nej]},ﬂ:(o,l]

sinnx B
(b)]—':[ N .neJ],Q_[O,l]
nx
(C)fz[m:nejl,QZR
2n
(d)fz[mneﬂ},Q:R

e F={nx"1-x):nel},Q=I[0,1)

16. Suppose thaf is a family of real-valued functions oR that are differen-
tiable on the intervald, b] and 7' = {f’ fe ]—'} is uniformly bounded on
[a, b]. Prove thatF is equicontinuous ofe, b).

17. IsF = Inxe ™ :neJAaxeR uniformly bounded on [00)? State
your position clearly and carefully justify it.

X : . .
18. IsG = ncos—n ‘neJAXe R} equicontinuous ofR? State your posi-
tion clearly and carefully justify it.
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ikzxsnkx
£ 1 K

=1
clearly and carefullyjusnfy it.

uniformly convergent on [0, co)? State your position



