Chapter 9

Some Special Functions

Up to this point we have focused on the general properties that are associated with
uniform convergence of sequences and series of functions. In this chapter, most of

our attention will focus on series that are formed from sequences of functions that

are polynomials having one and only one zero of increasing order. In asense, these

are series of functions that are “about as good as it gets.” It would be even better
if we were doing this discussion in the “Complex Wordibwever, we will restrict
ourselves mostly to power series in the reals.

9.1 Power Series Over the Reals

In this section, we turn to series that are generated by sequences of functions
[0.9]
{oc(x = “)k}kZO'

Definition 9.1.1 A power seriesin R about the point « € R isa seriesin theform
[0.9]
Co+ D Cn (X —a)"
n=1

where o and c,, for n € J U {0}, arereal constants.

Remark 9.1.2 When we discuss power series, we are till interested in the differ-
ent types of convergence that were discussed in the last chagerely, point-
wise, uniform and absolute. In this context, for example, the power seyies c
> o1 tn(x —a)"is said to bepointwise convergent on a set SC R if and only if,
foreachx e S, the seriesg@t> o 1 Cn (Xo — @)" converges. If&+> 121 Cn (X0 — a)"
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370 CHAPTER 9. SOME SPECIAL FUNCTIONS

is divergent, then the power seriesco+ > - ; Cn (X — )" is said to diverge at the
point Xo.

When a given power series co + > e q Cn (X — )" is known to be pointwise
convergenton aset S C R, wedefineafunction f : S— Rby f (X) = co+
> 2 1¢n (X — a)" whose range consists of the pointwise limits that are obtained
from substituting the elements of Sinto the given power series.

We've already seen an example of a power series about which we know the con-
vergence properties. The geometric serigs ¥ -~ ; x" is a power series about the
point O with coeficients{c,},2, satisfyingc, = 1 for all n. From the Convergence
Properties of the Geometric Series and our work in the last chapter, we know that

. . o 1 .
o the serie®"° ;X" is pointwise convergent t?_x inU ={xeR:|X] <1},

o the series> -, x" is uniformly convergent in any compact subsetlfand

e the seriesy 1~ ; x" is not uniformly convergent it .

We will see shortly that this list of properties is precisely the one that is associated
with any power series on its segment (usually known as interval) of convergence.
The next result, which follows directly from the Necessary Condition for Conver-
gence, leads us to a characterization of the nature of the sets that serve as domains
for convergence of power series.

Lemma9.1.3 If theseries > 2 o cn (X — a)" convergesfor x; # a, then the series
converges absolutely for each x such that |[X — a| < |X1 — a|. Furthermore, there
isa number M such that

X — al

n
) for [Xx—al <|x1—a| andforal n. (9.1)

len(x— )" < M (

X1 — o

Proof. Suppose> - ,cn (X — a)" converges ax; # a. We know that a nec-
essary condition for convergence is that the “nth terms” go to zermo geses to
infinity. Consequentlyr,HIim:n (x1 — )" = 0 and, corresponding to = 1, there

o0
exists a positive integef such that

n>K=|ch(x1—a)"—0| <1.
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Let M =max {1, max c (Xl—oc)j]. Then
0<j<K

lcn (X1 — a)"| < M foral neJuU{0}.

For any fixed x € R satisfying [X — a| < |x1 — a], it follows that

n
—a
[on (x = )" = lenl Ix = " = enl Pxa = " |- —
Xx—a |
<M foral n e JuU {0}
X1 —a

asclaimedin equation (9.1). Finaly, for fixed X € R satisfying |[X — a| < |X1 — «],
the Comparison Test yields the absolute convergence of > 2 gcn (X —a)". =

The next theorem justifies that we have uniform convergence on compact sub-
sets of a segment of convergence.

Theorem 9.1.4 Suppose that the series > "7 Cn (X — a)" converges for x1 # a.
Then the power series converges uniformlyon | = {xeR:a —h <x <a+ h}
for each nonnegative h suchthat h < [x; — «|. Furthermore, thereisa real number
M such that

n
) for [Xx—al < h < |x1 —a| andfor all n.

len(x—a)"| < M (

|X1 — al

n
Proof. The existence oM such that|c, (x —a)"| < M (l';‘l‘_‘;'l) was just

shown in our proof of Lemma 9.1.3. Fpr — a| < h < |x1 — a]|, we have that

X — af h
<

< < 1.
X1 —al = [X1—«af

The uni1;orm convergence now follows from the Weierstrass M-Test With=
h

(—|xl—a|) -

Theorem 9.1.5 For the power seriesco + > oo ; Cn (X — )", either

(i) the series convergesonly for X = a; or

(i) the series convergesfor all valuesof x € R; or
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(i) thereisapositivereal number R such that the series converges absolutely for
each x satisfying [X — a| < R, convergesuniformlyin{x e R : |x — a| < Ro}
for any positive Ry < R, and divergesfor x € R suchthat |[x — a| > R.

Proof. To see (i) and (ii), note that the power series >~ ; n" (x — a)" diverges

_ \N
for each x # a, while Zﬁio(xTa) is convergent for each x € R. Now, for

(iii), suppose that there is a real number x; # «a for which the series converges
and a real number xo for which it diverges. By Theorem 9.1.3, it follows that
X1 —al < |x2—al. Let

S= [p eR: Z}cn (x —a)"| convergesfor |x —a| < p]
n=0

and define
R=sup S

Suppose that x* is such that |x* —a| < R. Then there existsa p €
S such that |x* —a| < p < R. From the definition of S, we conclude that
> oo len (x* —a)"| converges. Since x* was arbitrary, the given series is abso-
lutely convergent for each in {x € R: |[x — a| < R}. The uniform convergence
in{x € R:|x—a| < Ry} for any positiveRy < R was justfied in Theorem 9.1.4.

Next, suppose that € R is such thafX —a| = p > R. From Lemma
9.1.3, convergence of -, |cn ()2 — a)n| would yield absolute convergence of the
given series for atk satisfying|x — a| < p and place in Swhich would contradict
the ddinition of R. We conclude that for atkk € R, |[x —a| > R implies that
> oiolen (x — )" as well asy 12 g cn (X — )" diverge. m
The nth Root Test provides us with a formula fording the radius of conver-
gence R, that is described in Theorem 9.1.5.

Lemma9.1.6 For the power seriesco + > oy Cn (X — )", let p = lim supY/Icnl

n—oo
and
+o0o Lif p=0
1
R=1{ — Jf O0<p <oo . (9.2)
p
0 Jif p =400



9.1. POWER SERIESOVER THE REALS 373

Then co + > p2 4 cn (X — a)" converges absolutely for each x € (¢ — R, a + R),
converges uniformly in {x e R : |[x — a| < Rp} for any positive Ry < R, and di-
verges for xe R such thatj)x —a| > R. The number R is called the radius of
convergence for the given power series and the segtmentR, o + R) is called
the “interval of convergence.”

Proof. For any fixed Xo, we have that

limsup,)|cn (Xo — &)"| = limsup (lXo—al «"/ICnI) = |Xo — a] p.
n— oo n—oo

From the Root Test, the series o + > o4 Cn (Xo — )" converges absolutely when-
ever|xp — a| p < 1 and diverges whejxg — «| p > 1. We conclude that the radius
of convergence judied in Theorem 9.1.5 is given by equation (9.8).

: o (2" n , 22"
Example9.1.7 Consider > o o——=— (x —2)". Because limsup,/ —— =
3" n—00 3"

2 2
lim (;_?,) V2 = 3 from Lemma 9.1.6, it follows that the given power series has

n—oo

3
radius of convergence =. On the other hand, some basic algebraic manipulations
yield more information. Namely,

S o[22 " 1
Z;) 3 x=2 _—220[T (x—2)] =2 [(_2) ]
n= n= 1-|—x-2)
3
as long as (_—32) (x—2)| < 1, from the Geometric Series Expansion Theorem.

3
Therefore, for each x € R such that |x — 2| < > we have that

Another useful means dinding the radius of convergence of a power series
follows from the Ratio Test when the limit of the exists.

Lemma 9.1.8 Let a beareal constant and supposethat, for the sequence of nonzero
Cnt1

real constants {Cn} o, lim =LforO<L < o0.
- N>

Ch
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o0
(i) IfL =0, thenco+ > cn (X — )" is absolutely convergent for all x € R and
n=1
uniformly convergent on compact subsets of R,

e 1 1
(i) IfO < L < oo, thenco+ E Cn (X — a)" isabsolutely convergent (a — + E)’
n=1

: : 1 1 :
uniformly convergent in any compact subset of { o — 0 + ) and diver-

1
gent for any xe R such thatx — a| > T

[0.9]
(i) If L = o0, then ¢ + ch (x — a)" is convergent only for x= «.
n=1

The proof isleft as an exercise.

Remark 9.1.9 In view of Lemma 9.1.8, whenever the sequence of nonzero real
Cnt1
Cn

constantgcn},2 satis?esnlim = L for 0 < L < oo an alternative formula

— 00

o0
for the radius of convergence R qf ¢ ch (x —a)" is given by
n=1

400 ,if L=0

R= ,f O0<L <oo . (9.3

L
0 ,if L=+400
(=1)"2.4...(2n)
1-4-7---(3n=2)
(=1)"2.4...(2n)

Example 9.1.10 Consider) X+ 2)".
n—1

Letq1=1‘4‘7m(3n_2).Then
Cn1| (-D"2-4...2n)-2(n+1) 1-4-7---(Bn—2)| 2(n+1) 2
Cn _‘1-4-7---(3n—2)-(3(n+1)—2) (-)"2-4...2n)| 3n+1 3

as n —» oo. Consequently, from Lemma 9.1.8, the radius of convergence of the

. .3 { 8 4
given power series |§.Therefore, the “interval of convergence s—§,—§ .
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The simple manipulationsillustrated in Example 9.1.7 can also be used to derive
power series expansions for rational functions.

Example 9.1.11 Find a power series about the point o = 1 that sums pointwise to

8 -5
and find itsinterval of convergence.
(17 40 (3= 2x) d/inditsinterv g
Note that
8x —5 1 N -2
1+4x)(3=2x) 3—2x 1+4x’

1 _ 1 —i[Z(x 1)]“—izn(x 1)" for |x 1|<1
3-2x 1-2(x-1) X = 2
and
A -2 1

1+4x 5 1_ [(—?4) (x—l)]

2 -4 n 22n+1 5
-T3(F) e n] =3 G e <

n=0

1
W\e have pointwi se and absol ute convergence of both sumsfor |[x — 1| < min [ > 4].

It follows that
8x —5 00 n+1 2n+1 1
on )" for [x— 1] < =.
1+ 4x) 3= 20 Z[ G }(X ) for x =11 <3

The nth partial sums of a power series are polynomials and polynomials are
among the nicest functions that we know. The nature of the convergence of power
series allows for transmission of the nice properties of polynomials to the limit
functions.

Lemma9.1.12 Suppose that the series f (x) = > 12 gCn (X —a)" converges in
{xeR:|x—a] <R} with R > 0. Then f is continuous and differentiable in
(o — R,a + R), f’iscontinuousin (¢ — R, a + R) and

o0
)= ne(x—a)"tfora—R<x<a+R

n=1
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Spoace for comments and scratch work.

Proof. For any x; suchthat X1 — a| < R, thereexistsanh e RwithO < h < R
such that [xy —a| < h. Let | = {X:|x—a| < h}. Then, by Theorem 9.1.4,
> neoCn (x — a)" is uniformly convergent on |. From Theorem 8.3.3, f is con-
tinuous onl as the continuous limit of the ponnomiaE?:0 ¢cj (x —a)!. Conse-
quently, f is continuous ak;. Since thex; was arbitrary, we conclude thdtis
continuous inx — a| < R.

Note thatd 2 | ncn (x — @)1 is a power series whose limit, when it is
convergent, is the limit 0{5{1} wheres, (X) = Z?:O ¢j (X —a)’. Thus, the second
part of the theorem will follow from showing th3t - ; ncy (x — o)"~1 converges
atleastwherd isddinedi.e.,in|x —a| < R. Letxg e {x e R: 0 < |[Xx —a| < R}.
Then there exists axi* with |xg — a| < |X* — a| < R. Inthe proof of Lemm&?, it
was shown that there exists &h> 0 such thatc, (x* — a)"| < M for n e JU{0}.
Hence,

)nc (Xo a)n_l) = |Cnl [X* — " X —a|" M nrn—1
n - = '1tn - = :
|X* — a X* —a [X* — o
Xo—a . iXNao0 n—1
forr = v < 1. From the ratio test, the seri®s,” ; nr"~* converges. Thus,
—a
et -nr"1is convergent and we conclude tBaf° ; nc, (x — a)"Lis

Ix* —al
convergent akg. Sincexg was arbitrary we conclude th3t > ; nc, (x — )" Lis
convergent inx — a| < R. Applying the Theorems 9.1.4 and 8.3.3 as before leads
to the desired conclusion fdr'. m

Theorem 9.1.13 (Differentiation and I ntegration of Power Series) Suppose f is
givenby > o2 nch (x —a)" for X € (0 — R, a + Ry with R > 0.

(@) Thefunction f possesses derivatives of all orders. For each positive integer
m, the mth derivativeis given by
fM ) =3 m(h)en (x—a)"™™for [x —al < R
where (1) =n(n—=1)(n—2)--- (N —m+1).
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(b) For each x with [x — a| < R, define the function F by F (x) = [ f (t)dt.
Then F isalso given by > 2 n:’j 1 (x — a)™1 which is obtained by term:

by-term integration of the given series for f.

. f («)
(c) The constantsycare given by g = o

Excursion 9.1.14 Use the space that is provided to complete the following proof of
the Theorem.

Proof. Since (b) follows directly from Theorem 8.3.3 and (c) follows from
substituting x = o in the formula from (a), we need only indicate some of the
details for the proof of (a).

Let
/N
S:{meN: f(m)(x):rgn(m)cn(x—a)”‘m for |x —al < R}

where () =n(n—1)(n—2)--- (n—m+ 1). By Lemma 9.1.12, we know that
1 € S. Now suppose that k € Sfor somek; i.e,

f(k)(x)=in(n—1)(n—2)---(n—k+1)cn(x—a)“_k for [x —al < R
n=k

Remark 9.1.15 Though we have restricted ourselves to power serieR,imote
that none of what we have used relied on any properti@tbiat are not possessed
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by C. With that in mind, we state the following theorem and note that the proofs
are the same as the ones given above. However, the region of convergenceis a disk
rather than an interval.

Theorem 9.1.16 For the complex power seriesco+ > oo Cn (z — )" wherea and
Cn, for n € J U {0}, are complex constants, let p = limsup./|c,| and

n— oo
4+oo Lif p=0
1 .
R=1 — Jf O0<p <oo .
p
0

Jf p =400
Then the series
(i) convergesonlyfor z=a when R=0;
(if) convergesfor all valuesof z € C when R = 400, and

(iii) converges absolutely for each z € N («), converges uniformly in
XeR:|Xx—=a|] < Ro} = Ng,(a)

for any positive Rp < R, and divergesfor z € C such that |z—«a| > R
whenever 0 < R < oo. Inthiscase, Ris called theradius of convergence for
the seriesand Nr (o) = {z€ C : |z— a| < R} isthe corresponding disk of
convergence.

Both Lemma 9.1.12 and Theorem 9.1.13 hold for the complex series in their
disks of convergence.

Remark 9.1.17 Theorem 9.1.13 tells us that every function that is representable

as a power series in some segment (¢ — R, a + R) for R > 0 has continuous

o f ()
derivatives of all ordersthereand hastheform f (x) = >°°2 % (x—a)" It

isnatural to ask if the converse istrue? The answer to this question is no. Consider
the function

142
g(x) = SXp( 1/%°) iig.
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It follows from I'HOpital’s Rule that g is ifinitely differentiable at x= 0 with

g™ (0) = Ofor all n e JU{0}. Since the function is clearly not identically equal to
zero in any segment aboQtwe can’t write g in the “desired form.” This prompts

us to take a different approach. Namely, we restrict ourselves to a class of functions
that have the desired properties.

Definition 9.1.18 A function that has continuous derivatives of all orders in the
neighborhood of a point is said to befinitely differentiable at the point.

Definition 9.1.19 Let f be a real-valued function on a segment |. The function f

is said to beanalytic at the point o if it is infinitely differentiable atx € | and
f™ o

f(X) =20 I(a) (x —a)" is valid in a segmenfa — R, a + R) for some

R > 0. The function f is callednalytic on a set if and only if it is analytic at each

point of the set.

Remark 9.1.20 The example mentioned above tells us thanitely differentiable
at a point is not enough to give analyticity there.

9.2 Some General Convergence Properties

There is agood reason why our discussion has said nothing about what happens at
the points of closure of the segments of convergence. This is because there is no

one conclusion that can be drawn. For example, each of the power series >~ o X",
n

n
Do XF and > o, % has the same “interval of convergence{—1, 1); however,
thefirst is divergent at each of the endpoints, the second one is convergeft at
and divergent at 1, and the last is convergent at both endpointsfifenpoint to
keep in mind is that the series when discussed from this viewpoint has nothing to do
with the functions that the series represent if we stay-h, 1). On the other hand,
if a power series that represents a function in its segment is known to converge at
an endpoint, we can say something about the relationship of that limit in relation to
the given function. The precise set-up is given in the following result.

Theorem 9.2.1 If 312 jcn converges and f (x) = > o2 ycax" for x € (—1,1),

then lim f (x) = > p2ycCn.
X—1-
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Excursion 9.2.2 Fill inwhat is missing in order to complete the following proof of
Theorem 9.2.1.

Proof. Let s, = > 'p_oCk and s_1 = 0. It follows that

m m m-—1
Z X" = Z (h— s X" = ((1 —X) Z SnX“) + smx™.
n=0 n=0 n=0

Since |X| < 1and lim sy = > ﬁozocn, we have that lim s, x™ = 0 and we
m— oo m— o0
conclude that

f(x)= icnx” =(1-x) i sx". (9.4)
n=0 n=0

Lets = > o2yCn. Foreach x e (-1, 1), we know that (1—x) > o oXx" = 1.
Thus,

s=(1-Xx) i sx". (9.5)
n=0

Suppose that ¢ > 0 isgiven. Because nIi)m Sy = S there exists a positive integer M
o0

such that impliesthat |s, — S| < % Let
€N

1
K :max[E,OQEXM |s—sj}]

and
1
= if e > 2KM
4
o=
¢ if 2K M
_— <
okMm ¢
KM  2KM
Note tht, if 2K M < &, then — = = = 5%<%. Fori—o < x < 1, it
follows that

M

M
=0 s -sIx"<@-%x__ D x"<@-x_ M<2 (96
n=0 (2 n=0 ) 2
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Use equations (9.4) and (9.5), to show that, if 1 — 0 < x < 1, then
[f (X)—5s| <e.

)

|
*** Acceptable responses are: (1) n > M, (2) K, (3) Hopefully, you noted that
| f (X) — s| isbounded above by the sum of (1 — x) Zr'\]/l:o |sh — s| |x|" and

1-x) ZﬁiMH Ish — | |X|". The first summation is bounded above by % as
shown in equation (9.6) while the latter summation is bounded above by

> (L= X3y XI7): with x > O this yields that

(1= X2y X" = (1= Ty X" < (1= %) 2o IXI" = 14+

An application of Theorem 9.2.1 leadsto adifferent proof of the following result
concerning the Cauchy product of convergent numerical series.

Corollary 9.2.3 If 302 gan, > .neobn, and > ¢, are convergent to A, B, and
C, respectively, and > 2, Cn isthe Cauchy product of >" 7 s an and > "2 by, then
C = AB.

Proof. ForO < x < 1, let
f 0 => ax",g()=> bax",andh(x) = > cnx"
n=0 n=0 n=0

where ¢, = Z?:O ajbn_j. Because each series converges absolutely for x| < 1,
for each fixed x € [0, 1) we have that

f (X)g(x) = (Z anx“) (Z bnx”) => cx"=h(x).
n=0 n=0 n=0
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From Theorem 9.2.1,

lim f (x) = A, limg(x)=B,and lim h(x) =C.
X—1- X—1-

X—1-

The result follows from the properties of limits. =

One nice argument justifying that a power series is analytic at each point in
its interval of convergence involves rearrangement of the power series. We will
make use of the Binomial Theorem and the following result that justifies the needed
rearrangement.

Lemma9.2.4 Given the double sequence {aj; }; ; ., supposethat 357, [aij| = by
and >7°, by converges. Then

oo

>3 a =géan-

i=1j=1

Proof. Let E = {X, : n € JU{0}} be adenumerable set such that nIi)m Xn = Xo
and, for eachi, n € J let

o0 n
fi (Xo) = Zaij and fi (xn) ZZaij-
j=1 j=1
Furthermore, for each x € E, define the function g on E by

g0 = fi(x).
i=1

From the hypotheses, for eachi € J, nIi)m fi (Xn) = fi (Xo). Furthermore, the def-
inition of E ensures that for any sequenieex},-; C E such thatk limwk = Xo,

— 00
I(Iim fi (wk) = fi (xp). Consequently, from the Limits of Sequences Characteri-
—00

zation for Continuity Theorem, for eagdhe J, fj is continuous akg. Because
(WX) (Vi) (i eJAx e E=|fi(X)| < b)) and> 2, b converges 2, fi (x) is
uniformly convergent irE. From the Uniform Limit of Continuous Functions The-
orem (8.3.3)g is continuous axg. Therefore,

Z Zaii = Z fi (Xo0) = g (%0) = nIiﬁmoog (Xn) -

i=1j=1 i=1
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Now
oo 0 o0 o0 n
> 3ai=im 3w = lim >3 a)
i=1j=1 i=1 i=1j=1
n o0 o0 oo
=lim 2 > 8 =2, 2.4
j=li=1 ji=li=1
n

Theorem 9.2.5 Suppose that f (X) = > ogcnx" convergesin x| < R. For
a € (—R, R), f can be expanded in a power series about the point x = a which
f™ (@

@ x—a)".

convergesin{x e R: [x —al < R—[al}and f (x) = > nog o

In the following proof, extra space is provided in order to alow more room for
scratch work to check some of the claims.

Proof. For f (x) = > n2oCnX"in|x| < R/ leta € (=R, R). Then f (x) =
>l otnX" = > 7 hcn[(x — @) + a]"and, from the Binomial Theorem,

00 /0 . . oo n n\ . )
F)=D > (.)a‘ x—a)'! = chn(_)al (x —a)"i

n—0 j—o\l iz \J
We can think of thisform of summation as a “summing by rows.” In this context,
thefirst row would could be written a® (X — a)o, while the second row could be

written ascy [(é)ao x—a)t + (jal (x — a)o]. In general, thg? + 1) st row is
given by

C |:Z (f) Fx - a)f_j}
i=o\J
=C [(g)ao (X — a)" + (i)al (X — a)"_l 4o+ (i)af (x — a)o] .
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In the space provided write 4-5 of the rows aligned in such a way as to help you
envision what would happen if we decided to arrange the summation “by columns.

cr(pak(x —a)"* if k<n
If wnk = , then it follows that
I if k>n

fF=YaxX"=D alx—a)+a"=> > wn.
n=0 n=0

n=0 k=0

In view of Lemma 9.2.4% "7 5 (302 o wnk) = D ko (2o wnk) Whenever

e} n . . @]
> el (J) jal’ 1x —al™) =" leal (Ix — al + Ja)" < oo;
n=0

n=0 j=0

l.e., atleastwhefix — a] + |a]) < R. Viewing the rearrangement as “summing by
columns,” yields thafirst column agx — a)° [coa® + cial + - - - + (D) cna + - - |

and the second column @s— a)* [(cl))clao + (B)eat + -+ (" Jena - ]
In general, we have that th{& + 1) st column if given by

k+1 n
(x — &)X [Cka0+( 1_ )ck+1a1+---+ (n B k)cna”"‘+--- ]
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Use the space that is provided to convince yourself concerning the form of the
general term.

Hence, for any x € R such that |[x — a] < R — |a], we have that

o= (5, 0))
k=0 K n—k
v~ kst
_;Z(:)(X a) (;k!(n_k)!cna )
:i(X—a)kk_ll(in(n—1)(n_2)...(n_k+1)an—kcn)
k=0 * \n=k
k=0
asneeded. m

Theorem 9.2.6 (Identity Theorem) Suppose that the series > -, anx" and
> o2 o bnx" both convergein the ssgment S= (=R, R). If

E= [x eS: Zanx“ = anx“}
n=0 n=0
hasa limit pointin S, then (vn) (n e JU {0} = a, =b,)and E = S.

Excursion 9.2.7 Fill inwhat ismissing in order to complete the following proof of
the Identity Theorem.
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Proof. Suppose that the series > "2 yanx" and >, bnx" both convergein the
segment S = (—R, R) and that

Ez[xeS:Zanxnzzmx”}
n=0 n=0
has a limit point in S. For eachn € J U {0}, let ¢y = a3 — by. Then f (x) =
(S)
> otnx" =0foreachx € E. Let
A={xeS:xeE}andB=S—A={xeS:x¢A}

where E’ denotes the set of limit points of E. Note that Sis a connected set such
that S= AU B and AN B = #. First we will justify that B isopen. If B isempty,
then we are done. If B is not empty and not open, then there existsa w € B such
that = (ANs (w)) (Ns (w) C B).

(D

Next we will show that A is open. Suppose that xo € A. Because Xg € S, by
Theorem 9.2.5,

f ()= dn(x—xp)" for
n=0 @3]
Suppose that T = {j € JU {0} : dj # O} # @. By the , T hasa
©)
least element, say k. It follows that we can write f (x) = (X — X0)* g (X) where
g(X) = > m_odk+m (X — Xo)" for . Because g is continuous at Xo,

@
we know that XIi%mX gx) = = =# 0. Now we will make use of
0

4 ®)
> 0 to show that there exists 0 > 0 such that g (x) # O for

|9 (X0)|

the fact that
|X — Xo| < 0.

(6)
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Hence, g (x) # O0for [X — Xg| < o from which it follows that

f(x)=(x-x)*g(x)#0

in . But this contradicts the claim that xg isalimit point of zeroes of

(N
f. Therefore, and we conclude that
® 9)
Thus, f (X) = > n2odn (X — x0)" = O for @l x in aneighborhood N (xg) of xo.
Hence, N (Xp) C A. Since Xg was arbitrary, we conclude that

(Vw) (w e A= ); i.e,
(10)
(1)

Because S is a connected set for which A and B are open sets such that

S=AUB, A##,and AN B = @, we conclude that . m
(12)

*** A cceptable responses are: (1) Your argument should have generated a sequence
of elements of E that converges to w. This necessitated an intermediate step be-
cause at each step you could only claim to have a point that wW&'s For example,
if Ns (w) is not contained irB, then there exists a € S such that ¢ B which
placesv in E’. While this does not placein E, it does insure that any neighbor-
hood ofv contains an element d&. Letu; be an element o such thatu; # w
and|u; — w| < . The process can be continued to generate a sequence of elements
of E, {un}p2 4, that converges te. This would placeo in AN B which contradicts
the choice ofB. (2) [x — Xo| < R — [|Xol|, (3) Well-Ordering Principle, (49 (Xo),

(5) dk, (6) We've seen this one a few times before. Correspondimg@-toiIg (;O)l,

there exists @ > 0 such thafx — xp| < 0 = |g(X) — g(Xo)| < &. The (other)
19 (X0)|
2

triangular inequality, then yields théd (Xo)| — |g (X)| < which implies

that|g (x)| > 19 )| whenevelx — xg| < d. (7)0 < [Xx—=Xo| <0, (8) T =4,

9) (vn)(ne JU {0} = dy =0), (10)(3N (w)) (N (w) C A), (11) Ais open, (12)
B is empty***
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9.3 Designer Series

With this section, we focus attention on one specific power series expansion that
satisfies some specia function behavior. Thus far we have been using the defi-
nition of e that is developed in most elementary calculus courses, namely,
: 1\" : : :
lim {1+ - There are alternative approaches that lead @&s bo this section,

n—oo

we will obtaine as the value of power series at a point. In Chapter 3 of Ruin,
n

1 1 . 1
was déined asy - oy - and it was shown tha® oo — o= lim {1 +o . We

n—oo
get to this point from Work on a specially chosen power series. The series leads to

a ddinition for the functione* and Inx as well as a “from series perspective” view
of trigonometric functions.
For eac e J, if ¢ = ()72, then limsup(|ch41l Ica| ™) = 0. Hence, the
n—oo

Ratio Test yields tha} .- ,cnz" is absolutely convergent for eaghe C. Conse-
guently, we can let

S

E(2) = Z% forze C. 9.7)

n=0

Complete the following exercises in order to obtain some general properties of
E (). If you get stuck, note that the following is a working excursion version
of a subset of what is done on pages 178-180 of our text.

From the absolute convergence of the power series given in (9.7), fdixaoly
z, w € C, the Cauchy product, as fileed in Chapter 4, oE (z) andE (w) can be
written as

0 N SNy > N Zkwn—k
E@E W) :(gﬁ)(gﬁ) - n;)k:o KK(n—Kk)!’
o x4 " /n o
E(2) E (w) = nZOan, . (n_k), Zu k:,;ﬁ(é (k)zkw k)

(z+w)"
:nzzo nt
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Therefore,
E2EWw)=E(z+w). (9.8)

Suppose there existsa ¢ € C suchthat E (¢) = 0. Takingz = ¢ and w = —¢ in
(9.8) yields that

EQOEEH=EO=1 (9.9)

which would contradict our second Property of the Additive Identity of a Field
(Proposition 1.1.4) from which we haveto havethat E (¢) E (w) = Oforal w € C.
Consequently (vz) (z e C = E (2) # 0).

1. For x real, use basic bounding arguments and field properties to justify each
of the following.

@ (W)xeR= E(x)>0)

(b) lim E() =0

© (M) VY) [(X,ye RAO <X <Y)
= (E(X) <E(Y)AE(-Yy) < E(=X))]
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What you have just shown justifiesthat E (x) over therealsisastrictly increas-
ing function that is positive for eache R.

2. Use the dnition of the derivative to prove that

(V2) (ze C= E'(2) = E(2)).

Note that whernx is real,E’ (x) = E (x) and(Vx) (x € R = E (x) > 0) with
the Monotonicity Test yields an alternative jdistation thatE is increasing
in R.
A straight induction argument allows us to claim from (9.8) that
n n
(Vn) |:neJ:> E(sz)an(zj)] (9.10)
j=1 j=1

3. Complete the judiication that

. 1\"
E@Q) = n||—>moo (1+ ﬁ) .
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Foreachn € J, let

1 1\"
Sh = — and th=(1+ -
k! n

(@) Usethe Binomia Theorem to justify that,

amterg (15)+5 (-3) (-7) =
i (=3) (-5 (-5,

(b) Usepart (a) to justify that limsupt, < E (1).

n—oo

(c) Forn > m > 2, judtify that

1 1
th>14+14+—(1—-)+---
2! n
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(d) Use the inequality you obtain by keeping m fixed and letting n — oo
in the equation from part (c) to obtain alower bound on Ilnrn> inft, and an
o0

upper bound on sy, for each m.

(e) Finish the argument.

4. Use properties of E to justify each of the following claims.
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@ (vny(neJ= E() =¢€").

(b) YUy (ueQAuU>0= E(u)=¢Y)

Using field properties and the density of the rationals can get us to a justification
that E (x) = €* for x redl.

n+1
5. Show that, for x > 0, & > (nx+ 57 0 use the inequality o justfy thet
lim x"e X = 0foreachn e J. '

X—+00

9.3.1 Another Visit With the Logarithm Function

Because the function E [r is strictly increasing and differentiable from R into
Rt = {x e R: x > 0}, by the Inverse Function Theorem, E [r has an inverse
function L : Rt — R, defined by E (L (y)) = Y that is strictly increasing and
differentiable on R*. For x € R, we havethat L (E (X)) = X, for x real and the
Inverse Differentiation Theorem yields that

1
L' (y) = y fory>0 (9.11)
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wherey = E (X). Since E (0) = 1, L (1) = 0and (9.11) implies that
Y dx

L = —_—

W=/ 5

which gets us back to the natural logarithm as it was defined in Chapter 7 of these
notes. A discussion of some of the properties of the natural logarithm is offered on
pages 180-182 of our text.

9.3.2 A Series Development of Two Trigonometric Functions

The development of the real exponential and logarithm functions followed from re-
stricting consideration of the complex serle$z) toR. In this section, we consider

E (2) restricted the subset @f consisting of numbers that are purely imaginary. For
X € R,

E(ix):i(ix)n :i(')n_xn

= n! = n!
Since
1 Jf 4 n 1 Jif 4N
e Jf 4] (n=1) ) -1 i 4] (n=1)
=121 i 4 n—2 A EDT=y_1 i a1(n-2 -
—i ,if 4](n=23) i Jf 41 (n=23)

it follows that each of
C(x) = % [E(X)+ E(-ix)] and S(x)= 2—1| [E(ix)— E(-ix)] (9.12)
have real codicients and are, thus, real valued functions. We also note that
E(@ix)=C(X)+iS(x) (9.13)

from which we conclude that (x) and S(x) are the real and imaginary parts of
E (ix), for x € R.

Complete the following exercises in order to obtain some general properties of
C (x) andS(x) for x € R. If you get stuck, note that the following is a working
excursion version of a subset of what is done on pages 182-184 of our text. Once
completed, the list of properties justify that(x) andS(x) for x € R correspond to
the cosx and sinx, respectively, though appeal to triangles or the normal geometric
view is never made in the development.
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1. Show that |E (ix)| = 1.

2. By inspection, we see that C (0) = 1 and S(0) = 0. Justify that C’ (x) =
—S(x) and S (x) = C (x).

3. Provethat (3x) (x e RT AC (x) = 0).

4. Justify that there exists a smallest positive real number xg such that C (xg) =
0.

5. Define the symbol = by 7 = 2xg where Xg is the number from #4 and justify
each of the following claims.
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@ s(5)-
(b) E(n—zl) =i
(c) E(xi)=-1
(d E2ri)=1

It follows immediately from equation (9.8) that E is periodic with period 2zi; i.e.,
(V2)(ze C= E(z+ 27i) = E(2).

Then the formulas given in equation (9.12) immediately yield that both C and Sare
periodic with period 27 .

Also shown in Theorem 8.7 of our text isthat (Vt) (t € (0,27) = E (it) # 1)
and

V2)[(ze CAlzl=1) = @) (t € [0,27) A E(it) = 2)].

The following space is provided for you to enter some helpful notes towards justi-
fying each of these claims.
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9.4 Seriesfrom Taylor’'s Theorem

Thefollowing theorem supplies uswith asufficient condition for agiven function to

be representabl e as apower series. The statement and proof should be strongly rem-
iniscent of Taylor's Approximating Polynomials Theorem that we saw in Chapter
6.

Theorem 9.4.1 (Taylor’s Theorem with Remainder) For a < b, let | = [a, b].
Supposethat f and () areinC (1) for 1 < j < nandthat f™D js defined for
each x € Int(1). Then, for each x € |, thereexistsa ¢ witha < ¢ < x such that

D)
=31 12 x— )i+ Ry

j=0

f (0+D (f) (x — a)n—l-l
(n+ 1)!

where Ry (X) =
mainder .

is known as the Lagrange Form of the Re-

Excursion 9.4.2 Fill in what is missing to complete the following proof.

Proof. It suffices to prove the theorem for the casex =b. Since f and f () are
inC(l)forl<j<nRy="f(b)- ZJ 0 (a) (b —a)! iswell defined. In

order to find a different form of R,, we introduce afunctl ong.Forx el,let

f () (x (b —x)"*t
p00=10)-3 100 4 i R
= (b—a)
From the hypotheses and the properties of continuous and functions,
@
we know that ¢ is and differentiable for each x € |. Furthermore,

@

¢ @) = =
6) (4)
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and ¢ (b) = 0. By , there exists a ¢ € | such that
()

¢’ (&) = 0. Now

n _f(J)(X) ._1i|
/ = — - b— J —_
¢ (X) 1221[ =1 (b—x)

©®
N+ (b-x)"
(b_a)n+l
Because
(j+1) f(+D .
0 i p <x)+Z 700
j=0
“+1 (D) .
=100+ 3 (f))!< —x)i
it follows that
w’(x)—%?n—ﬁﬁ%
D 1 FU -
R EGRR I Pttt %’,( -1
- ™ |
£ (N+1) AN
f ¢/ (&) = O, then ——— (5) (b—&) = (”E?S;nj) Rn. Therefore,
.
®

*** A cceptable responses are: (1) differentiable, (2) continuous,

3 f (b)— Z] 0 fm(x) (b—a)! — Rn, (4) 0, (5) Rolle's or the Mean-Value The-
f(]+1) (X) f (n+1) ( )

orem, (6)X_7_ (b—x)!, (7) - (b—x)",

f (n+1) (é':) (b a)n+l
(n+ D! '

(8) Rn =
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Remark 9.4.3 Notice that the inequality a« b was only a convenience for framing

the argumenti.e., if we have the conditions holding in a neighborhood of a point

a we have the Taylor’s Series expansion to the left @ihd to the right ofx. In

this case, we refer to the expansion as a Taylor’'s Series with Lagrange Form of the
Remainder about.

Corollary 9.4.4 For « € R and R> 0, suppose that f and® are in

C((a —R,a+R) for 1 < j < n and that ™1 is dgined for each xe
(0 — R,a + R). Then, for each x (¢« — R, a + R), there exists a

¢ € (o — R, a + R) such that

D (a)

f(x):Z

=

(x—a) + Ry

f (0+D) (gr) (X — a)n—l-l

where R = N+ D)

941 SomeSeriesToKnow & Love

When all of the derivatives of a given function are continuous in a neighbor hood
of a point a, the Taylor series expansion about o sSimply takes the form f (x) =

£ () .
220 .I(a) (x — a)! with its radius of convergence being determined by the

behavior of the coefficients. Alternatively, we can justify the series expansion by
proving that the remainder goesto 0 asn — oo. There are several series expansions
that we should just know and/or be able to use.

Theorem 9.4.5

(a) For all rea o and x, we have

& = eaiﬂ. (9.14)

|
=0 n:

(b) For al rea a and x, we have

sinx :i%(x—o@“ (9.15)
n=0 ’
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and
. cos(a + &
COSX = ZO % (X —a)". (9.16)
n=

(c) For |x] < 1, we have

s (_1)n+1 XN

INn(1+x) =) (9.17)
n=1 n
and
00 n-1,2n-1
v EDTx
arctanx = »_ T (9.18)

n=1

(d) The Binomial Series Theorem. For each m € R! and for |x| < 1, we have

m(m—l)(m—2)-~(m—n+1)Xn

- (9.19)

o
A+0"=1+>"
n=1

We will offer proofs for (a), and the first parts of (b) and (c). A fairly complete
sketch of a proof for the Binomial Series Theorem is given after discussion of a
different form of Taylor's Theorem.

Proof. Let f (x) = €*. Then f is continuously differentiable on all & and
f (M (x) = e for eachn € J. Fora € R, from Taylor's Theorem with Remainder,
we have that

e (X — a)n+1

n 1 .
f(x)=ex=e“§)ﬂ(x—a)' + Ra(a, %) whereRy = — ==

wheref is betweern andx. Note that

T S N T )

|
=0 n!
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Furthermore, because x > a witha < ¢ < x impliesthat & < €, whilex < a
yieldsthat x < & < a and & < €%,

|X_a|n+1 I .
—_— y _a
ef IX — all’H—l (n + 1)'
Rl = ZX 2L
(n+1)! n+1
X —al it
([’]Tl)! , | X <a

kn
Since Iim N = O for any fixed k € R, we concludethat R, - Oasn — oo.

NN
From the Ratio Test, Z( D s convergent for all x € R. We conclude that

=0
the seriesgiven in (9. 14) convergesto f for each x and «.

The expansion claimed in (9.17) follows from the Integrability of Series
because
*odt

1 o0
In(1+ x) = — and — = —D"t" for |t| < 1
aen= [ =g

There are many forms of the remainder for “Taylor expansions” that appear in
the literature. Alternatives can offer different estimates for the error entailed when
a Taylor polynomial is used to replace a function in some mathematical problem.
The integral form is given with the following

Theorem 9.4.6 (Taylor’s Theorem with Integral Form of the Remainder)
Supposethat f and its derivatives of order up to n+ 1 are continuous on a segment

| containing o. Then, for each x € I, f (X) = er' OM + R (a, X)
where

R (a, X) = / =Y f<“+1)(t)dt

Proof. Since f’ is continuous on the interval |, we can integrate the derivative
to obtain

f(x)= f(a)+/x f/ (t) dt.

(29
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As an application of Integration-by-Parts, forfixed x, corresponding tar = f’ (t)
anddo = dt, du = f” (t) dt and we can choose= — (x —t). Then

f(X):f(OC)+/ f’(t)dt:f(a)—f’(t)(x—t)lié-i—/ x—=1t) f” (t)dt
:f(a)—i—f’(oc)(x—a)—i—/ (x—1t) f” (t)dt.

Next suppose that

() —
f(x)—zf](a)(x )] - £ (1 at

n=0

and f &+D s differentiable onl. Then Integration-by-Parts can be applied to

— 1)K
fax(x—;!tlk f &+D (t) dt; takingu = f&+D (t) anddo = (X o )" dt leads tou =
—t k+1
f&+2 (t)dt ando = _()((kT)l)l' Substitution and simgiication justfies the

claim.m

As an application of Taylor's Theorem with Integral Form of Remainder, com-
plete the following proof of th&he Binomial Series Theorem.

Proof. Forfixedm € R! andx e R such thaix| < 1, from Taylor’'s Theorem
with Integral Form of Remainder, we have

k — — PR
(1+X)m:1+zm(m 1) (m sl) (m—-—n+1) N
n=1 '

X"+ R¢ (0, X) .

where

R« (O, )—/ &=t f(k+1)(t)dt

We want to show that

(X —t)k

A+t)™*1dt — 0ask > o

Rk(O,x)z/o mm-—1).-..-(m—Kk)
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for al x such that |x] < 1. Having two expressions in the integrand that involve a
power k suggests a rearrangement of the integrand; i.e.,

X —1-.-(m=k —t\K
Rk(O,X)z/O m(m )k! (m )(L:) 1+ tH™Ldt.

We discuss the behavior of (1 + t)™ %, when't is between 0 and x, and

X Xt kdt aratel
O \1+t SEpAraLey:

On one hand, we have that
A+t)™ !l <1whenever M>1A—-1<t<0)v(M<1lal>t>0).

On the other hand, becauset isbetweenOand x, if m > 1Ax > 0orm < 1AX < 0,
then

>0 for m>1
gt) = (1 +t)™! impliesthat g’ (t) = (m— 1) (1 +t)™2
<0 for m<1

Consequently, if m > 1 Ax > 0,then0 < t < x and g increasing yields the
g(t) < g(x);whilem< 1Ax <0,0<t < xandg decreasing, implies that
g (X) > g (t). With thisin mind, define C, (x), for |x| < 1 by

Cm (X) = 1+x)™1  m>1,x>00Rm<1x<0
mit = 1 ., mM>1,X<0ORmM<1,x>0 "

We have shown that

A+t)"™ 1 =Cp(t) < Cm(X), fort between 0 and x. (9.20)

k

X—t . I
Next, we turnto [ (1—+t) dt. Since we want to bound the behavior in

terms of x or a constant, we want to get the x out of the limits of integration. The
standard way to do thisisto effect achange of variable. Lett = xs. Thendt = xds

and
X 1\ k 1 _ k
/ Xt dtz/ Kt (125 gs
o \1+t 0 1+ xs
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k
Since s(1+ x) > 0, we immediately conclude that (11+ XSS) < 1. Hence, it
follows that
X _ k
/ (X—t) dt| < [x[<HL. 9.21)
o \1+t
From (9.20) and (9.21), if follows that
0 < |R« (0, x)|
l — .« .. —
s/o m(m 1)k, M=K ke ) dt
mm-—121)---(m—K
_ | ( )kl ( )l |X|k+1 Cm (X) )
—1)---(mMm—=Kk
For uk (x) = Im (m )kl (m =Kk IX[*+1 Cm (x) consider 3°°°  up (x). Be-
cause '
Uni1 OO | M) 1x] asn — oo,
Un (X) n+1

> 021 Un (x) is convergent fox| < 1. From the nth term test, it follows that
ug (X) —» 0 ask — oo for all x such that|x|] < 1. Finally, from the Squeeze
Principle, we conclude thd (0, X) — 0 ask — oo for all x with |x| < 1. =

94.2 SeriesFrom Other Series

There are some simple substitutions into power series that can facilitate the deriva-
tion of series expansions from some functions for which series expansions are
“known.” The proof of the following two examples are left as an exercise.

Theorem 9.4.7 Suppose that f (U) = > noycn(U—Db)" for u—b| < R with
R > 0.
(@ If b = kc + d with k # 0O, then f (kx +d) = > 2,cnk” (x — )" for

X —cl R
- < —.
IKI|
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(b) For everyfixed positive integer k, fi(x — c) +b] = 372 cn (x — c)k" for

Ix — c| < RVk,

The proofs are |eft as an exercise.

We close this section with a set of examples.

: : . 1
Example9.4.8 Find the power series expansion for(X) = 12 about the

. 1 . .
pointa = Eand give the radius of convergence.

Note that

1 1 1 1
1= =3 ]

L+x)1-=x) (1—x)+(1+x)

(=)

. 1 > n 1 1
Since :ZZ” x—=) for[2(x==)| <1lor|x—=| <
1 4 2 2
1-2x—-= n=0
2
1 1 > 2\" 1\" 2 1
—and = (= x—=) for|l={x—-—=)| <1lor
2 2 1)) nz_(;)( ) 3 2 3 2

(1+3(x-3

3 . . Jo. 1
X — > < > Because both series expansions are vathpr >
that

1
—, it follows
< 2

« 1
2

f(x):Z(Z”—F%) (x—%) for

1
< —=.
n=0 2




406 CHAPTER 9. SOME SPECIAL FUNCTIONS

Example9.4.9 Find the power series expansion for g (x) = arcsin(x) about the
point a = 0.

X dt
We know that, for |X| < 1, arcsinx = / ———. From the Binomial
1 0 v/1—12
Series Theorem, for m = ——, we have that
1 1 1
( )(_5_1)'”(_5_”“)
1/2 _ n .
(1+u)” 1+Z = u" for |u| < 1. Since

lu| < 1ifand onlylf }u2| < 1, it follows that

() (o)
(1—t2)_1/2 —1+> 2J\ 2 2 (=)™t for |t| < 1.
n=1

n!
Note that
1 —3—1 —}—n+1 (-D)" = 1 }+1 E+(n—1)
2 2 2 - \2)\2 2
nterms
- (2n—=1)
= 2n
Consequently,
—1/2 0 -1
(1— ) Z 2n | )2 for 1] < 1

n=1

with the convergence being uniformin each |t| < h for anyh suchthat 0 < h < 1.
Applying the Integration of Power Series Theorem (Theorem 9.1.13), it follows that

: X - 1) 20+
= z , f 1
arcsinx /0 \/_ (2n+1)2“nl or [X| <
wherearcsin0 = 0.

Excursion 9.4.10 Find the power series expansion about ¢ = O for f (x) =
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—X
cosh (x) = e+e

and give the radius of convergence.

***Jpon noting that f (0) = 1, f/(0) =0, f@ (x) = f (x) and @D (x) =
0 X2n

/ . . * k%
f’ (x), it follows that we can write f asg(zm! foradl x € R.

Example 9.4.11 Suppose that we want the power series expansion or) =
In(cos(x)) about the pointa = 0. Find the Taylor Remainder Rin both the
Lagrange and Integral forms.

f@ (&
Y a1 )

Since the Lagrange form forsRs given b x4for0 < & < x, we

have that
— (4sec®Etan® & + 2sect &) x4
24

R3 = for0 < ¢ < Xx.
. . X(x —t)"

In general, the integral form is given by, R, X) =/ — f(™+D (t) dt. For

this problemga = 0 and n= 3, which gives “ '

Rs (a, X) :/ax_(xT_t)S (4sec2ttan2t +23ec4t) dt

Excursion 9.4.12 Fill in what is missing in the following application of the geo-
metric series expansion and the theorem on the differentiation of power series to
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o
X .
Because » x" = T for |x| < 1, it follows that
n=1 -
>.(3)
Al \4 @

From the theorem on differentiation of power series,

X0 X /
an”:x( ) —
= 1-—x

in|x| < 1. Hence,

@)

- N
8 n =
n=1
Combining the results yields that

S3n—-1 & n 1
2. =n§(3ﬁ‘ﬁ)=

n=1

©)

4

*** Eypected responses are: (1) :,1)) (2)x(1—=x)"2 (3 g ,and (4) 1x**

9.5 Fourier Series

Our power series expansions are only useful in terms of representing functions that
are nice enough to be continuoudly differentiable, infinitely often. We would like
to be able to have series expansions that represent functions that are not so nicely
behaved. In order to obtain series expansions of functions for which we may have
only a finite number of derivatives at some points and/or discontinuities at other
points, we have to abandon the power series form and seek other “generators.” The
set of generating functions that lead to what is known as Fourier serid$ is
{cosnx : n e J}U{sinnx : n e J}.

Definition 9.5.1 Atrigonometric seriesis defined to be a seriesthat can be written
in the form

1 o .
~ag+ D (an COSNX + by sinnx) (9.22)
2 =

where {an} 2, and {bn} 2 ; are sequences of constants.
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Definition 9.5.2 A trigonometric polynomial isa finite sumin the form

N
> we*, xeR (9.23)
k=—N

wherecy, k= —N,—N +1,..., N — 1, N, isafinite sequence of constants.

Remark 9.5.3 The trigonometric polynomial given in (9.23) isreal if and only if
C_h=¢Chforn=0,1, ..., N.

Remark 9.5.4 Itfollowsfromequation (9.12) that the Nth partial sumof thetrigono-

metric series given in (9.22) can be written in the form given in (9.23). Conse-
N

. 1 . : .
quently, asumin the forn2qa0+ E (ax coskx + bk sinkx) is also called a trigono-
k=0
metric polynomial. The form used is often a matter of convenience.

The following “orthogonality relations” are sometimes proved in elementary
calculus courses as applications of some methods of integration:

/ cosmx cosnxdx = / sinmx sinnxdx =
-7 - 0 ,if m#n

and

T
/ cosmx sinnxdx = 0 forallm, n € J.
—T

We will make use of these relations in ordeffitad useful expressions for the coef-
ficients of trigonometric series that are associated with §pdanctions.
Theorem 9.5.5 If f isacontinuousfunctionon| = [—x, z] and thetrigonometric

1 . .
series an + Zﬁil (an cosnx + by sinnx) converges uniformly to f on I, then

an = 1/ f (t) cosnt dt for n € J U {0} (9.24)
T

-7

and

bh = 1/ f (t) sinnt dt. (9.25)
T

-7
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1 .
Proof. For eachk € J, let s (X) = 580+ S K 1 (amcosmx + by sinmx) and
supposethat ¢ > Oisgiven. Becausesc = f thereexistsapositiveinteger M such

[
that kK > M impliesthat |[sc (X) — f (X)| < e foral x € |. It follows that, for each
fixedn € J,

|sk (X) cosnx — f (x)cosnx| = |s¢ (X) — f (X)]|cosnx| < |sx(X) — f (X)| <&
and

Isc (X)sinnx — f (x) sinnx| = [s¢ (X) = f ()] [Snnx| < [sc(¥) = f (X)] < e
foradl x € | and dl k > M. Therefore, s¢(x)cosnx = f (x)cosnx and
S (X) sSinnx ? f (x) sinnx for each fixed n. Then for fixed n le J,

1 s .
f (X) cosnx = 580 C0SNX + Z (am cosmx cosnx + by, Sinmx cosnx)
m=1

and
1 o
f (X)snhnx = ansinnx + Z (am cosmx sSinnx + by sSinmx sinnx) ;
m=1

the uniform convergence allowsfor term-by-term integration over the intervatjz, |
which, from the orthogonality relations yields that

/ f (x)cosnxdx = ra, and f (x)sinnxdx = zhbp.

Definition 9.5.6 If f isa continuousfunctionon | = [—z, #] and the trigonomet-

. 1 . .

ric series—ag + Zﬁ‘;l (an cosnx + by sSinnx) converges uniformly to f on I, then
the trigonometric series

1 [o.]
- cosnx 4+ by sinnx
230+nZ:1(an + b )

is called theFourier seriesfor the function f and the numberg and b, are called
theFourier coefficientsof f.
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Given any Riemann integrable function on an interval [—z, 7], we can use the
formulas given by (9.24) and (9.25) to calculate Fourier coefficients that could be
associated with the function. However, the Fourier series formed using those co-
efficients may not converge tb. Consequently, a major concern in the study of
Fourier series is isolating or describing families of functions for which the associ-
ated Fourier series can be idémd with the “generating functionsi'e., we would
like to find classes of functions for which each Fourier series generated by a func-
tion in the class converges to the generating function.

The discussion of Fourier series in our text highlights some of the convergence
properties of Fourier series and the estimating properties of trigonometric polyno-
mials. The following is a theorem that offers a condition under which we have
pointwise convergence of the associated Fourier polynomials to the function. The
proof can be found on pages 189-190 of our text.

Theorem 9.5.7 For f a periodic function with period 2z that is Riemann inte-
grable on[—7x, 7], let

N
sn(f;X) = Z cme ™ where ¢, = o f (t) €™dt.

m=—N -7

If, for some x, there are constanis> 0 and M < oo such that
[f(x+1)—fX)| <Mt

forallt € (-4, 9), thenNIim sn(F;x) = T (X).
—00

The following theorem that is offered on page 190 of our text can be thought of
as atrigonometric polynomial analog to Taylor's Theorem with Remainder.

Theorem 9.5.8 If f isa continuous function that is periodic with period 2z and
¢ > 0, thenthereexistsatrigonometric polynomial P suchthat |P (x) — f (X)| < ¢
for all x € R.

For the remainder of this section, we will focus Ifiyeon the process dinding
Fourier series for a speus type of functions.

Definition 9.5.9 Afunction f definedonaninterval | = [a, b] is piecewise contin-
uouson | if and only if there exists a partition of |, {a = Xg, X1, ..., Xn—1, Xn = b}
such that (i) f is continuous on each segment (xx—1, Xk) and (ii) f (a+), f (b—)
and, for eachk € {1, 2, ..., n — 1} both f (xx+) and f (xx—) exist.
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Definition 9.5.10 If f is piecewise continuous on an interval | and xx € | isa
point of discontinuity, then f (xk+) — f (xk—) iscalled thejump at xx. A piecewise
continuousfunctionon aninterval | issaid to be standardized if the values at points

1
of discontinuity are given by f (xx) = > [f Xc+) + f (xk—)].
Note that two piecewise continuous functions that differ only at afinite number

of points will generate the same associated Fourier coefficients. The following
figure illustrates a standardized piecewise continuous function.

yn o
o ® L ]
[ ]
/ i\/o P
o .o
L L | | | | [ X
| | | | ! |
0 =X, Xy X, X0z X,  X=Db
Definition 9.5.11 Afunction f ispiecewise smooth onaninterval | = [a, b] if and

only if (i) f is piecewise continuouson |, and (ii) f’ both exists and is piecewise
continuous on the segments corresponding to where f is continuous. The function
f issmooth on | if and only if f and f’ are continuouson 1.

Definition 9.5.12 Let f be a piecewise continuous functionon | = [—=x, z]. Then
the periodic extension f of f isdefined by

f (x) A —m <x<nm
f(x)= f(_”+)2+ fz-) f X=aVX=—1 >
f (x—2r) Jif xeR

f(x4+)+ f (x=)
2

where f iscontinuous and by f (x) = an each point of discon-

tinuity of f in(—=, ).

It can be shown that, if f is periodic with period 2z and piecewise smooth
on [—=, 7], then the Fourier series of f converges for every real number x to the



9.5. FOURIER SERIES 413
f f (x—
limit x+) + F (x2) . In particular, the series converges to the value of the given

function f at every point of continuity and to the standardized value at each point
of discontinuity.

Example9.5.13 Let f (x) = xon | = [—=z,x]. Then, for each | € Z, the
periodic extension f satisfies f (jz) = 0 and the graph in each segment of the
form (jz, (j + 1) =) isidentical to the graphin (—z, 7). Use the space provided
to sketch a graph for f.

The associated Fourier coefficients for f are given by (9.24) and (9.25) from
Theorem 9.5.5. Becauset cosnt isan odd function,

1 T
anz—/ tcosntdt =0forne Ju{0}.

T J—x

According to the formula for integration-by parts, if ne J, then
. tcosnt 1
/tsmntdt:— - +ﬁ/cosntdt+C

for any constant C. Hencepsnz = (—1)" for n € J yields that

2
— if 24/n
n ! f

1/ . 2 [* .
bnz—/ tsmntdt:—/ tsnntdt=
0

T J)_, T

2

— Lif 2|n
n

Thus, the Fourier series for f is given by

e snnx
22 (_1)n+1 T

n=1
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The following figure shows thegraphsof f, s; (X) = 2sinx, and s3 (X) = 2sinXx —
: 2 . :
sm2x-|—§sm3xm(—3, 3).

sinn
while the following showsthe graphsof f ands; (x) = 2 Zzzl (—=pn+t Snnx

in (=3, 3).

Example 9.5.14 Find the Fourier seriesfor f (x) = |x] in —z < X < z. Note
that, because f isan even function, f (t) snnt isodd.
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***Hopefully, you noticed that b, = 0 for each n € J and a, = 0 for each even
natural number n. Furthermore, ag = = while, integration-by-parts yielded that
an = —4n—2(z)~L for n odd***

The following figure showsf (x) = |x| and the corresponding Fourier polyno-

. 4 1 :
mial s3 (X) = % - [cosx + 9 cos 3(} in (=3, 3).

2.5]
1.5]

0.5

We close with digure that showd (x) = |x| and the corresponding Fourier

. 4L 1 .
polynomials; (X) = r_- ————— cos(2n — 1) xin (=3, 3). Note how the
2 w4~ @2n-1)

difference is almost invisible to the naked eye.

2.5]
1.5]

0.5]




416 CHAPTER 9. SOME SPECIAL FUNCTIONS

9.6 Problem Set |

1. Apply the Geometric Series Expansion Theorem to find the power series ex-
pansion off (x) =

abouto = 2 and justify where the expansion is

valid. Then verify that the cogtients obtained satisfy the equation given in
part (c) of Theorem 9.1.13.

2. Let

[ exp(=1/x?) , x#0
g(X)— O , X:O

where expo = ev.

(a) Use the Principle of Mathematical Induction to prove that, for eaeh
Jandx e R — {0}, g™ (x) = x~3"Py (x) exp(—1/x?) whereP, (X) is
a polynomial.

(b) Use I'Hopital’'s Rule to justify that, for eaame JU {0}, g™ (0) =0

3. Use the Ratio Test, as stated in these Companion Notes, to prove Lemma
9.1.8.

4. For each of the following use either the Root Test or the Ratio Téstddhe
“interval of convergence.”

(@) Z(m

(b) an (x —1)"
n=0

© Z(X;;)

(nh)? (x —
@ Z (2n)'

(Inn)3"(x + )"
©Y S



9.6. PROBLEM SET | 417

1

| 1)2" n" . _ 3
nin+H2'(x+1) is convergent in (_5’__)'

5. Show that Z
= n+1

2

6. For each of the following, derive the power series expansion about the point
a and indicate whereit is valid. Remember to briefly justify your work.

x-1
@9 =5 5=

b h(x)=Inx;a =2

7. For each of the following, find the power series expansion about o = 0.

-1/2

@ fx)=(1-x%
() f(x)=1-x72
© fy=1-x7°
(d) f (x)=arctan(x?)

8. Find the power series expansion for h (x) = In (x +4/1+ x2) about « =0
and itsinterval of convergence. (Hint: Consider h’.)

9. Provethatif f (u) = > 2 pCn(u—b)" for ju—b| < RwithR> Oandb =

ke-+d withk # 0, then f (kx +d) = 3" o cak™ (x — ©)" for [x — ¢| < I_EI'

10. Provethat if f (u) = > 72 ycn (Uu—b)" for [u—b| < Rwith R > 0, then
f[(x—0f+b] =3 e (x — o)k in|x —c| < RYk for any fixed posi-
tive integerk.

11. Find the power series expansions for each of the following about thdiepeci
pointa.

(@ f(X)=@Bx+5%a=1

(b) g(x) =sinxcosx; a = %

X
(C) h(X):ln ((]-_—X)Z),a =2
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o
12. Starting from the geometric series Zx“ = x(1—=x)"*for |x| < 1, derive

n=1
closed form expressions for each of the following.
@ > (n+Dx"
n=1
o
() D (n+1x>
n=1

(© i (n -+ 1) x"+2

n=1

(d) Zn + 1Xn+3

13. Find each of the following, justifying your work carefully.
2 n?+2n—1
@2 ——a—
n=1
n@3"-2"
o 2
n=

14. Verify the orthogonality relations that were stated in the last section.

T T . .
(@ JZ, cosmxcosnxdx = [* snmxsinnxdx = . .
0 ,if m#n

(b) [* cosmxsinnxdx =Oforalm,n e J.

15. For each of the following, verify that the given Fourier seriesis the one asso-
ciated with the functionf according to Theorem 9.5.5.

0 ,if —r<x<0

1 2. 2k 4+ 1
@ f 0= ;§+;ZSIn((2k:1)X)

1 ,if O0<x<n~« =0
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2

i — cos (kx)
(b) f (X) —x2forx e [—7[, 7[]; ? + 4; (—l)k 2

© 100 =sn’xforxe[-m,xl; % B COZZX
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