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CONVECTION ENHANCED DIFFUSION FOR PERIODIC FLOWS*

ALBERT FANNJIANG! AND GEORGE PAPANICOLAOU?

Abstract. This paper studies the influence of convection by periodic or cellular flows on the
effective diffusivity of a passive scalar transported by the fluid when the molecular diffusivity is small.
The flows are generated by two-dimensional, steady, divergence-free, periodic velocity fields.
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1. Introduction. The temperature T of a weakly conducting fluid in R? satisfies
the heat equation

oT

1. —— =e AT .
(1.1) 5 ¢ +u- VT,

with T'(0,z,y) = To(z,y) given. Here u(z,y) = (u(z,y), v(z,y) ) is the fluid velocity,
which we assume incompressible,

V-u=0,

and € > 0 is the molecular diffusivity, which we assume small. We are interested
in velocity fields that represent convective flow, for example, in Benard convection.
Since u is incompressible, there is a stream function H(z,y) such that

(1.2) V*tH = (-H,, H,) =u.
A typical convective or cellular flow is given by
(1.3) H(z,y) =sinzsiny.

Figure 1.1 shows the stream lines of this periodic flow, which are given by H(z,y) =
constant. We are interested in the effective diffusivity of the fluid and its behavior as
the molecular diffusivity ¢ tends to zero.

In §2 we briefly review the definition and basic properties of the effective diffu-
sivity. In this introduction, we may simply define it as

(1.4) 0. = lim % //(av2 +y) T(t,z,y) dz dy,

tToo
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Fic. 1.1. Cellular flow,

when the initial function Ty is the delta function at the origin. With this initial
function, T'(¢,z,y) is the probability density of a test particle diffusing in the flow,
and (1.4) states that, when ¢ is large, the mean square displacement of the particle
behaves like o.t.

We are interested in the behavior of o, as ¢ — 0. In [1] Childress showed by a
boundary layer analysis that, when H is given by (1.3), then

(1.5) oc ~ Ve

as ¢ tends to zero, and he also characterized the constant ¢*. The same problem
was reconsidered in [2] and [3], and the constant ¢* was evaluated analytically by
Soward [4]. The asymptotic relation (1.5) is the simplest example of convection en-
hanced diffusion because the effective diffusivity o is much larger than the molecular
diffusivity €. The enhancement is due to the convective flow with the stream function
(1.3) (see Fig. 1.1). Flows with stream functions

(1.6) H(z,y) =sinzsiny + dcoszcosy ,

with 0 < § < 1, are considered in [5], along with discussion of the associated dynamo
problem (see Fig. 1.2). In [6] Soward and Childress study diffusion and dynamo action
in flows with nonzero mean motion.

Our aim in this paper is to study in detail the effective diffusivity of a passive
scalar in a convective flow by variational methods, thus avoiding direct boundary layer
analysis. This is important because boundary layer analysis becomes too complicated
to be useful when the flow u is more complex than simple cellular flow or cellular flow
with channels (see Fig. 1.2).
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=4

F1G. 1.2. Cat’s-eye flow with 6 = 0.2.

In §2 we review the various definitions of effective diffusivity for periodic flows. In
§3 we introduce a Hilbert space formulation for the effective diffusivity. With a simple
symmetrization transformation, we can obtain variational principles for the effective
diffusivity. The Hilbert space formulation follows the general framework introduced
in [7]. The variational principle suitable for upper bounds of the effective diffusivity
was noted by Avellaneda and Majda [8]. Another form of this variational principle was
given by Cherkaev and Gibiansky and is presented by Milton in [12]. The relations
between the various variational principles are analyzed in Appendix A. The variational
principle for lower bounds is new and is one of the main contributions in this paper.
In §4 we show how to use the variational principles to prove result (1.5), including the
characterization of the constant ¢*. In §5 we use the variational principles to study
the effective diffusivity for cellular flows in point-contact, for which a corner layer
theory is developed. In §6 we study the effective diffusivity of cellular flows with open
channels, in particular, the cat’s-eye flow with stream function (1.6). In §7 we study
general periodic flows with zero mean drift. In these problems, we clearly see the
power of the variational methods. The only section in which variational methods are
not used in an essential way is §8, where we study general periodic flows with nonzero
mean drift. In Appendix B, we derive variational principles for time-dependent flows.

We treat only periodic flows in this paper. Convection-enhanced diffusion for
random flows is studied in [14]-[16] and in the second part of this work [17].

2. The effective diffusivity. We consider the periodic case [13] and for time-
independent flows with mean zero. For d-dimensional flows u(x) that are incompress-
ible and have mean zero, there exists a skew-symmetric matrix H = (H,;(x)) such
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that V- H = u. The flow u has the Fourier representation

@ ) = 3 ey
k0

and

(2.2) Hpg(u) = % Z etkex k”a‘I(k)Il:quf‘p(k)

k0

From the fact that V-u = 0, it follows that V-H = u. Equation (1.1) for T can now
be written in divergence form

or
ot

with initial conditions T'(0,x) = Tp(x). To recall the basic facts in homogenization
[13], we write (2.3) in the form

ar K a oT
(2.4) ot Z %(aij(x)a—%),

where

(2.3) =V (eI + H)VT

aij(x) = 8(5¢j + Hij(x) .

Note that the diffusivity matrix (a;;) is not symmetric but that, for € > 0, the right
side of (2.4) is uniformly elliptic. In homogenization, we seek the large time, long-
distance behavior of solutions of (2.4). This is expressed in terms of a small parameter
8 > 0 by replacing ¢ by ¢/6? and x by x/6 in (2.4). We then have

T L o x\ T
2.5 — = a2 )=—
( ) ot Z Bxi <a3<6)8x])
1,j=1
and we assume now that the initial conditions do not depend on §

(26) T(0, %) = To(x)

This is equivalent to the statement that the initial data for (2.4) are slowly varying.
For periodic diffusivity coeflicients in (2.5) that are uniformly elliptic but not nec-

essarily symmetric, it is not difficult to show [13] that T'(t,x) = T%(t,x), the solution

of (2.5), converges to T (t,x), the solution of an equation with constant coefficients

d

oT o*T
2.7 = = G ————
( ) ot l; i 8:518:1,3
T(0,x) = To(x) .
The convergence is in L?
(2.8) sup / |T(t,x) — T(t,x)|[>dx — 0
0<t<to
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as § — 0, for any ¢y < co. The effective diffusivity matrix (a,;) is obtained by solving
a cell problem as follows. For each unit vector e, let x = x(x;e) be the unique (up
to a constant) periodic solution of

) ax(x)
(29) pops a0 (B2 1)) | <o
Then
(2.10) age-e=(a(Vx+e) (Vx+e)),

where ( ) denotes normalized integration (averaging) over the torus.
The cell problem for the convection-diffusion equation (2.3) has the form

(2.11) V- [(eI +H)(Vx +e)] =0,
which, in view of the relation V - H = u, is equivalent to
(2.12) eAx+u-Vx+u-e=0

The effective diffusivity matrix in this case is denoted by o., as in §1, and (2.10)
becomes

(2.13) oc(e) =o.e-e=0.(e)=¢((Vx+e) (Vx+e)).

We see, therefore, that in the periodic case the small diffusion limit (¢ — 0) of the
effective diffusivity o. reduces to the analysis of the singularly perturbed diffusion
equation (2.12) on the torus.

The fact that the cell problem (2.9), or (2.11), determines the effective diffusivity
can be understood physically from the following. Let {e;} be a basis of orthogonal
unit vectors in R?, let x; be the solution of the cell problem (2.11), and let

(214) Ej = VXJ + e;.
Then E; is the concentration or heat intensity, and
(2.15) D; = (eI + H)E;

is the flux. Since H is skew symemtric, the intensity-flux relationship is similar to
that of a Hall medium [14], [15]. From (2.11) and (2.14), we see that

(216) VXE]‘=0, V’Dj=0, (Ej>=ej,
and
(217) 0'5<Ej> = (D])

Relation (2.15) is the linear constitutive law relating intensity and flux. Relations
(2.16) tell us that E; is a gradient, that there are no sources or sinks, and that the
mean or imposed intensity is a unit vector in the direction e;. The effective diffusivity
0e is defined by (2.17), which is the linear constitutive law relating mean intensity
and mean flux. It is generally a nonsymmetric matrix given by

gc€; - ej = as(ei,ej) = <Dz . ej>

(2.18)
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In this paper, we require the effective diffusivity matrix to be symmetric, as this makes
it easier to apply the variational principles that are introduced in the next section.
It is shown in Appendix A.3 that, if the effective diffusivity matrix is the same when
the stream function H is changed to —H, then it is a symmetric matrix. The same
is true in any number of dimensions if u is changed to —u. If in particular, for two-
dimensional periodic flows, the stream functions have one of the following forms of
antisymmetry, then the effective diffusivity tensors are symmetric:

(a) Translational antisymmetry: H(x +r) = —H(x), for all x and for some r;
(b) Reflectional antisymmetry with respect to an axis, for example, the z-axis:
H(z1,22) = —H(z1,—2), for all z1, x2;

(c) 180°-rotational antisymmetry or reflectional antisymmetry with respect to a
point, say, the origin: H(x) = —H(—x) for all x.

There are flows that may not have any of these properties; nevertheless, they have
symmetric effective diffusivity tensors, such as shear layer flows. It is not clear as to
what are the most general flows that have symmetric effective diffusivity tensors. All
flows considered in this paper are either shear layer flows or have one of the above
antisymmetries so the effective diffusivity tensors are symmetric.

From the skew symmetry of H and (2.16), we conclude that (2.18) reduces
to (2.13),

oc(e; - e;) = o.(e;) = (el + H)E; - &;)
(2.19) = ((eI + H)E; - E;)
= E(Ei . Ei).

The full diffusivity matrix in the general nonsymmetric case is considered again
in Appendix A.

The /e behavior of the effective conductivity for the cellular flow (1.5) (see
Fig. 1.1) can be understood by the following simple scaling argument. The con-
centration of the diffusing substance is nonnegligible only in a small neighborhood
of the separatrices of the flow. Let § be the width of this boundary layer around
the separatrices. Since the molecular diffusivity is €, the time to traverse diffusively
the boundary layer is tp ~ 62/e. The time to go around a flow cell by convection is
tc ~ 1, since the flow speed is of order 1 and the flow cell size is of order 1. Convection
and diffusion balance to set up the boundary layer so that tp ~ t¢ or § ~ /&, which
determines the width of the boundary layer. The effective diffusivity is now estimated
by 0. ~ € 672 6§ = /€, since in (2.13) the concentration gradient is of order 67! in
the boundary layer and negligible elsewhere.

This simple scaling argument does not consider the stagnation points of the flow
near which it slows down. However, the analysis of §4 shows that the stagnation points
do not alter the scaling behavior of .. Only the proportionality constant is affected.
An interesting example where the stagnation points of the flow affects the scaling is
the following [2]. Consider a one-dimensional array of cellular flows that stick to the
lateral walls. Let é be again the width of the boundary layer near the walls. Here again
tp ~ &2/e, but since the speed vanishes on the lateral boundaries and is smooth, we
have tc ~ 1/8, where § is the speed near the walls. Thus t¢c ~ tp gives § ~ gl/3
and hence o, ~ € 62 § = £2/3. We do not treat this case in detail here, but we have
given the scaling argument so that the influence of stgnation points and surfaces can be
appreciated. More applications of the scaling argument can be found in [16].

3. Hilbert-space formulation and variational principles. In this section,
we set ¢ = 1 and study the cell problem (2.15)—(2.17) that defines the effective
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diffusivity 0. We give a variational formulation for this problem, which is partic-
ularly useful in the asymptotic analysis of o, as € — 0. Let H be the Hilbert space of
square integrable, periodic vector functions

(3.1) H={F(x), (F[*) < oo},

where, as before, ( ) denotes integration over the unit period cell (the unit torus). Let
H4 be the subspace of irrotational (gradient) fields. The orthogonal projection onto
Hg is denoted by I'y and has an explicit expression in terms of Fourier series. If

(3.2) F(x) = Y e**F(k)
kez?
then
I',F=VA“'V.F

— Z |k|2 zk X

k#0

(3.3)

Let Hy be the subspace of constants in H and I'g orthogonal projection onto it.
Clearly,

(3.4) ToF = (F) = F(0).

Also, let H. be the subspace of divergence free vector functions, with I'; its orthogonal
projection. Then

I''F=-VxA“'VxF

=3 M@ezkx

(3.5) Z |k|2
— k- k- x
=2 0- ) Bl
from which we deduce that
(3.6) Fo+Ty+IT.=1
or, equivalently, the well-known fact that
3.7) H="Ho® My ® He.

The cell problem (2.15)-(2.17) (with € = 1) can be expressed through I'; in a
very convenient way,

(3.8) E=e-I;HE
with

(3.9) o(e) =(E-E).
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Here we have written the quadratic form oe - e as o(e). The fact that E satisfying
(3.8) also satisfies V x E = 0 and (E) = e is clear. Taking divergence of both sides
in (3.8) gives

(3.10) V.E=-V.HE,

and hence (2.15) (with € = 1) is satisfied. Note that, in addition to being a convenient
way to define E, (3.8) is also a good way to define E mathematically, since it is an
integral equation formulation.

3.1. Variational principle for the upper bound. We want to find a way to
express o(e) as the minimum of a functional. However, since H is skew symmet-
ric, (3.8) is not the Euler equation of a quadratic functional. To obtain a suitable
variational formulation, we must first symmetrize (3.8).

Denote E by Et; that is, let Et satisfy

(3.11) Et =e-T,HE"

and let E™ satisfy

(3.12) E” =e+ I HE™.
Also, let

+ - + _E-
(3.13) E ;FE . B=E 2E
Then
(3.14) A=e-T;HB, B=-T,HA,
and

o(e) = {(A+B)- (A +B))

(3.15)

(A-A))+((B-B)).
Here we have noted that
(A-B)=((e-TyHB) - B)
—(I';HB - B)
—(B-HI'yB)
=—(B-T,HB)
(B (e —T,HB))
—(B-A),

which makes the cross terms in (3.15) vanish. Substituting B = —I';HA into the first
equation in (3.14) and in (3.15), we obtain

(3.16) A =e+T,HI HA,

o(e) = (A-A) — (HT,HA - A)

(3.17) = (I -HI,H)A - A).
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Let

(3.18) Ky =-HI'y'H

and note that it is a selfadjoint and positive operator
(KgF -F) = (I'yHF -T' ;HF) > 0.

Thus, A satisfies

(3.19) A=e-I')KyA
and
(3.20) o(e)=(I+Knu)A-A).
Since Ky is selfadjoint and positive, it is easy to see that
(3.21) ole) = éré?f1 (I+Kg)F-F).
iy

In fact, the Euler equation for this variational principle is

V-(I+Kpg)F =0,

(3.22) V xF =0, (F) =e,

which is equivalent to (3.19). Note, however, that (3.22) is quite different from the
cell problem (2.15), (2.16) (with € = 1) because Ky is not a matrix but an operator
given by (3.18). Thus, (3.22) is a nonlocal, elliptic cell problem, and the nonlocality
is a direct consequence of the symmetrization. The variational principle (3.21) was
derived before by a different method in [8]. A more general discussion of variational
principles and symmetrization is given in Appendix A.

When the dependence on ¢ is restored in (3.21), (3.22), we have that

(3.23) K:, = —E%HFQH
and
(3.24) oe(e) = Inf e{((I +K3;)F - F).

VXF=0, (F)=e

In two space dimensions, a flow u(x) that is divergence-free can be expressed in terms
of a stream function H (x)

(3.25) u(x) = V2 H(x) = (—Hy (%), Ha(x)),

where x = (z,y) and then

_ 0  H(x)
(3.26) H(x) = ( _H(x) 0 )
The simplest bound we can obtain for o.(e), which is, of course, very bad as ¢ — 0,

comes from (3.24) when we put F = e as trial field. Then

o < e+ (I';He - He)
=c+ L(u-e(-A)"(u-e)).

Much better bounds and asymptotic limits are obtained in subsequent sections.

(3.27)
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The variational principle (3.21) can provide upper bounds, and careful choice of
test fields in (3.24) can provide upper bounds for o.(e) that do not become. trivial
as € — 0. To obtain more precise information about o.(e), however, we need lower
bounds as well. We describe next how to do this.

3.2. Variational principle for the lower bound. Let us return to the case
where € = 1, since this parameter does not play any role in the calculations that follow
and can be reinserted at the end. From general duality considerations, we know from
(3.21) that

(3.28) (o(e))™! = inf (I+Kg)™'G-G),

=
where (o(e))™! is the inverse of the quadratic form o(e). This variational principle
is not useful, however, because Ky is a nonlocal operator, and, when the e-scaling is
restored, the operator (I + K¢;)~? is difficult to handle.

To avoid having an operator such as (I + Kg)~! in the variational expression for
(o(e))™1, we proceed as follows. We work in R? or R? to be able to use simple vector
analysis, but there is no loss in generality.! Let {e!,e?, e3} be an orthonormal basis
in R®. We return to the cell problem (2.15), (2.16), with ¢ = 1, and write it in the
form

V-(I+HE=
(3.29) V xE*F =0,
(E¥y=e*, k=123
Let
(3.30) (I +H)E Z Dloy,

where oy, are the matrix elements of o(e) = oe - e given by (2.13) or (2.19) (with
e=1). If for [ = 1,2,3, D! satisfies

Vx(I+H)™'D' =0,
(3.31) V-D'=0,
(D') = ¢,

then EF = 3", (I + H)~!Dloyy satisfies (3.29) and

e => (I +H)'D")oy.
1
Dropping the superscripts, this is equivalent to solving for D such that
Vx(I+H)™'D=0,
(3.32) V-D =0,
<D> =€,

1 In Appendix B, we use differential forms for a similar computation in four dimensions.



CONVECTION ENHANCED DIFFUSION FOR PERIODIC FLOWS

and then
(0(e))' =(I+H)"'D-e)

={((I+H)"'D-D).

(3.33)

In two dimensions, the matrix H has the form (3.26)
0 H
ne( 0.

1
14 H?

Therefore

(3.34) (I+H)™' =

(I - H).

In three dimensions, H has the form

0 —as as
(3.35) H= as 0 —a .
—a2 a, 0

Define the vector
(3.36) a = (a1, a2, a3)

and let a = |a| be the length of a. Then

1
-1 _ _ - _
(3.37) (1+H)™ = (I +a®a—H).

Returning to (3.33), we see that in two dimensions

(3.38) (o(e))™! = <ﬁD . D>,

while in three dimensions

(3.39) (o(e))" = <

1+a2(1+a®a)D'D>'

In both two and three dimensions, problem (3.32) has the form

V x (S—U)D =0,
(3.40) V-D=0,
(D) =e,

343

where S is a symmetric, positive definite matrix, and U is a skew symmetric matrix.
We rewrite (3.40) as an integral equation as we did for the cell problem for E, (2.15)—

(2.17), with (3.8). As in (3.1), let

(3.41) H® = {F(x), ([F[*)s < oo}

be the Hilbert space of square integrable, periodic vector functions with inner product

(3.42) (F,G)s = (SF, G).
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Let
(3.43) Asg=V x(SV x).

This is a second-order elliptic operator with bounded inverse Agl, defined over all
square integrable, divergence-free fields F with (F) = 0. Define on H* the projection
operator

(3.44) [P =V xA5'V x (S).
This is indeed a projection operator

(TSF,G)s = (SV x Ag'V x (SF),G)
= (SF,V x A5'V x (SG))
= <F) F§G>S

and

(T5)?F =V x A5'V x (SV x A5'V x (SF))
=V x A3'V x (SF) =T5F.

Using I'J, we can now write (3.40) in the form
(3.45) D=e-Tfe+IJS7'UD.
Clearly, D satisfies (D) = e and V- D = 0. We also verify that

V x (SD) = V x (Se) — V x (SI'Ye)
+V x STSS-1UD
— V x (UD)

so that V x (S — U)D = 0. Thus, (3.45) is equivalent to (3.40).

The projection operator I'J takes vector fields F in H into divergence-free fields
that have mean zero. It is therefore analogous to the projection operator I'c on H
given by (3.5). It is interesting to look for a characterization of the operator I — I'S
that projects into the orthogonal complement of divergence-free fields in H®. For this
purpose, we let

(3.46) F-T‘F=G

and we note that

(3.47) (G) = (F), V-G=V_-F,
and
(3.48) V x (SG) =0.

From (3.48), we deduce that

(3.49) G =S"'vh
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and from (3.47)
(3.50) V.-(S7'Vh) = Agh=V-F.

The elliptic operator Ag has a bounded inverse on zero mean square integrable func-
tions. Thus

(3.51) Vh=VA5'V-F+S[(F) - (ST'VAZ'V - F)],

and, if we set

(3.52) IS =87'VAZ'V,

then

(3.53) G =TSF + (F) — (ISF)
and

(3.54) F =T F +ISF + (F) — (I5F).

The operator I' is selfadjoint in H¥ and (I'§)? =Ty, so it is a projection operator.

It is, moreover, orthogonal to I"CS , since T'S 1"3 = 0. However, ng does not map vector

fields to mean zero, curl-free vector fields, but rather to fields annihilated by the
operator V x (S- ). Since the mean of I‘gF is not zero, it must be subtracted on the
right in (3.54).
We now return to (3.45) and carry out its symmetrization, as we did for (3.8).
Let
(3.55) e =e—-TJe
and rewrite (3.45) in the form
(3.56) D =&’ +I9s71UD.
With the notation of (3.40), both (3.38) and (3.39) become
(3.57) (0(e))"! = (SD-D) = (D - D)s.
For the symmetrization, let DT satisfy (3.56)
(3.58) Dt =e% +IJs~1UD*
and D~ satisfy
(3.59) D™ =e°-T9s7'UD L.
As in (3.13), let

(3.60)

Then

(3.61) A=e5+T9871UB, B=TI9S7'UA,



346 ALBERT FANNJIANG AND GEORGE PAPANICOLAOU

and

(0(e))™" =((A+B)-(A+B)s

(3.62) =(A-A)s + (B-B)g,

where the cross terms vanish as in (3.15). Substituting B = I'SUA into the first
equation in (3.61) and in (3.62), we obtain

(3.63) A =e° +T9S7IUTSS IUA,

(c(e)) ! =(A-A)s+ (I'SSTIUA -T$ST1UA)s

3.64

(3.64 = ((I -ST'UTSS~IU)A - A)s.
Put

(3.65) K{ = -s~lursgs-lu.

As with Ky in (3.18), we note that it is selfadjoint and positive definite in H*

(KSF - F)g = —(UT'SS~1UF - F)
— (I'SS~1UF - S~1UF) 5
— (I'SS~1UF - I'SS~1UF) > 0.

In terms of K, we can write (3.63) for A in differential form

V x [S(I + K5)A] =0,

(3.66) V-A=0, (A)=e

From the differential form of the equation for A and (3.64), we see that we have
the following variational principle for (o(e))~! :

(3.67) (o(e)™! = nf_ (I +K3)G - G)s.
Y&z

3.3. Summary for the two-dimensional case. We are particularly interested
in the two-dimensional case, where, by (3.34) and (3.40),
1 1
. = —I U = —H.
(3.68) 1+H?"’ 1+ H?

Since the curl operator in two dimensions can be expressed in terms of the perpen-
dicular gradient

o 0
1r_(_~2
(3.69) v —( 3y’ C%),

we have that

1
—vi. vt
As = <1+H2 )

1
S _ola-lgl .
(3.70) IS =viaglv (1+H2),

K§ = —-HI' H,
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and (3.66) for A is

1
vJ.
(3.71) 1102

V-A=0, (A) =e.

(I -HISH)A| =

In the two-dimensional case, we also use the simpler notation

r=r,=va-lv., T1t=r.=vta-lv}
(3.72) Ay = As,
I'y =T, Iy =T%.

With this notation and the € dependence reinserted, the direct and inverse variational
principles become

(3.73) o.(e) = (vi?)fze{e(Vf V) + é(I‘HVf : FHVf)}

and

1 1
-1 — inf AR v A SN v S
() "(e) <vir§>:e{e<1+g§H2v 9-Vg

(3.74)
+—1 ! HV'g It HV:
€3 1+€L2H2 Tien 9 Li/en 9)¢
where
1
1 1 N
(3.75) Ty =VEAZL, vt (Fs——nﬁ)
1
L 1
(376) As—lH =V (m_zv )

In the following sections, we use the variational principles in the form (3.73) and
(3.74).

4. Convection-enhanced diffusion for cellular flows. The cell problem
(4.1) eAx+u-Vx+u-e=0

determines, up to a constant, a periodic function x(z,y), -7 <z <7, -7 <y <,
and the effective diffusivity is given by

(42) oe(e) =e((Vx +e)- (Vx +e)),

where ( ) is normalized integration over the period cell. The velocity field u is incom-
pressible, V - u = 0, and comes from a stream function H(z,y)

(4.3) u=(-Hy, H,)=V"H.

The stream function H(z,y) = sinzsiny gives rise to a cellular flow (see Fig. 1.1),
and, when e = (1,0) is a unit vector in the z direction, then yx is odd in the z direction
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Fic. 4.1. Quarter cell.

and even in the y direction. Problem (4.1) can then be restricted to a quarter of the
cell (see Fig. 4.1),0 <z < m, 0 <y <, and, if we define

(4.4) p=x+z,
then
(4.5) eAp+u-Vp=0,

Op _Op _
(46) 5:&(11,‘,0) - ay($77r) - 07
(4.7) p(0,y) =0,  p(my) =m,
and

(4.8) oe(e) = %/OW /;[(%)Z (%’)2] d dy.

We consider. general cellular flows, that is, flows with stream function H(z,y)
for which the lines x = 0 and y = 0 are separatrices, and level lines of H = 0.
Furthermore, we assume that H is symmetric with respect to the z- and y-axes.
Then the quarter cell reduction (4.5)—(4.8) is possible, and we work with it. First,
we introduce a new coordinate system (z,y) — (H, ) from the rectangle 0 < z < 7,
0 <y < 7 to the region H > 0, —4 < 0 < 4, so that

(4.9) VH-V0=0
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near the boundary of the rectangle and
(4.10) |VO| = |VH|

on the boundary of the rectangle. There is a unique function é(z, y), the circulation
or angle variable, satisfying (4.9) and (4.10). It is not defined in all of the rectangle,
in general, but only in a region including the boundary of the rectangle. The fact
that 0 runs over the interval —4 < § < 4 is a normalization condition on the stream
function H. We call the coordinates

(4.11) (h,0) = (-5—50)

the boundary layer coordinates. In terms of the boundary layer coordinates, the cell
problem (4.5)—(4.7) becomes

dp op dp

2 —_—
2 s TE V| 86‘2+ A0 +J86 0,
where J = H,0, — H,0, = —V1H - V0 is the Jacobian of the map (z,y) — (H,0).
Because of (4.10), |[VH|? = |J| at the boundary, and hence the principal terms as
€ — 0in (4.12) are

(4.12) |VH|2 +\/_AH

&p  Op
(4.13) 9h2 + 50 - 0,
with
p(0,0) =0, 0<0<2,
gZ(Oe)—O 2<6<4,
(4.14)
0(0,0) =, —4<0< -2
dp
57 (0.0) = —2<0<0.

From (4.8), we obtain

(4.15) as(e)w\/E% /Ooo /:(—g—%)zdhdo.

The above analysis is essentially due to Childress [1]. In this section, we derive
(4.15) using the variational principles of §3. The main difficulty in attempting to
justify the asymptotic analysis of Childress is the lack of regularity of x at the separa-
trices. This lack of regularity is an essential aspect of convection-enhanced diffusion
and not only a technical difficulty. In the variational approach regularity is no longer
a problem.

4.1. Upper bound for the effective diffusivity. As in (4.13), (4.14), we fix
e =e; = (1,0), since the case where e = ez = (0, 1) is similar. Let

For={f=f(h0),h>0,-4<0<4, feC>,

(4.16)
f = const for h > N, for some N > 0}
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and suppose that f € Fpy, also satisfies the boundary conditions

£0,00=0, 0<6<2,

0
(4.17) 8—£(0,0):0, -2<6<0, 2<6<4,
f(0,0) =m, —4 << =2

and the matching conditions on the separatrices

/ dhgzo, —2<60<0, 2<60<4,
0 o0
’e) haf
(4.18) / dh —=0, 0<6<2,
"of
== - —-2.
/O dh o0 =0, 4<0<

The matching conditions (4.18) are also the solvability conditions in evaluating the
nonlocal term in the functional, as can be seen in the following estimates. Consider
now the variational principle (3.73). We may look for trial fields F that have the
quarter cell symmetry of (4.5)—(4.7). Then the averages in (3.73) can be restricted to
a quarter cell, also, and, if f € Fgr, then F = V f is an admissible trial field.

We now calculate Vf and THV f for f € Fpr and € small. We have that

_ H; Of of H, of of
(4'19) fz_—\/—g%‘i‘ez% ’ fy \/—ah—i_ayao'
Then
oo 4 1 a
F)N%/ / —€-|VH|2£(8—£)2dhd0
(4.20) !

N\[ﬂz/ / * dh de,

since |[VH|? ~ |J| near H = 0. Similarly , let (1/e)THV f = V' for some periodic
f'; then f’ is the solution to the singular Poisson problem

(4.21) eAf' =u-Vf
and
(4.22) é(FHVf -THVf) =e(Vf' -Vf').

Concerning the energy integral e(V f’ - V f'), to leading order, it is sufficient to solve
f’ from the dominant terms in (4.21) after the boundary layer rescaling

232

0
(4.23) |VH]| ~Josl,

which becomes

2
(1.21) N
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since [VH|? = J on the separatrices. Equation (4.24) is an ordinary differential
equation in A and can be solved by direct integration. The matching conditions

(4.18) guarantee that the existence of the solution f’ to (4.24) in the function space
FpL satisfying the null boundary conditions. From (4.21), we see that

g(FHVf THVf) ~ e //(/ dh’) dh d6
N\fﬂz/ / (af/) dh db.

Since f € Fpr is identically zero for h large, the h integrals are well defined. Using
(4.20) and (4.25) in (4.8), we have

(4.25)

oc(e) S &(VS V) + (THV/ THVJ),

and hence

(4.26) qn;—aa _7r2/ /{( ) ( ggdh’) }dhd@.

Since the left-hand side does not depend on f, we also have

(4.27) En;—\}—gaa( felgim/ /{( )2 ( gf;dh') }dhdo.

4.2. Lower bound for the effective diffusivity. To obtain a lower bound for
o (e), we use the variational principle (3.74)

1 1
. -1 _ inf it _vl,. L
(o2 (e)) (vi%)=98<<1+€_2H2V 9:V79

1
+<1+5——2H? FJ‘_IHHVJ‘g —FJ__lHHVJ_ >}

where I'Z, , and A.-1 are given by (3.75) and (3.76), respectively. Boundary layer
trial functions can be constructed by noting that, when e = e; = (1,0), they arise
from g = x —y, when ¥ is periodic, so that V+g = V+x+4(1,0) and (V+g) = (1,0). If
the space Fpr, in (4.16) is denoted more precisely by Fgr(e1), then the boundary layer
functions for (4.28), with quarter cell symmetry, F3; (e1), are the same as —Fg (e2).
Thus, F3; is the same as (4.16), but with the boundary conditions (4.17) replaced
by

9(0,0) =0, 2<6<4,

(4.29) %(O,G) =0, 0<0<2 —-4<6<-2,
g(0,0) =, -2<6<0
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and the matching conditions replaced by

h2/ dh’(h})zggﬂo ash |0, 0<0<2-4<6< -2,

° 1 6g
2 / _
(4.30) /0 dh h f dh' —— a6 = 0, 0<0<2,

> 1 0dg
2 / 79 _ _ _
/O dh h / dh Y 36 0, 4<0< -2

We can now use a trial function G = V<1g, with g € F#;, in (4.28). Calculations
very similar to those for (4.20) and (4.25) now yield the bound

mowves i = [ [ ()

h 1 oy
+h2(/ )2 aadh’) }dhde.

4.3. Equality of upper and lower bounds. We must now show that the
upper bound (4.27) is equal to the reciprocal of the lower bound (4.31) and that they
coincide with the constant in (4.15), obtained by solving (4.13), (4.14). This proves
the following theorem.

THEOREM 4.1. The limit

(4.32) 161?01 o 7r2/ /(—) dh df

ezists and equals the right side.
Proof. We begin with (4.13) and write it in divergence form

(4.33) d- (I £h)dp* =

(4.31)

where p; = p, the solution of (4.13), and

o 0

(4.35) 11:((1)8), h=(_2’5).

Both p* and p~ are to satisfy the boundary conditions (4.14). We define

(4.36) ¢ (e) = %/Ooo /:(%)2dhd0.

We now proceed to symmetrize this problem as we did in §3. Let
+ - +_ -
(4.37) A= % g=rl_—r

Then A and B satisfy

0?A OB 0°B  0A
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Formally, for now, we note that

h haA

and hence A satisfies

(4.40)

92
along with the boundary conditions (4.14). Since p™ = A + B, we note from (4.36)

" = 7r2/ / (8A 33) dh db 2
—/ [{G) +(L5) ) e

where the cross term vanishes

> * 0A 0B
/()/%%dhde // (/ )dhd0
0A
= A——dhdo
/0 /_4 90
=0

We now see that the right side of (4.41) is identical with the integral in (4.27) and
that (4.40) is the Euler equation for this functional. This identifies the upper bound
(4.27) with the constant ¢* in (4.36) that comes from the boundary layer problem of
Childress (4.13), (4.14). The sense in which (4.40) holds (plus the boundary conditions
(4.14)) is precisely as the Euler equation of the variational problem (4.27) in the
appropriate Hilbert space defined by the inner product derived from this quadratic
form and by the closure of Fgy with this inner product.

To identify the lower bound (4.31) with (c*(e))~!, we proceed again as in §3.
From

82A /h ho2A

oo J OO

(4.41)

0-(I1 +h)dp =0,
we conclude that there is a function ¢(h,#) such that

(4.42) c*(e1)0 ¢ = c*(e1) (—% , Z—Z) = (I; + h)op.

Thus, since 9 - 9+ ¢ = 0, we have
ot (I +h)"toty =0,
which is equivalent to
1
(4.43) ot - (2 — h)o+¢ =0
with

(4.44) 5:(8

= O
N——
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We show that ¢ satisfies the dual boundary conditions (4.29) and that

(4.45) (c*(e1))~! = W_12/0°° Li%(%)zdhde.

We prove (4.45) first. From (4.15), we have that
C (el)— F/O /_4(%) dh df
1 o0 4
_ﬁ/o /_48;).([1 + h)0pdhdf
1 o0 4
= (c"(e1)’ = / / (i +h)~'9*+¢ - 0+¢dhdf

c*(e1))? / / (-) dhdf,

which is the same as (4.45).
To prove that ¢, defined by (4.42), satisfies the boundary conditions (4.29), we
write (4.42) in component form

o _ 0Op Op
—c* = +h

(4.46) 00 — Oh 09’

8(;5 _, 00 op

“on = "on

From the second relation, we obtain

8/)
=c0) = | hgp

h

oo

where ¢(0) is a periodic function. Using the first relation in (4.46), we obtain

*8¢ _ / ap h 8[’
—c (96.——0(6?)4-}18(9 8—0
B Op h92p
= O +hgg - o Oh2

8p 8p

~(0) +hel+ 2,

from which we conclude that ¢/(§) = 0 and hence ¢(d) = ¢, a constant. Now, on the
sides 2 < # < 4 and —2 < 0 < 0, we have that

o [0 0 52p 9p(0,0)
5@/00”‘”‘—‘ =g, =0

by (4.14). Thus we may choose the constant ¢ to equal

0
c=—/ pdh , 2<0<4
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and then
¢(0,0) =0 on 2<60<4
It remains to show that
(4.47) $0,0)=m on —2<6<0.
For this purpose, we note that, on —2 < § <0,
¢(0,0) = ¢(0,6) — ¢(0,0 + 4)

0+4 8¢)
=_/9 "%

1 0+4 8/)
Tty an, (09
_1 ("o
" Jy Oh

_c_* 4 an (0:9)-

- / / 2 dhdf
__/ (0, 9)8”(0 ,0) (from (4.13))

1 9p(0,0)
T J_4 d6 Oh

57 (0,0)

However,

(from (4.14)),

and hence (4.47) follows.
We now return to (4.43)—(4.45) and symmetrize it so that (c*(e;))~! is given by
a variational principle. We let ¢ = ¢+ and define ¢~ by

(4.48) o+ %(12 +h)ate =

where both ¢* and ¢~ satisfy the boundary conditions (4.29). We define again A
and B by

A=1¢t+¢7), B=3(¢"—¢7)
and find that

9 (1 04\ 0B
2 7 (2 ]
hah(h2ah)+ae 5
9 (1 0B\ 04
2 | = —_— =
hah(h2 8h>+80 0
Thus
h h
B—— [ p2[ L24
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and

o (1 0A Pt 1 024
20 (1 04N 2 Loa
(4.49) L ah(h2 ah) /oo L /Oo RV
while, from (4.45),
o *1/0A OB
(c*(e1)) 1=7T/ / —2-(— %) dh df
1 [ 1 [/8A\?® (0B
=) *(ah)]dhd"
1 [ 471 /0AN\* L/ [" 1 0A\?
2 L) oo (L) e

This is precisely the right-hand side of (4.31), since (4.49) is just the Euler equation
for that quadratic functional. This proves that the limit (4.32) exists and equals c*.

(4.50)

5. Corner layer theory: Nonoverlapping eddies in point-contact. The
effective conductivity of a two-component conductor with checkerboard geometry is
equal to the square root of the product of the component conductivities. If, for ex-
ample, the conductivity of the black squares is 1 and the conductivity of the white
squares €, then the effective conductivity is /. Conductors with random checker-
board geometries can also be studied. Now each square has conductivity € with prob-
ability p and conductivity 1 with probability 1 — p, independently of other squares.
Kozlov [10] studied this problem by variational methods and found that there are the
following three regimes: when 1 > p > p. , the poorly conducting material prevails,
and the effective conductivity is O(e); when 1 — p. > p > 0, the normally conducting
material prevails, and the effective conductivity is O(1); when p. > p > 1 — p., the
checkerboard configuration prevails, and the effective conductivity for this interme-
diate regime is O(+/€). The critical probability p. ~ 0.59... is equal to the critical
probability for the site percolation problem.

In this section, we study convection-diffusion problems for a two-dimensional
periodic checkerboard configuration that consists of eddies with stream function H =
sinzsiny, for example, and still fluid, H = 0, alternatively from cell to cell, as in
Fig. 5.1. The molecular diffusivity is €. Using variational methods, we develop a
corner layer theory that includes the boundary layer theory treated in §4 as a limiting
case. We have also studied the random checkerboard configuration for convection-
diffusion problems. Our results are parallel to those of Kozlov [10] and are presented
in an upcoming paper.

Corner layers arise because eddies have in contact only a point instead of an edge
(i.e., a separatrix); for example, if we take away every other vortex in the cellular flow
H =sinzsiny and change the sign of every other remaining vortex. The resulting pe-
riodic array of vortices are in contact only at the corners and have the 180°-rotational
antisymmetry with respect to the origin and consequently a symmetric effective flux
tensor. The contact angle is equal to m/2 (see Fig. 5.1). For these flows, the corners,
rather than the separatrices, control the effective diffusivity.

Before analyzing the problem with positive contact angle, let us modify the flow
near the corner as follows. Let us regularize the streamlines near the corner so that
they have well-defined tangent at contact point and therefore zero contact angle (see
Fig. 5.2). Let ¢t denote the tangential coordinate and s the normal coordinate. Now
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FI1G. 5.1. Nonoverlapping eddies in point-contact.

assume that the streamlines near the contact point are asymptotically defined by
s — t1*7 = constant. Here v is the degree of the vanishing of the contact angle
approaching the contact point. When two separatrices collapse, 7 is infinite, and the
situation is back to cellular flows treated in §4. When + is zero, the contact angle is
positive.

It turns out that the specific shape of the separatrices is not important. Only
their asymptotic form near the contact point matters. When sufficiently close to the
contact point, we may assume, without loss of generality, that the boundaries of eddies
(that is, the separatrices) are defined exactly by s = %|¢|'*7, and the stream function
has the form

uo(s — [t|*T7) when s> [t|}T7,
(5.1) H=X0 when |s| < [t|117,
uo(s + [t]*T7) when s < —[¢|1H7.

We assume that the velocity at the separatrices ug # 0 is different from zero in the
following. This assumption makes the flow discontinous and somewhat unrealistic.
The case when the velocity is zero at the separatrices can also be studied, but gives
rise to different scalings, depending on how fast the velocity vanishes.

As with cellular flow, particles away from the boundary are nearly trapped in
stable closed orbits. However, unlike the cellular flow case, particles that stay near
the boundary and eventually exit are almost trapped again in the adjacent vacant
cells, except for those that exit from near the contact point. They can travel with
the flow near the boundary of the adjacent vortices and exit again. Note that the
narrow gap near the contact point creates a large concentration gradient and hence
large diffusive flux.
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Fi1G. 5.2. Corner flow.

Let us define scaled variables

t=t/e™, &=s/ex1+),

5.2 ~
(52 6= 6, h=Hjex),

where 6 is the circulation variable defined as in §4. Here @ = 1/(1 + 27) by the
following scaling argument. The velocity ug at the contact point is not zero, so we
let the time it takes to pass the corner be O(e”). The time it takes to diffuse across
the narrow gap between vortices is €26(117) /e, These two timescales should be of the
same order, and thus 8 = 1/(1 + 2v). The scaling of time should be the same as that
of the tangential coordinate ¢; thus @ = 8 = 1/(1 + 2y). Since v > 0, the scale of

the normal coordinate is smaller than that of the tangential coordinate. Therefore
concentration gradients are O(1/(¢*(1*7))), and o, is proportional to

€ x the area of corner layer x the square of concentration gradient

1 2
~ oy go(1+7) -
(5.3) sx(g X € ) x (5 a 7))

~ e(1/2(A+1/(1427))

after substituting & = 1/(1+ 2v). The power of ¢ in o, ranges from 1 to 1 as v

ranges from infinity to zero. Using the variational principles, we justify this scaling
argument and prove the following result.
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THEOREM 5.1. For a checkerboard flow with stream function (5.1) near corners,
the effective conductivity behaves like

0~ cte(/DA+L/(142)

where c* is a constant that can be computed explicitly.

The proof of Theorem 5.1 is given in the following three sections. We refer to
(¢,8) for |s| < |t|**7 and (h,8) for |s| > |t|'*7 as the corner layer variables. The
period cell is [—m, 7).

5.1. Upper bound for the effective diffusivity. For the upper bound, we
again use the direct variational principle and choose trial functions according to our
scaling argument given above. The class of corner layer trial functions for the upper
bound is denoted by C, and f belongs to it if it is piecewise smooth and (a) for some
Ny > 0, it satisfies the far field boundary conditions

f w for § > N01+'7 and § > ||,
0 for3<—Ny™ and — &> |f|'t7.

Each f € C is associated with a corner region C, defined by {(£,3) | |t| < No,
13] < N0+ }, an eddy region E excluding C and a vacant region V excluding C. The
corner region C = C(Np,e) depends on Ny, which may differ for different f. The
period cell [—7, 7]? is the union of the regions C, E, and V. We split the region C
into C, U C,,, where C, and C, are intersections of C with the eddies and the vacant
cells, i.c., C, = {13 > [{[+7} and C, = {J3] < [{["*7};

(b) flc is a function of the corner layer variables and is piecewise smooth in
3] > [¢[**7 and [5] < [¢]'*7;

(c) The matching condition on the separatrices are specified later. When ¢ is
small, we choose Ny = Ny(e) 1 oo, while e*Ny | 0 as € | 0, for some a > 0, to be
determined later; we define the corner region C' using this Ny(¢). We can then discuss
a common corner region C, eddy region E, and vacant region V for all f € C where
C, E, and V depend only on €. For every f € C, f|E—7rifH>0,f|E=OifH<0,
and the profile of f restricted to the vacant cells f 1 is determined later. The
entire profile of f in the period cell is shown schematlcally in Fig. 5.3. The functions
f are normalized so that (Vf) — (1,0), as e | 0.

The functional in the direct variational principle (3.73) for the upper bound has
two terms, the local one (F - F) and the nonlocal one 1/¢(THF - THF). To estimate
them, we break the integral over the period cell (-) into the integrals over the regions
C, E,and V and write (-) = (-)c + ()5 + {-)v.

Let us consider the local integral e(F - F). First, (F - F)g = 0 by the far field
boundary conditions (a). Second, F|VU ¢, can be chosen so that

ee® o
8(F~F>V=0(m) as Ng T oo, € | 0 while e*Nyp | 0.

To see this, choose f , for every V' C V is independent
vue, v

of ¢ and Ny if V' is. Then the principal contribution to (F - F)y comes from the
tiny region 6 > 0 fixed, where F = Vf is most singular due to the merging of two
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Fi1G. 5.3. Direct corner layer function.

separatrices, |s| = £|¢|!*7, and the far field boundary conditions (a). Thus, (F - F)y
is of order

L 2 ee® R
— | dsdt = ——— —dt
/NOEQ/|t|1+‘Y(t1+’Y> 5 ga(l+y) /No 14+
ee” 1
(5.4) ~ e vy wsell

ee”
:O(m) aSNOTOO
if v>0.

We note that the last identity in (5.1) does not hold for v = 0, and this limiting case
is analyzed later, where a logarithmic factor log1/e appears. Third, for (F - F)¢, a
simple calculation gives

1 ee” S A
(5.5) s(F-F)CNFm/_OO/;OOdtds (8_§f) ase |0,

since derivatives with respect to § and h dominate those with respect to ¢ and 6 as
€ — 0. In summary, we have

e(F-F) ~e(F-F)¢

(56) 6l—ozfy o] S p) 2
T /_oo /_oo ards <£f)
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We next consider the nonlocal term (1/¢)(THF -THF). Let (1/e)lHF =V f for
some periodic f. Then

(5.7) eAf =u-Vf
and
(5.8) é(FHF -THF) = &(Vf-Vf).

The right-hand side of (5.7) has zero mean

(u-Vf)=(u-F)
=(u-e) + (u(F —e))
=0
by (u-e) = 0, integrating the second term by parts. Hence (5.7) is solvable, and

f exists. As in the case of cellular flows, to leading order, it is enough to solve the
following approximate equation for f’ with the null far field boundary conditions:

e 02 , 1 ,(0 -, 0 .

vy o oel T e (g7 +aeniggsr) me
€ 0% .

f =0 m Cv.

c2a(1+7) 932

With a = (1/1 + 2v), (5.9) becomes
2 ., o[ 0 ., . & :
(510) @f = —Ugy (5}0 + (1 +’7)t gf) P in Ce, 5§_Qf =0 in Cv,

with f’ is continuous across the separatrices 5 = %|¢|'*7. In (5.9), only the dominant
term of the Laplacian in the corner layer coordinates appears, and « is chosen so
that the diffusive flux is balanced by the convective flux. For (5.9) to be a valid
approximation to the leading order of the energy integral e(Vf -V f ), it is actually
required that (5.9) can be solved by a solution f’ with the first derivative continuous
across the separatrices. Thus, an additional matching condition must be imposed on
the trial function f, which is, in view of the second equation of (5.10),

§=:|:|t~|1+'7 b b
2 = o
/ioo “"(65“(1”“ 85f)

1 S=£|f Y pF , [0 ;)
= = — 1 T—f ).

With this, f’ can be solved continuously up to the first derivative, it has the following

two parts:
. fl inCe,
fi in C,.

(5.11)

Here f/ satisfies the first equation of (5.10) and the far field boundary conditions in
the definition of C, and

fl = f(8) is a linear function that matches

(5.12) the values of f. on the separatrices.
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‘We then have

(5.13) —i—(FHF -THF)
=e(VJ- Vf)
(5.14) ~e(Vf -V

From the upper bounds for both the local term and nonlocal term in the direct
variational principle, we obtain the upper bound for the effective diffusivity o,

1 o .\’
(519 Ui a7y o —F}Ielg{/ / dtds[( ) +(£f) ]}

with f’ defined in (5.10). When f' = f = p in (5.10), (5.10) is called the corner layer
equation

92 d .8 ,

552P = —uj (6—£p+ 1 +7)t7£p> in Ce,
(5.16)

92 .

@p =0 m Cv,

with p and its first derivative continuous across the separatrices § = +|¢|**?. Equation
(5.16) is complemented by the boundary conditions

T forh>0,§=j:oo,
(5.17) p= i
0 forh<0,0 =200
and
(5.18) Nk for h = oo,
' =0 forh=-—

The correct weak form of (5.16) is given by (5.32).

5.2. Lower bound for the effective diffusivity. To estimate o, from below,
we use the inverse variational principle (3.74). Let us define a class of corner layer
trial functions for the lower bound, denoted by C* as follows. A function g € C* if it
satisfies the following conditions:

(a) Far field boundary conditions: There exists a positive number Ny > 0 such
that

7w for t > Ny,
70 fori<—No.
As for the upper bound, we can associate with each ¢ € C+ a corner layer region

{(£,3) | |t| < No, |3] < N(}J”}, an eddy region E, and a vacant region V. The period
cell [—, 7]? is the union of C, E, and V;
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Fi1G. 5.4. Dual corner layer function.

(b) g| cisa function of the corner layer variables, which is piecewise smooth in
18] > |£]**7 and |3| < |{|'*” and continuous everywhere;

(c) g = g(t) for |3] < JE|*+.

For every g € C*, glv =, ift > 0 and glv =0, if ¢ < 0. The profile of g
restricted to region E, which is not covered by the definition of C*, is specified later.
We note that the conditions on g are formulated so that (V<1g) = e;. The overall
profile of g is shown schematically in Fig. 5.4.

Let us consider the local term in the inverse variational principle (1/g) -
((1/1+4 (1/e?)H?)G - G). We break the integral into three parts,

§<1—+WG'G>=§<1—+WG'G>C
*Kmkw“ﬁ

+§<T+‘<JEWG‘G>V'

First, (1/€){(1/1+ (1/e>)H?)G - G)y = 1/¢(G - G)y = 0 by the far field boundary
conditions (a). Second, we can choose Ny = Ny(e) T 00, 6§ = Npe® | 0 as € | 0 such
that glv is a boundary layer function for the lower bound and the boundary layer
theory developed in §4 applies. We have

o gt ), o(%)
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