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(a) (1,-1,2)-(0,2,-1) = —4, ’ | -
(1,-1,2)-(=1,1,1) = 0, ’Q(\\o\ﬂv\/\ \Q \§ o\u\~
1,1)=1

(O) 2, —1) '(—'la ’

Thus the set is not orthogonal &/& = &QJ‘ 0 c { @
(b) (1,2,-1,1)-(0,~1,~2,0) =0 / X :)

(1,2, -1,1)-(1,0,0,~1) =0
0,—~1,-2,0)-(1,0,0,-1) =0
Thus the set is orthogonal.

(¢) (0,1,0,-1)-(1,0,1,1) = -1
0,1,0,-1)-(-1,1,-1,2) = —-1
(1,0,1,1)-(=1,1,-1,2) = 0
Thus the set is not orthogonal.

> 3. uv=a-1-4=0onlyifa=>5.
5. Let uy = (1,-1,0) and up = (2,0, 1). Define v; = u;. Compute

vy =ug— (:’f:i) vi =(2,0,1) — 2(1,-1,0) = (1,1,1).

Then {v;,va} is an orthogonal basis for W. Let

1 1 1
w; = ——vy = —(1,-1,0) and wy=——v,
Vg = ko) =l

Then {w;,ws} is an orthonormal basis for W.

= 7. Let u; = (1,-1,0,1), uz = (2,0,0, —1), and u3 = (0,0, 1,0). Define vy = u,. Compute

1
= 75(1,1,1).

Vi*Viy
(35) - (%)
V3 = ug — vy — Va2
ViV Va2 Vo
=(0,0,1,0) —0(1,-1,0,1) - 0(%,3,0,-%) = (0,0,1,0).
Then {v;,vs,v3} is an orthogonal basis for W. Clearing fractions in v, we find that
{vi,v3,v3} = {(1,-1,0,1),(5,1,0,-4),(0,0,1,0)}

is also an orthogonal basis for W. Let

V2 = Uz — (w) vy = (2v0107—1) - %(1!_1701 1) = (%7%70"—%) ’

T, 1
wy = ——vi = —=(1,-1,0,1), T
Ivil ™'~ V3
1, 1
wy = ——v, = —==(5,1,0, —4),
vl 2 Va2
.,
w3 = ——v; = (0,0,1,0).
lfvali
Then {w;, w2, ws} is an orthonormal basis for W.
9. Let u; = (1,2) and ug = (-3,4). )
13. Let
(a) Define vi = u;. Compute
_ _ Uz vy - _ 9y — (_
va = uy (Vl .v1> vi = (=3,4) — 1(1,2) = (-4,2). and

Then {v;, v,} is an orthogonal basis for R2.
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(b) Let

1 1 ] 1
w; = ——v; = —(1,2) and =
Il e A A

then {w;,wy} is an orthonormal basis for R2.

11. Letu; = (5’, -3, %) and up = (5, %, —-%) We first. find a hasis for I?® containing uy and u; following
the technique of Example 9 of Section 6.4. Then we use the Gram -Schnndt process to transform it
to an orthonormal basis. Let

e, =(1,0,0), e;=(0,1,0), ey= (0,0,1) and S = {uj,uz e, e ez}

S spans R3 since it contains the basis {e;, e, e3}. Form the equation
1
ciug + cpug + c3ep + e + cre3 = (0,0,0)

which leads to the homogeneous system with augmented matrix

3 5 1 0 0 : 0
2 i !
-3 5 0 1 0 | 0
1 2 H

3 3 0 0 1:0

Transforming this augmented matrix to reduced row echelon form we obtain

10 0 -2 -1:0
0 1 0 -1 =20
. 00 1 2 2.0

The leading ones indicate that {u, uy,e;} is a basis for R3.

Next we use the Gram-Schmidt process. Let vi = u;. Compute

e; v e; Vv
Vy =€) — Vi — Vo
ViV V-V
— 2 2 _. (1 2 2
=e - jvi—§va=(5.5.5)

1 2 21
W] = —V] = a2y F.9 ),
HVIH (3 3 3)
1 {2 1 2
Wy = Hv.z”vl"(;v 3 3)7
1

s v, = (12,2,
w3 ||v3“v3 (3’ 3 J)

13. Let

u = (1,1,0,0), wp=(2,-1,0.1), uy=(3,-3.0-2), uy=(l.-20-3)

and

S = {u;,uy, ug. uy}.
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We find a basis for W = span S following the method in Example 5 of Section 6.4. To determine a
basis for span S form the linear combination

ciu; + caug + czug + cquy = 0.

Expanding, adding vectors, and equating corresponding components from each side of the equation
we obtain a homogeneous system with coefficient matrix

1 2 3 1
1 -1 -3 -2
0O 0 0 0
0 1 -2 -3
which has reduced row echelon form

1 0 O

0 1 0 -1
0 0 1 1
0 0 0 O

The leading 1’s are in columns 1, 2, and 3 s0 §) = {uy,uz, u3} is a basis for span S. Next we use
the Gram-Schmidt process. Let vi = u;. Compute

Vo =ug — (:’:’:i) vi=(2,-1,0,1) - 1(1,1,0,0) = (&, -4,0,1)

uz-vy uj-Vva
V3 = ug — Vi — v
Vi+*Vy Va2 V2
12

=(3,-3,0,-2) —0(1,1,0,0) - 4 (3,-3,0,1) = (¥,-£,0,-%8) . -

Then {v, vz, v3} is an orthogonal basis for W. Clearing fractions, we have
{vi, vy, vi} = {(1,1,0,0), (3, 3,0, 2),(12,-12,0,-36)}

is also an orthogonal basis for W. Let

1 1

'
W = vy = (1,1,0,0),
Vil ™ V2
1, 1
wy = —— vy = —=(3,-3,0,2),
Vel 2 V22
1, 1

wy = ——vi = —=(1,-1,0,-3).
Ivill ® VIl

It follows that {w;, w2, w3} is an orthonormal basis for W.
—> 15. Let W be the subspace of R* consisting of all vectors of the form (a,a + b,¢c,b+ ¢). Since
(a,a+ b,c,b+c) =a(1,1,0,0) + 5(0,1,0,1) + ¢(0,0,1,1)

it follows that S = {uy,uz,us} = {(1,1,0,0),(0,1,0,1),(0,0,1, 1)} spans W. To show that S is a=
basis for W we show that S is linearly independent. Form the expression

ciuy + cguz + czuz = (0,0,0,0)

which has augmented matrix
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1 0 0:0
0 1 00
0 0 1:0
0 0 00

80 ¢} = ¢9 = ¢3 = 0. Hence S is linearly independent. We next apply the Gram--Schmidt process to
S. Let vi = u; and

uy -

v .
vy =uy - (v‘ Vj)v1 =(0,1,0,1) - 3(1,1,0,0) = (3. 3.
-

uz-v; U3 vy
ug — V) — V2
Vi Vy Vo V3

1
(0,0,1,1) — 0(1,1.0,0) — (3) (-3,3.01)=(5.-3.1.%)

It

V3

i

Then {w;, w2, wy} is an orthonormal basis for W, where

1 (1 1
Wi v, = —,-,o,o)
vi V2 V2
1 v ( 1 1 0 2)
=T 2: TR T o [y
[[v2]] V6 V6T VB
. 1v_(1 13 1)
ST vl 2T \VI2' Vi2 Va2t Vi

Let*W be the subspace of R consisting of all vectors of the form (a, b, ¢, d) such that a—b—2c+ d = 0.
We have a = b+ 2¢ — d so W is all vectors of the form

w2

3

(b+2¢ —d.b,c,d) = b(1,1,0,0) +¢(2,0,1,0) + d(-1,0,0,1).
rat ¢
It follows that
S = {uj.uz.uz} = {(1,1,0,0),(2,0,1,0), (= 1,0,0.1)}

spans W. To show that S is a basis for W we show that 5 is linearly independent. Form the
expression

cijuy + cauy + ezuy = (0,0,0,0)

which has augimented matrix

1 2 -1 10
I 0 0.0
6 1 0.0

0 0 1:0

The reduced row echelon form of this matrix is

1 0 0:0
0 1 00
0 0 1:0
0 0 00

50 ¢y = ¢y = ¢z = 0. Hence S is linearly independent. We next apply the Gram Schmidt process 10
S. Let vy = u; and
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u. -
Vy = Ug — (vf.:i)vl = (2,0,1,0) -

v
V-V

(-5 (1001 = (-§.3.5.1)

Ve

W
i
=
[
I
N
<|e
L £
2
N—

)

=(-1,0,0,1) - (-3)(1,1,0,0) —

u3 - vy

%(1715070) = (1’_ y 4y

Then {wy, w2, w3} is an orthonormal basis for W, where

1

Sec

[

1= V1= =y = 07 0)
vl (\/3 V2
Wo = vy = (J, LI
2T vl 3 V3' V3
w 1 _ ( 1 1
> val n vV
«—19. Form the augmented matrix T
1 1 -1 0]
1 3:0
11 2 -6 0 T
and find its reduced row echelon form. We obtain
[1 0 4 0] T.1
0 1 -5:0
[0 0 0 : 0
and it follows that the solution is
—4t
5t
t
for any real number t. Hence ML.1.
—4
u = 5
1
is a basis for the solution space. To find an orthonormal basis we compute
RN
™ = VB | ]
ML3. -

21. Let
1 1

w) = 7 (1,0,2), wq = 7 (-2,0,1), w3=(0,1,0), and v=(2,-3,1). :

Following the procedure in Example 5, we compute ¢

4 3 ¢

€] =V+Wp = 75, Ca =V-Wy = _ﬁ’ c3=Vv-wy=—3.

Then

T

\/5—1 \/52

- 3W3.
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T.1.
T.3.

T.5.

ML.1.

ML.3.

e;re; =0fori#jandlfori=yj.
Since an orthonormal sel of vectors is an orthogonal set, we know by Theorenn 6.16 they are linearly

independent. Since there are n of them, they span R™.

If u is orthogonal to S = {vi,v2,...,v,}, thenu-v; =0for j =1,...,n Let w be in span S.
Then w is a linear combination of the vectors in S:

n
W = E ijj-
=1

Thus

n

n
u-w = Z(-J(u-vj) = Z(’,-O = 0.
=1

ij=

Hence u is orthogonal to every vector in span S.

CItu-v =0, then ujvg + ugvp + -+ + uy, v, = 0. We have

u-(ev) = wy(cvy) + uz(eve) + -+ - + upevy) = c(uvg + ugvg + -+ wvy) = c(0) = 0.

. Since some of the vectors v; can be zero, A can be singular.

& n
Let x be in S. Then we can write x = ¢juy. Similarly if y is in 7', we have y = E ciu;. Then
i=1 i=k41
k k k n k n
Xy = g cu; |y = cj(uj-y) = E ¢ lu;e E cu; | = E ¢ Z ciluj-u;) .
1=1 j=1 j=1 i==k+1 j=1 i=h+1

Since j # ¢, uj-u; = 0, hence x-y = 0.

Use the following MATLAB commands.
A=[11 01 0 1;0 0 1}];

gschmidt(A)
ans =
0.7071 0.7071 0
0.7071 —-0.7071 0
0 0 1.0000

Write the columnns in terms of 2. Note that @ = (1.7071.

To find the orthonormal basis we proceed as follows in MATLAB.
A=[0 -1 1;0 1 1;1 1 1}

G = gschmidt(A)

G =
0 0 1.0000
—0.7071 0.7071 0
0.7071 0.7071 0

To find the coordinates of each vector with respect to the orthonormal basis T which consists of the
. . . . . . . y 'S
colunins of matrix G we express each vector as a linear combination of the columns of G- It follow




