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An implicit nite-element ow solver based on the Galerkin nite-element method is employed to study un-
steady laminar ow past single and multiple objects. A fastd  ynamic remeshing technique is used to control the
distribution of the mesh nodes during the unsteady simulati  on, thus minimizing (or even eliminating) the need
for adding arti cial dissipation terms. The quad-dominant mesh generator coupled with this solver is based on a
Cartesian mesh with a conforming spatial decomposition. Th e dynamic remeshing technique preserves the qual-
ity of the elements during the re nement/coarsening proces s. A mixed Galerkin nite-element discretization

is used to generate the nonlinear system corresponding to th e Navier-Stokes equations. After approximating
the time derivative by means of nite di erences and applyin g Picard's iteration, one obtains linear systems
of equations that need to be solved at each time step. The GMRE S method combined with a least-squares
commutator as a preconditioner is employed for the solution  of these linear systems. The time step is controlled
and adapted using an error estimation of the computed ow var iables with respect to time. Results of several
numerical simulations are presented and validated against experimental and numerical studies to demonstrate
the viability of this new approach.
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1 Introduction

Incompressible ows play an important role in many areas, ircluding aerodynamics, hydrody-
namics, and the simulation of manufacturing processes. Ovethe years, many techniques for
the numerical solution of the incompressible Navier-Stoke equations have been developed; see,
e.g., Gunzburger and Nicolaides (1993), Gresho and Sani (28a,b), Hafez (2003), EImanet al.
(2005). In patrticular, the Galerkin nite-element method p rovides a rigorous and robust means
for devising high-order algorithms for unstructured grids. Methods of this type can be employed
to perform highly accurate simulations of ows around complex geometries, using grids that are
readily generated. Such high-order algorithms are attracive due to their ability to produce a
smaller error using relatively coarse meshes (Fidkowsket al. (2005), Nejat and Ollivier-Gooch
(2008)). However, high-order methods are more expensive #n conventional second-order meth-
ods, on a per degree of freedom basis (Adjeriet al. (1995), Ainsworth (2004)). At the same
time, second-order techniques have to employ denser meshign higher-order methods in order
to achieve comparable accuracy. Thus, for second-order agithms, the use of adaptive grids is
crucial in order to reduce computational costs.

Over the last two decades, adaptive methods have stirred mut interest in the engineering
community. For compressible ow applications, such method are crucial because of the pressing
need for accurate computation of shock waves; see, e.g., Baka et al. (1986), Flaherty et al.
(1989), Erikssonet al. (1998), Rannacher (1999). Adaptive methods o er a means fotackling
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complex ow problems at a reasonable cost and, at the same tim, controlling the accuracy
of the numerical simulations. While spectacular results hae been achieved for compressible
ow problems, progress for unsteady viscous incompressibl ows has been more modest; see,
e.g., Hetu and Pelletiert (1992). For unsteady problems, afast dynamic remeshing algorithm is
required. Mapping of variables from one mesh to another shdd be conservative and done in an
e cient way, otherwise the vorticity generated during the s imulation will be dissipated and the
solution quality will deteriorate.

The method presented in this paper is based on a fast dynamicemeshing technique coupled
to a nite-element solver for unsteady viscous incompresdile ows. The time-step during the
unsteady simulation is controlled and hence adapted via an reor estimation procedure. The
proposed adaptive methodology is designed to transform anxésting nite-element ow solver
into an adaptive one. To this end, the spatial and temporal adaptivity are kept completely
separate from the ow solver.

The paper is organized as follows. In Section 2, we review thgoverning equations and the
standard weak formulation using mixed nite elements and Picard's iteration. Also, we discuss
various ways to handle the sparse convection tensor. In Seion 3, we discuss the solution of the
resulting nonsymmetric linear systems by means of a suitalyl preconditioned GMRES algorithm
and compare the convergence of various iterative methods #it are employed to e ciently im-
plement the preconditioner. The dynamic remeshing technige is presented brie y in Section 4,
and the control of the time step during the unsteady simulation is discussed in Section 5. The
methodology is validated in Section 6 by solving unsteady poblems around single and multi-
ple bodies to clearly quantify improvements due to adaptiviy. Finally, Section 7 provides some
concluding remarks.

2 Governing equations

In this section, we recall the governing equations and the aproximation of the standard weak
formulation using mixed nite elements. For more details, we refer the reader to Gresho and
Sani (1998a) and Elmanet al. (2005).

2.1 Unsteady incompressible Navier-Stokes equations

The equations describing unsteady incompressible ows inheir non-dimensional form can be
written as follows:

@ 1 -

" 4 i + = f:

@t qrgq Rer g+rrp ; 1)
r g=0:

Equation (1) is posed on a given domain , together with suitable conditions on the boundary
@ of . We assume that these boundary conditions are of the for m

_ 1@ _ :
g=w on @p and Re@n np=0 on @\; (2)

where@= @ p[ @ n. Here, n denotes the outward-pointing normal to the boundary and w
is assumed to be a given function on the Dirichlet part, @ p, of the boundary. Note that we
need to specify the pressure only on the Neumann part, @ n, of the boundary. We remark
that in the case of pure Dirichlet boundary conditions, i.e. @ p = @, the pressure part p of
the solution of the Navier-Stokes problem described by equeons (1) and (2) is only unique up
to a hydrostatic constant.
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The major di culty in solving equation (1) lies in the coupli ng of the velocity and the pres-
sure through the incompressibility constraint. Unlike the case of compressible ows, where the
pressure is obtained from an equation of state, the pressureld in incompressible ows estab-
lishes itself instantaneously and must therefore be integated implicitly in time. This re ects the
assumption that the speed of sound through incompressible ows is in nite.

2.2 Weak formulation

Let
Lo():= u: 7'R ul< 1

denote the space of square-integrable Lebesgue functionsnd let

n (0]
10y .= : . @u @u
H ()— u: 7' R u; @)& @yZ L2()

denote the corresponding Sobolev space of functions that a square-integrable derivatives. The
usual solution space and test space are given by

HE = u2HY) u=won@p and H{ = v2HY() v=00n@p ;

respectively. Then, the standard weak formulation of equaions (1) and (2) is the problem to
nd u2HL and p2 Ly() such that

z z z z z
@

1 . — 1.
@tv+ (uru)v+R—e ru.rv+ p(r v)= f v forall v2Hg;
z 3)
g(r u)=0 forall gq2Ly() :

Here,r u : r v denotes the component-wise scalar product, which in two dirensions is given by
FUIrvVI=ruyx Ivy+ruy vy

Note that in equation (3), the nonlinear convection term is represented by the trilinear form

z
c:HE HE HE 'R ozuiv)i= (z ru) v:

The other terms in equation (3) are described by bilinear foms; for example, the di usion term
is represented by

Z
. 1 1 . . — 1 . .
a'HE HEO "R, a(U,V) = R_e ru:rv:

2.3 Mixed nite-element approximation

A discrete approximation of the weak formulation is obtained by replacing the in nite-
dimensional spacesH?, HL , and L»() in equation (3) by suitably chosen nite-dimensional

supspace ) , an 20 ). e discrete problem thenisto n Uh
b X2 HE, X§ HE,andM"  Ly(). Thedi blem then i d 2 X
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and pp 2 M " such that

Z Z Z Z Z
@in

@v+ (up ruh)v+Rie rup:rv+  pp(r v)= fvforallvzxg;
z (4)
a(r up)=0 forall g2 M"() :

Implementation of this approach entails de ning appropriate bases for the nite-element
spaces, leading to a nonlinear system of algebraic equatienTo this end, we use a set of vector-
valued basis functionsf g, so that

X“ nwn@ Xu
Up = U j+ Ui j
i=1 j=ny+1 j=1

the boundary data on @ p. We also introduce a set of pressure basis functions g and set

o
Pn = Pk «k:
k=1

Employing the backward Euler method to approximate the time derivative in equation (4), one
obtains a system of of nonlinear equations, which in tensor atation is given as follows:

!
n 1

+ Cjk Uj'ug + aj uf + big = g fj; 5)
bj u' =0;

wherei;j =1;2;:::;n, and | =1;2;:::;np. Moreover, the superscriptn is used to donate the
solution at the n-th time step. The operators g; , a;, i represent sparse matrices de ned as
follows:

Z
g; 2 R"™ ™ =mass matrix = J- 0
Z
aj 2 R" " =diusion operator = rojorog;
Z
by 2 R"™ " =divergence operator = H(r )

The operator cjk is a sparse three-dimensional tensor de ned as follows:

V4
Gjk 2 R™ M " =convection operator= ( , r )

Solution of the nonlinear system of equations (5) can be caied out e ciently using Picard's
method or Newton's method, both of which are iterative procedures. The operators de ned
above are independent of the solution variables. They only dpend on the test functions and
the employed mesh. Hence these operators are calculated @nand updated for each new mesh.
Storage of these operators might introduce a problem for lage mesh sizes. In this case, the 3D
tensor is the one that might consume a lot of memory, althoughit is also sparse. To illustrate
this fact, let ng be the number of points that live in the stencil of any internal point i. For this
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node, the 3D tensor stores a dense square matrix of sizgg ng, while the other operators only
store a sparse row vector with onlyn, nonzero entries. In our simulations, the number of nodes
in the mesh can go up to 18 using a personal computer with 2 Gigabyte RAM without facing a
storage problem with storing all the operators. For larger poblems, this remains an issue that
we will discuss in the following section.

In order to avoid stability issues, we chose to work with mixed nite elements for the velocity
components and the pressure. More precisely, for rectangat elements, we use biquadratic ap-
proximations (Q>) for the velocity components and bilinear approximations (Q1) for the pressure
eld. A similar approach is followed for the triangular elements, where we use quadratic approx-
imations (P;) for the velocity components and linear approximations (P1) for the pressure eld.
Isoparametric mapping is employed to enable the integratio over the corresponding reference
elements. Gauss quadrature is then used to evaluate the intgals within the various operators.
For more details about the construction of the Galerkin sysem, we refer the reader to Ebeida
(2008).

2.4 Nonlinear iteration

Picard's method is a classical linearization procedure tha starts with an Cinitial guess',
(u™9; p"9), and then constructs a sequence of iterate$ (u™™ ; p™™) g until it converges to the
solution of the weak formulation. In this approach, we apprximate the nonlinear convection
term as follows:

c(u™;u;v)  c(uMM:umm*Ly):

We then de ne the operator
o' = Gik U

which is a sparse matrix that can be stored easily. However,n order to construct it, we have

either to discretize the convection operator usingu™™ at the beginning of everym-th nonlinear

iteration, or we can store the tensor ¢y and get the matrix c{J“ by a tensor-vector product

operation. The rst approach consumes time and the second om consumes memory. In order to
resolve this issue, we chose to approximate the convectionperator as follows:

We refer to this approximation as a ‘tensor-free' approachlt leads to a sparse matrix given by
z

G = i T

which reduces the storage requirements signi cantly and sees the computational time consumed
by the tensor-vector multiplication required during the conservative approach mentioned above.

We validated this non-conservative approximation using the unsteady ow over a cylinder at
Reynolds number Re = 1200 with an impulsive initial condition, Figure 1 shows the velocity
distribution in the wake at non-dimensional time t := tU=L = 2:9 and the evolution of the
maximum velocity in the wake during the rst four non-dimens ional time units t. Here, L and
U denote the characteristic length and velocity, respectivéy, for this ow problem. The results
obtained using the tensor-free approximation are comparedo the results obtained using the
conservative formulation as well as the experimental data pblished by Nagata et al. (1985).
The comparison shows that the solutions obtained using bothapproaches are nearly the same
and in good agreement with the experimental data.
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Figure 1. Validating the convection operator approximatio  n using the ow over a cylinder at Re = 1200 using the results
obtained from the conservative formulation and the experim ental data obtained by Nagata et al. (1985).

3 Solution of the linearized system

In this section, we discuss the solution of the nonsymmetridinear systems that arise within the
nonlinear iteration.

3.1 Preconditioning of the nonsymmetric linear systems

The linear system we need to solve within each iteration of Riard's method has the following
generic form:

B O p  g° (6)

We remark that the submatrix F is nonsymmetric. Thus the coe cient matrix of the linear
system in equation (6) is also nonsymmetric. Moreover, the matrix is inde nite, and iterative
technigues combined with e cient preconditioning are required to achieve satisfactory conver-
gence; see, e.g., Saad (2003). In our simulations, we emplpyeconditioned GMRES (Saad and
Schultz (1986)), which is a Krylov subspace method for the slution of general nonsymmetric
linear systems.

To motivate our choice of preconditioning, we rst look at th e block LU -decompaosition of the
coe cient matrix, K, of equation (6):

_ F BT _ _ _ l 0 _F BT
K := B 0 = LoUg; where Lg:= BE 1| and Ug = 0 BE !BT

If we would chooseUg as a preconditioner, then all the eigenvalues of the precontioned matrix
L = KU, 1 are equal to 1 and have Jordan blocks of size at most 2. This infjes that the
preconditioned GMRES algorithm would never need more than wo iterations to compute the
solution of the linear system in equation (6). Unfortunately, using Ug is not an option since it
requires the action of the inverse of the Schur complemens := BF BT, which is usually too
expensive to compute. Instead, we employ a suitable approriation to the Schur complement.
To this end, we use the so-called least-squares commutator@conditioner (Elman et al. (2007)).



It approximates the Schur complementS as follows:
s=BF BT (BQ 'B")BQ 'FQ 'B") '(BQ 'BT):

Here, Q = [g; ] is the mass matrix de ned in Section 2. The remaining step isto apply the action
of the inverse of the preconditioner. For this step, it is not practical to work with Q ! since it
is a dense matrix. Instead, the mass matrixQ is replaced with the diagonal approximation
& = diag( Q). The resulting approximation Mg to S is thus de ned as follows:

Ms:=(BQ 'BT)BQ 'FQ 'BT) (BQ 'BT):
The inverse of the matrix Mg is given by
MS]'::(BQ 1BT) 1(BQ lFQ 1BT)(BQ lBT) 1

and the right-preconditioned linear system is as follows:

The implementation of this Least-Squares Commutator Precaditioner (LSCP) involves two
discrete Poisson solves, matrix-vector products with the parse matricesB, BT, F, and the
diagonal matrix @ 1, and one discrete convection-di usion solve.

Note that the use of an inexact solver has no impact on the asymtotic convergence behavior
of Picard's method, but it saves computational time. By inexact solver we mean that we run the
GMRES algorithm until the residual is reduced by only 2 orders of magnitude, i.e.

jiriiz 10 2 jji rojj;

wherer represents the residual vector of equation (6).

Since we are interested in fast iterative solvers, we solvehe discrete Poisson equation using the
Preconditioned Conjugate Gradient method (PCG) with SSOR as a preconditioner. We remark
that by employing a trick due to Eisenstat (1981), the SSOR preconditioner can be implemented
very e ciently. This implementation has nearly the same cost as the Conjugate Gradient (CG)
algorithm without preconditioning. For the solution of the discrete convection-di usion equation
we use the Transpose-Free Quasi Minimal Residual (TFQMR) ajorithm by Freund (1993) with
directional block Gauss-Seidel as a preconditioner.

3.2 Test problems for the iterative solvers

The LSCP involves solving two discrete Poisson equations wh a symmetric positive de nite
coe cient matrix and a convection-di usion equation with a nonsymmetric matrix. Hence, dif-
ferent methods are employed for solving these two di erent gstems. In this section, we use two
test problems to illustrate some properties of the iterative methods that can be used to solve
the linear systems arising within the application of the LSCP preconditioner.

In particular, our gaol is to show the dependence of the conwgence rate of these methods on
the number of nodes in the mesh used in the discretization. Ithe case of solving the convection-
di usion equation, we also want to check the e ect of the Reynolds number on the convergence
of the utilized iterative method.
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(a) Mesh 1 (8,604 Nodes) (b) Mesh 3 (101,702 Nodes) (c) Final solution

Figure 2. Potential ow over a circular cylinder using the st  ream function.

3.2.1 A symmetric positive de nite linear system

Consider the problem

which arises in the simulation of inviscid ow around a circular cylinder using the stream func-
tion. The corresponding linear system is symmetric positie de nite. We used three meshes (with
8;604, 27700, 101702 nodes) to discretize this equation. Figure 2 shows the saflest and the
largest of the three meshes employed, as well as the nal sdiion. When creating the meshes,
more nodes were added near the boundary representing the cular cylinder. This is the reason
why the two meshes shown in Figure 2 look the same in the far al. The corresponding discrete
Poisson problem is solved using multigrid (MG), Conjugate Gadients (CG), Preconditioned
Conjugate Gradients (PCG) with SSOR as a preconditioner, am the classical Gauss-Seidel iter-
ative method. As shown in Figure 3, the convergence rate of MGvas not a ected by increasing
the number of nodes in the mesh, which is one of the key propeds of MG. CG on the other
hand is slightly a ected by the increased number of nodes. PG with SSOR preconditioning
nearly cuts the number of iterations in half, without essentially any additional costs due to the
use of Eisenstat's trick. Comparing MG and CG to the classica Gauss-Seidel method shows the
superiority of these non-stationary methods.

3.2.2 A nonsymmetric linear system

Consider the problem

@ @ 1,
u@x+ V@y R_er

This is a convection-di usion problem where the wind velocty is specied everywhere in a
box domain with Drichlet and Neumann boundary conditions. The corresponding linear system
is nonsymmetric. We used three meshes (with &73, 17381, 34793 nodes) to discretize this
equation. When creating these meshes, more nodes were addedar the boundary representing
the solid surfaces. Figure 4 shows the smallest of the three eshes, as well as the nal solution
for Reynolds numbersRe = 102, Re = 10°%, and Re = 10*. For this case, we want to check
the in uence of increasing the number of mesh points as well & increasing the value ofRe.
Figure 5 shows the convergence rates for the dierent iteratve methods at a xed Reynolds
number while increasing the number of the nodes in the mesh. @ the other hand, Figure 6
illustrates the e ect of varying the Reynolds number on the convergence rates for the di erent
iterative methods using the same mesh. Note that successiviine over-relaxation (SLOR) was
implemented in MG as a smoother instead of the damped Jacobi ethod utilized while solving



4 — N =8,604 = — N =8,604
24 2]
= — N =27,700 I — N =27,700
8 -3 334
N — N=101,702 = R — N=101702
0 -4 o 44 %
= = ~
=y = N
g S g \
3o Il k
o ] a1
4 o© 7 L
=8 € S
AN
28 . -8
-9 : T T ) -9 T T T - |
0 5 10 15 20 0 50 100 150 200 250
# Iterations

# Multigrid V-cycles

(a) Multigrid

(b) CG method

o 4 — N =8,604 -1 — N=8604
E-z 1 — N=27.700 N — N =27,700
8 -3 8 -3+
w [
o = N = 101,702 o -— N =101,702
0 41 0 -4
4 2
® 5 ® 51
3 3
£° 2]
['4 ['4

7 o o

-8 -8 4

9 T T T T T 1 -9 T T T T T T T 1

0 20 40 60 80 100 120 0 500 1000 1500 2000 2500 3000 3500 4000
# Iterations # Iterations
(c) PCG method with SSOR (d) Gauss-Seidel method
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\“.\’\‘\"'\4 |

e
-
(@) Mesh with 8673 (b) Re =102 (c) Re =108 (d) Re =104
nodes
Figure 4. Mesh + Solution of the discrete convection-di usi  on problem.

the symmetric positive de nite system. SLOR was also utilized in GMRES and TFQMR as a

preconditioner. The results show that MG is the optimal method to solve such a problem. The
convergence rate of MG was slightly a ected by increasing tle Reynolds number and was not
a ected at all by increasing the number of nodes in the mesh. A one would expect, GMRES
performs better compared to TFQMR but as the number of nodes ncreases, the number of
iterations increases as well.
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Figure 5. Convergence history for di erent methods applied  to the discrete convection-di usion equation at  Re = 104.
4 Adaptive dynamic remeshing

Our solver is coupled with a fast adaptive dynamic remeshingechnique. We start the simulation
with a base meshM 4, which has just enough nodes to de ne the boundaries of the dmain. This
mesh is crack-free and quad-dominant, and most of the quadiaterals are squares. We refer to
the non-square elements as transition elements. For more thls about generating such a base
mesh, we refer the reader to the previous work of Ebeida and Diés (2008).

In our implementation we used the gradient of the vorticity as the error-related function.
Note that during the rst time step of the dynamic remeshing algorithm, M, and M ¢ are
the same. Hence after we obtain a re ned mesh correspondingotthat time step, we repeat
the simulation using the re ned mesh. So the rst time step is simulated twice. The rst one
gives an approximate solution for the sake of the spatial adptation, and the second gives the
solution using the adapted mesh. An example for the output ofthe mesh adaptation algorithm
is illustrated in Figure 7, using one re nement level.

We remark that a transition element is formed by an incomplete re nement of a square element.
This incomplete re nement is restricted here to either one o two neighboring edges of the square
element. In the rst case, the square is transformed into a bbck of two quads and one triangle.
In the later case, the square is transformed into three quads

Figure 8(a) shows that the transition elements will always le between two levels of square
elements. So if we decide to re ne a square element in the cose region (marked with an ™ '),
a mesh quality problem will result, as illustrated in Figure 8(b). The technique used to x this
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Figure 7. One re nement level applied to a subregion of the un iform base mesh.

problem is to merge all the transition elements for that levd. In other words, each block of
transition elements is transformed into four square elemets, as shown in Figure 8(c).

This algorithm is employed for re ning and coarsening the mesh elements from the last re-
nement step, although it is always re ning the base mesh. Interpolating the variables from the
last re ned mesh to the new re ned one is crucial for preventng the dissipation of the vortices
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Algorithm 1 (Adaptive Dynamic Remeshing)
Input: Coarse base mestM ,, re ned solution mesh M g, discrete error-related function f
de ned on M g, ri. 2 R"r:=user-speci ed thresholds for ng re nement levels.

Create a copy ofM , and denote it M .

for i =1to ngr do
Project f from M gsto M ;.
Merge all the transition elements M ; 1 of between re nement levels,i 1 andi.
Re ne any element in M ; ; at the re nement level i 1 if the maximum value of f over
that element exceeds the threshold (i).
Create new transition elements between the re nement levedi andi 1 to obtain a re ned
conformal meshM ;.

end for

Map the solution variables using a conservative interpolaton scheme fromM s to M . .

Output: New re ned mesh,M ., with a more convenient node distribution for simulating the
next time step.

b3 P —
(a) Two coarse elements to be (b) Hanging nodes might be cre- (c) Merging of transition ele-
re ned ated ments

Figure 8. Merging of transition elements during re nement o f Coarse level elements to avoid the creation of hanging node s.

within the ow. Currently, we do not adapt the mesh at every ti me step, but rather we chose
to run this algorithm whenever the number of the mesh elemens that should be re ned exceeds
4% of the total number of elements.

5 Time-step control

In this section, we discuss an algorithm for the adaption of he time step, following the technique
described in Stoer and Bulirsch (2002). Once the Reynolds maber is speci ed, the grid is
generated, and the test functions are chosen, the solutionfeequations (1) and (2) depends only
on the time step. Let h denote the time step at timet. Let u(t; h) be the computed approximation
of the exact velocity u (t). If we know the order p of the method used in approximating the time
derivatives, then we have the following error estimate:

utih uth=2
2 1 '

ut;h=2 u ()
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At each time step, we start with an initial guess H > 0 for the desired time steph and calculate
the quantity

1

r_ -
_ 2P utg+ H;H utg+ H;H=2 2 p+1 H
N T

which approximates the ratio H=h. If ry 2, then the error is large. On the other hand, ifry is
too small, then we might want to increase the time step in orde to reduce the simulation time.
In the numerical experiments reported in this paper, we choe to work with =10 © jj u(to)jj»
and an acceptable range of D<ry < 5:0. If a value of ry exists in that range, we proceed to
the next time step. If not, we set H = 2h and re-simulate the last time step. Figure 9 shows
the fast evolution of the time step H for a ow over a cylinder at Re = 1200 with impulsive
initial condition. The algorithm started with H =2:6 10 4 and at approximately t = 6:0 the
algorithm set H to be 0.077.

0.045 +

0.04

0.035

0.03 4

0.025 4

o
[=]
~

Time step (H)

0.015

0.01 A

0.005 -

0 1 2 3 4 5 6
Nondimensional Time (tbar)

Figure 9. Evolution of time steps at the beginning of the simu lation of ow over a cylinder at Re = 1200 with impulsive
initial condition.

6 Numerical results

In this section, we present numerical results for two test poblems to validate our proposed
methodology.

6.1 Cross-ow over two parallel cylinders at Re =200

The goal of this simulation is to illustrate the ability of ou r approach to simulate ow over
multiple objects and to accurately resolve the interaction of the vortices generated around each
cylinder. Figure 10 shows the interaction of the vortex sheding around each cylinder and how
the vortices impact each other at the centerline while presesing the symmetry of the ow.
Vorticity contours overlaid onto the computational mesh are shown in Figure 10 for di erent
instants in time (in seconds) fromt =1 to t = 20. At t = 1, the viscous ow of each cylinder
is just beginning to shed. At t = 4, the vortices near the centerline begin to interact. The
adaptation algorithm has correctly identi ed the vortices along with the interaction region and
has re ned the mesh in those regions. The contours and mesh slvn at t = 8, 12, 16, and 20
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further illustrate how the adaptation algorithm has identi ed the multiple vortices in the domain
and kept the mesh re ned in those regions. It should also be nied that the solution and the
mesh remained symmetric about the centerline between the tev cylinders indicating high spatial
and temporal accuracy. The computed time history of the totd lift and the total drag coe cients
are presented in Figure 11. The oscillatory pattern correspnds to the shedding of the vortices
and shows an important feature of this ow (Farrant et al. (2000)): the vortex shedding starts
initially in symmetrical anti-phase mode and then after some time, it shifts to be in phase.

@ t=1.00 (b) t = 4.00 (©) t =8.00

I

o e

(d) t = 12.00 (e) t = 16.00 (f) t = 20.00

Figure 10. Evolution of mesh and vorticity contours for ow o ver two vertical cylinders at Re = 200.

6.2 Unsteady Laminar Flow Over a NACA 0012 Airfoil at Re =800, =20

Figure 12 shows the evolution of the vorticity and the mesh poduced during a simulation of the
unsteady incompressible ow around a NACA 0012 airfoil at Re = 800 and an angle of attack
of =20 . The domain of this problem is 11 units in length and 20 units n height. These
are non-dimensional units relative to the chord length of the airfoil. The trailing edge is located
at the origin. The lower left corner of the domain is located & ( 5; 10). For this case we set
Re = 800, which forces the ow to be unsteady. The initial condition for the simulation was
an impulsive ow at t = 0. As Figure 12 shows, an initial vortex is generated near tte trailing
edge of the airfoil followed by a sequence of vortices. The vtex shedding is the reason for
the uctuations in the generated lift and drag. The initial v ortex reaches the boundaries of the
domain at non-dimensional timetU=L = 12:0, while the transition phase decays atU=L = 30:0.
Here, L and U denote the characteristic length and velocity, respectivdy, for this ow problem.
We picked this case to demonstrate the capability of the dynanic remeshing technique to capture
the starting vortex and the steady vortex shedding. The computed time history of the total lift
and the total drag coe cients are presented in Figure 13. Note that the oscillatory pattern is
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Figure 11. Evolution of the force coe cient with time for the ow over two vertical cylinders at Re = 200.

due to the shedding of the vortices. The computed corresporidg Strouhal number, based on
the foil chord, is approximately 0:54.

7 Concluding remarks

We presented a new Galerkin nite-element technique for thesimulation of unsteady incompress-
ible ows. This technique employs a fast dynamic remeshing pocedure to adaptively redistribute
the mesh points based on the gradient of the vorticity calcuhted using the solution variables from
the previous time step. A varying time step is chosen based oman error estimation algorithm.
Our technique allows the use of larger domains without dramécally increasing the number of
nodes in the mesh. E cient Galerkin nite-element discreti zation is accomplished through the
storage of the di erent operators associated with the Navig-Stokes equations as sparse tensors.
The use of fast iterative solvers, such as preconditioned GRES, CG, and TFQMR, is crucial
for incompressible ows. Our technique still needs to be teted using unsteady ows at high
Reynolds numbers, which we plan to do in future work. Also, wewill investigate the extension
of the approach in this paper to three-dimensional ows.

References

Adjerid, S., Ai a, M. and Flaherty, J.E., 1995. High-order nite element methods for singularly perturbed
elliptic and parabolic problems. SIAM J. Appl. Math. , 55 (2), 520{543.

Ainsworth, M., 2004. Dispersive and dissipative behaviourof high order discontinuous Galerkin nite
element methods.J. Comput. Phys., 198 (1), 106{130.

Babiska, I., Zienkiewicz, O.C., Gago, J. and de A. Oliveira, E.R., eds., 1986.Accuracy Estimates and
Adaptive Re nements in Finite Element Computations. Chichester, UK: Wiley.

Ebeida, M.S. and Davis, R., 2008. Fast adaptive hybrid mesh gneration based on quad-tree decomposi-
tion. In: Proceedings of the 38th Fluid Dynamics Conference and Exhifa AIAA Paper 2008{4141.

Ebeida, M.S., 2008. Simulation of unsteady incompressibléurbulent ows using Galerkin nite element
and adaptive grids. Thesis (PhD). University of California, Davis, CA.



16 REFERENCES

(a)t=1.20 (b) t =5.80 (c) t=13.80
(d) t = 19.60 (e) t = 27.80 (f) t = 27.80 - Mesh Only
Figure 12. Evolution of mesh and vorticity contours for the ow over a NACA 0012 airfoil at Re =800, =20 .

Eisenstat, S.C., 1981. E cient implementation of a class of preconditioned conjugate gradient methods.
SIAM J. Sci. Statist. Comput., 2 (1), 1{4.

Elman, H., Silvester, D. and Wathen, A., 2005. Finite elements and fast iterative solvers Oxford, UK:
Oxford University Press.

Elman, H., Howle, V.E., Shadid, J., Silvester, D. and Tuminaro, R., 2007. Least squares preconditioners
for stabilized discretizations of the Navier-Stokes equabns. SIAM J. Sci. Comput., 30 (1), 290{311.

Eriksson, K., Johnson, C. and Larsson, S., 1998. Adaptive rite element methods for parabolic problems
VI: Analytic semigroups. SIAM J. Numer. Anal. , 35 (4), 1315{1325.

Farrant, T., Tan, M. and Price, W.G., 2000. A cell boundary element method applied to laminar vortex-
shedding from arrays of cylinders in various arrangementsJ. Fluids Struct., 14 (3), 375{402.

Fidkowski, K.J., Oliver, T.A., Lu, J. and Darmofal, D.L., 20 05. p-Multigrid solution of high-order dis-
continuous Galerkin discretizations of the compressible ldvier-Stokes equations.J. Comput. Phys,
207 (1), 92{113.

Flaherty, I.E., Paslow, P.J., Sheppard, M.S. and Vasilakis J.D., eds. , 1989.Adaptive Methods for Partial
Di erential Equations . Philadelphia, PA: SIAM.

Freund, R.W., 1993. A transpose-free quasi-minimal residal algorithm for non-Hermitian linear systems.
SIAM J. Sci. Comput., 14 (2), 470{482.

Gresho, P.M. and Sani, R.L., 1998a.lncompressible Flow and the Finite Element Method. Volume 1
Advection-Di usion . Chichester, UK: Wiley.

Gresho, P.M. and Sani, R.L., 1998b.Incompressible Flow and the Finite Element Method. Volume 2
Isothermal Laminar Flow. Chichester, UK: Wiley.

Gunzburger, M.D. and Nicolaides, R.A., eds. , 1993.Incompressible Computational Fluid Dynamics:
Trends and Advances Cambridge, UK: Cambridge University Press.

Hafez, M.M., ed. , 2003.Numerical Simulations of Incompressible Flows Singapore: World Scienti c
Publishing.

Hetu, J.F. and Pelletiert, D.H., 1992. Fast, adaptive nit e element scheme for viscous incompressible
ows. AIAA J., 30 (11), 2677{2682.



REFERENCES 17

Figure 13. Evolution of the force coe cient with time for the ow over a NACA 0012 airfoilat Re =800, =20 .

Nagata, H., Funada, H. and Matsui, T., 1985. Unsteady ows in the vortex region behind a circular
cylinder started impulsively. Bull. JSME, 28, 2608{2616.

Nejat, A. and Ollivier-Gooch, C., 2008. E ect of discretization order on preconditioning and convergence
of a high-order unstructured Newton-GMRES solver for the Euer equations.J. Comput. Phys., 227
(4), 2366{2386.

Rannacher, R., 1999. Adaptive Galerkin nite element methods for partial di erential equations. J. Com-
put. Appl. Math., 128, 205{233.

Saad, Y., 2003.Iterative Methods for Sparse Linear Systems2nd ed. Philadelphia, PA: SIAM.

Saad, Y. and Schultz, M.H., 1986. GMRES: A generalized miniral residual algorithm for solving non-
symmetric linear systems.SIAM J. Sci. Statist. Comput., 7 (3), 856{869.

Stoer, J. and Bulirsch, R., 2002.Introduction to Numerical Analysis . 3rd ed. New York, Berlin, Heidelberg:
Springer-Verlag.



