MAT 16B Prof. Fu Liu Midterm 1 April 25, 2008

Solutions



1 (12 pts.) Determine whether each statement is true (T) or false (F). Then CIRCLE
the appropriate answer. You do not need to show work. Assume that z and

y are positive numbers.

(a) In(z/y) =lnx —Iny T
(b) & = ey T
(¢) (Inz)?* =2(Inzx) F
2 (10 pts.) Find the equation of the line tangent to y = In(j72=r) at the point (1, —In2).
Solution:
d 1 1 d e® 1
I _ -1y 7 = (1 /-1/'"1 e Y 1 z—1 = —— e,
v=re g = (el (1+e$”1)2)d:1:( e 1+ e2-1

Thus, the slope of the tangent line at (1,—1In2) is ¢'(1) = —1%5 = ——% and the equation of

the tangent line is

1 1 1
y:—§($—1)—1n2:—§m+§—ln2.



3 (15 pts.) The number of a certain type of bacteria increases continuously at a rate
proportional to the number present. There are 100 present at a given time

and 800 present 3 hours later.

(a) Give a function P(t) to model the number of bacteria ¢ hours after the

initial time.
(b) How many will there be 10 hours after the initial time?

(c) How long will it take for the population to triple?

Solution:

(a) P(t) is an exponential growth model. Thus, P(t) = Ce*?, for some constants C, k. By

the conditions given, we have
100 = P(0) = Ce® = C = 100,

800 = P(3) = Ce®* = 100e* = ¢* =8 =3k =In8 =3In2=k =1In2.

Hence,

P(t) = 100e™% = 100 - 2°.
(b) P(10) = 100 - 2'° = 102400.

(c)
! ! 1H3
P(t) =100-2" = 100 -3 = 2 :3:>t:log23=1n2'



4 (18 pts.) Sketch the graph of the function f(z) = In(z?+ 1) — 2. Determine extrema,

points of inflection, axes intercepts and asymptotes.

Solution:
v 2
Flo) = 2+ 1
f(z)=0=2=0.
) = 2(:102 +1)—x(2r)  1-—a?
B (z2+1)2 (22417
f7(0) = 2}—%9 =2>0= 2 =0is a minimum.

f"(z) =0 = 1 — z* = 0 = The possible points of inflection are z = +1.

>0, ifjz] <1, ie —l<az <],
f(z)
<0, ifjzf>1,ie o< —=lorz>1
Hence, the concavity changes at © = +1. We conclude that z = =1 are the points of

inflection.

y = f(0) = In(0* + 1) — 2 = —2 is the y-intercept.
f@2)=0=>n(@2?+1)=2=2"+1=¢*= 1 =£Ve2 — 1 are the x-intercepts..

lim f(z)= lim In(z* +1) -2 = co.

T—+oc £——+00
lim f(z)= lim In(z* + 1) - 2 = oo.

Thus, there is no horizontal asymptote.
Because f(r) is defined and continuous on (—o0, 00), for any real number zo, lim;_z, f(z) =

f(zg) # oo or —oo. Hence, there is no vertical asymptote.

4




5 (20 pts.) A ball is thrown upward with an initial velocity of 20 meters per second
from an initial height of 10 meters. (The acceleration due to gravity is -10

meters per second squared.)
(a) Derive formulas for the velocity (in meters/second) and height (in me-
ters) of the ball as functions of the time ¢ (in seconds.)

(b) How long will it take for the ball to reach the maximum height? What

is the maximum height?

(c) How long will it take for the ball to hit the ground? What is the

velocity of the ball when it hits the ground?
Solution:

(a) Let h(t) and v(t) be the functions to describe the height and the velocity of the ball ¢

seconds after the initial time. Then we have:
h'(t) = v(t), h(0) =10, v'(¢t) = —10, v(0) = 20.
V(t) = —10 = v(t) = /—10 dt = —10t + 1.
20=0(t) =-10-0+ C, = (4.
Hence, the velocity function is v(t) = —10t + 20.
B(t) = v(t) = —10t + 20 = h(t) = /(—101‘, +20) dt = —5¢2 + 20t + Cy.
10 = h(0) = =5-0°+20-0+ Cy = Cy.
Thus, the height function is h(t) = —5t2 + 20t + 10.

(b) v(t) =0 = —10t 4+ 20 = 0 = t = 2. Hence, the ball reaches the maximum height after
2 seconds and the maximum height is A(2) = —5 - 2% + 20 - 2 + 10 = 30 meters.

(c) h(t) =0 = —5t2+20t +10 =0 = t* — 4t — 2 = 0 = t = 2 4+ /6. We only keep the
positive solution. So it takes 2 + v/6 seconds for the ball to reach the ground. The
velocity of the ball when it hits the ground is v(2 +v6) = —10(2+ v/6) + 20 = —10v/6

m/s.



6 (25 pts.)

Evaluate the following indefinite integrals. Simplify your answers as much

as possible. Show your work.

(a)

/(3:02 + 4z)Vzd + 222 — 1 dx wmeglet -l u%a-; dx
ults
2
2

(b)

/x3—x2+2x—1 17
T+ 2

d
z+ 2 v

dr =

(x? — 32+ 8) —

2
—3—:25—+893—171n|:c+2|+0.

1
o] B, — —

l—e* 2
le = —
/1+€—a=” /(1+e—f 1) de

- 2/ ! dm~/1dm:2/e dm—/ldm
1+ e® et +1

[1d
* 2/—% d:z:—/ldszlnlul——x—i—C

udz
2In(e* +1) —x+ C.

82

u=e

/1+3I3(51na,+$3 dr u::lr_x___a:+:c3 /eu% dz
T dz

— eu + C — eln:lr:-}—:t3 4+ C

= Influ/+C=In|lnz|+C.

xzdm—3/:vdm+/8dx—17/ !
T+

2

dz



