96 CHAPTER 2  Set Theory

Exercises 2.3

1. Find the union and intersection of each of the following families or indexed
collections.
* (@) Let 4=9{{1,2,34,5}{23,4,5,6} {3,4,5 6,7} {4,5,6,7,8}}.
(b) Letsd ={{1,3, 5} {2 4,6} {7,911, 13}, {8, 10, 12}}.
* (c) For each natural number n, let A, ={5n,5n+1,5n+2..., 6n}, and
let f = {As:ne N}.
(d) For each natural number n, let B,=N —{1,2,3,...,n} and let
B ={Bn: ne N}
* (e) Let o be the set of all sets of integers that contain 10.
() LetA={1} A,={2,3}, As={3,4,5}, ..., Ao ={10,11,...,19} and
letsA ={A:ne{l,23,...,10}}.
* (g) For each natural number, let A, = (0, %) and let 4 = {Ay ne N}.
(h) Forr e (0, 00), let Ar =[—m,r),and let A = {A;: r € (0, 00)}.
* (i) For each real number r, let A =T[|r|,2|r] +1], and let o4 =
{A:reR}.
(j) Foreachne N, letMy={..., —3n, —2n, —n, 0, n, 2n, 3n,...}, and let
M ={Mp: ne N}
(k) For each natural number n>3, let A = [% 2+ %] and oA =
{Ax:n> 3}
(N Foreachne Z, letC,=[n,n+1)andlet€¢ ={Cy:ne Z}.
(m) Foreachne Z, let Ay=(n,n+ 1) and A = {A:ne Z}.
(n) Foreachne Z, letD,= (—n, %) and 9 = {Dn: n e N}.
(o) For each prime number p, let pN = {np: n e N} and «{ be the family
{pN: ne N and p is prime}.
* (p) ForeachneZ, letTh={(X,yY)eRxR:0<x<1,0=<y=<x"}and

T ={TaneN}
(q) Foreachne Z,letV,={(x, y)ERxR:0<x<1,x"<y< ffx}and
V ={VnneN}.

2. Which families in Exercise 1 are pairwise disjoint?
3. Prove part (b) of Theorem 2.3.1.

4. Let the universe of discourse be the set R of real numbers, and let 4 be the
empty family of subsets of R.

(@) Showthat (JA=R.
Aed

(b) Show that | J A= .

Aed

(c) Conclude that [ A< | Ais false in this example.
Aesdd Aedd
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5. (a) Prove parts (a) and (b) of Theorem 2.3.2.
(b) Give adirect proof of part (d) of Theorem 2.3.2 that does not use

part (c).
6. Letsd ={A, a € A} be afamily of sets and let B be a set. Prove that

* @ BN UA=U (BNAY.

aeA aeA

(b) BU A=) (BUA,).

acA acA

7. Letsl ={A,;;a e A}and let B = {Bg: B € I'}. Use Exercise 6 to write
* (a) ( U Aa) N ( U B,;) as a union of intersections.

aEA pBel’

(b) ( N Aa) U < N BB) as an intersection of unions.

aEA pBel’

8. Letd ={A. @ € A} be a family of sets, A # J, and B be a set. For each
part either prove the statement is true or give a counterexample.

(@ B—(ﬂAa)= M (B—A).

o 5-(Ur)- Y
o (Qr)-2-na-9
@ (Ur)-e=Yn-e)

9. Ifd ={As ae A}isafamily of setsand I C A, prove that

* @ UAc UA.

ael aEA
b NASA
aEA ael

10. Let o4 be a nonempty family of sets.

* (@) Suppose B C Aforevery A e s. Prove that B C Aﬂ&gA.
eA

» (b) What is the largest set X such that X C Afor all A € s4? That is, find the

set X such that (i) X € Aforall Ae «; and (ii) if VC Aforall Ae oA,
then V C X.

(c) Suppose A C D for every A € si. Prove that | J A C D.

Aesdd

(d) What is the smallest set Y such that A C Y for all A€ «? That is, find
the set Y such that (i) AC Y for all Ae ; and (ii) if A< W for all
Ac g, thenYC W.
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CHAPTER 2 Set Theory

Let X={1, 2, 3, 4,..., 20}. Give an example of each of the following:
(a) afamily o of subsets of Xsuch that () A={1}and |J A=X

Aesd Aedd
(b) a family & of four pairwise disjoint subsets of X such that | J B = X.
Be®
(c) afamily € of twenty pairwise disjoint subsets of X such that | J C = X.
Ce%

Give an example of an indexed collection of sets {An: n € N} such that each
A,C (0,1),andforallmne N, AnNA,#but () Ay=.

neN

Let o be a family of pairwise disjoint sets. Prove that if % C <« ,then B is a
family of pairwise disjoint sets.
Let o¢ and 9B be two pairwise disjoint families of sets. Let 6 = o4 N A and
D = URB.
(@) Prove that € is a family of pairwise disjoint sets.
(b) Give an example to show that % need not be pairwise disjoint.
(c) Prove that if |J Aand | B are disjoint, then 9% is pairwise disjoint.

Aed Be%
Let o = {A:i e N} be a family of sets and k, m be natural numbers with
k < m. Prove that

k+1 k
(@) iLiJlAi = iLiJlAi U Axs1.
k-T—l T(
&) (A= ANAG
@igAgHm
@igkgik
k m
(e iL:Jlﬁq C iEJlA-.
m k
M (acA

Suppose d = {A: i € N} is a family of sets such that for all i, j e N, if i <j,
then Ay € A (Such a family is called a decreasing nested family of sets.)

k
(@) Prove that forevery ke N, () A = A
i=1

(b) Provethat [ J A = A,
i=1

Give an example of a decreasing nested family {A;: i € N} (see Exercise 16)
for each condition.

@) iDlAa =[0, 1].

(b) iDlAe =(0,1).
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(© Dl A ={0, 1}.

(d) QA=@
=
Proofsto Grade 18. Assign a grade of A (correct), C (partially correct), or F (failure) to each. Jus-

tify assignments of grades other than A.

* (a) Claim. Forevery indexed family {A;: a € A}, [1A. S U A

aeA aeA

“Proof.” Choose any Ag e {A,: @ € A}. Then by Theorem 2.3.2,
(NA.CAs and Agc UA.

iyl';irefore, by transitivity o(:‘Eszt inclusion, ﬂAAa c UAAQ. |
ae ae
* (b) Claim. IfA,CBforallae A, then UAAa CB.
“Proof.” Suppose X e UAAQ. Then, since A, C B for all o€ A,
x € B. Therefore, | J A ga; n
(c) Claim. For eve:;iAndexed family {A.: a € A}, ﬂAAa C UAAQ.

“Proof.” Let A={r,st}, A={abcd} As={b,c,d e}, A=
{c,d, e f}. Then [VA.={c.d}c{abecdef}={JA. (]

aeA aeA

(d) Claim. For every indexed family {A,; a € A}, [V A S U A

aEA aEA
“Proof.”  Assume (A, JA. Then for some xe (A,
aeA aeA aeA
xe& |J A, Since x & |J A,, it is not the case that x € A, for some
aceA aceA
a € A. Therefore, x ¢ A, for every o« € A. But since xe ﬂ A,
aeA
xe A, for every e e A. This is a contradiction, so we conclude
NA.<c UA. n
aeA aeA
* (e) Claim. Ul[n,n+1):[R.
n=

“Proof.” Let xeR. Choose a natural number y such that
y<Xx<y+1 Thus xe[y,y+ 1). Therefore, x is an element of

Un n+1). Since [,n+1) <R forall neN, [ J[nn+1) CR.
n=1 n=1

Therefore, ([ J[n, n+ 1) = R. n

n=1
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