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Some statements are not true for all natural numbers, but are true for numbers
in some inductive subset of N. To prove such statements in such cases, we need a
slightly generalized form of the PMI, where the basis step starts at some number
other than 1.

Generalized Principle of Mathematical Induction

Let k be a natural number. Let Sbe a subset of N with these two properties:
(i) kes
(i) forallne Nwithn>k ifne Sthenn+1eS

Then Scontains all natural numbers greater than or equal to k.
Example. Prove by induction that 2 —n — 20 > 0 for all n > 5.

Proof. (Wewill use the Generalized PMI starting at n = 6.)

(i) Forn=6,6%—6— 20 =10, which is greater than zero.
(i)  Assume for some natural number k > 5 that k> — k — 20 > 0. Then

(K+1)? —(k+1) —20=K +2k+1—k—1—20
= k2 — k— 20+ 2k

Since k? — k — 20 > 0 (by the induction hypothesis) and 2k > 0 (sincek is
anatural number), k?> — k — 20 4+ 2k > 0. (The sumof two positive integers
ispositive.) Thus (k + 1)> — (k+ 1) — 20 > 0.

(iii) By the Generalized PMI, n? — n — 20 > O is true for all n > 5. ]

We note that an algebraic proof of the last example is possible: Since
"-n—-20=(n+4n-5 and n+4>0 for all natural numbers n,
n’> —n— 20 > 0 for n > 5. Neither proof is “more correct” than the other. We
chose the first proof to demonstrate the Generalized PMI.

Exercises 2.4

1. Which of these sets have the inductive property?

(@ {20,21,22,23,...} * (b) {2,4,6,810,...}
© {1,2,4,56,7,...} * (d) {17}
(e {xeN:x2< 1000} * (f) {1,2,3,4,5,6,7 8
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110 CHAPTER 2  Set Theory

2. Suppose Sis inductive. Which of the following must be true?
(@ Ifn+leSthennes * (b) IfneSthenn+2€S
(¢ Ifn+1eg¢SthennegsS (d If6eSthenllesS

* (60 6eSandl1leS

3. (a) Prove that N is inductive.
(b) Prove that & is inductive.

4. Evaluate or simplify each.

@ & b)) 7! © %
8! (n+2)! (n+3)!
@ 3 RIS B O P

(@ (M+3n+2)n!

5. Give an inductive definition for each:
(@ {n:n=>5kforsomeke N}
(b) {n:neNandn> 10}.
* (c) {n:n=2%for some k € N}.
(d) {a,a+d,a+2d a+ 3d,...}, where aand dare real numbers. (The ele-
ments of the set form an arithmetic progression.)
(e {a ar,ar? ar® ...}, where aand r are real numbers. (The elements of
the set form a geometric progression.)
n

(f) (UA, for some indexed family {A;: i € N}.

i=1

n
() Theproduct [[xi =X % - X3 - - X, of nreal numbers.
i=1

6. Use the PMI to prove the following for all natural numbers n.
* (a) i(Si —-2)=35(@3n-1).

(b) I3:Jlr11+19+-~-+(8n—5)=4n2— n.

© Proamig

(d) '1=-11!+2-2!+3-3! 4+ 4n-n=(Mn+1)!—1.

(€) 13+23+...+n3:{n(n2+1)r

(f) _i(zi — 13 =n22n? — 1),

=
@ 112+213+3?4 +"'+n(nl+1):n21'
(h)%+; +(n+nl)!=1_(n+11)!'
® Zni @i - 1)(2| 1) 2nr]r 1

0 (- p)= i
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L _(2n)!
(k) i]:[1(2|—1)_ NP

)] (éum of a finite geometric series)

n-1 (n )
Zr' = “forreR,r#1,andn> 1.

7. Use the PMI to prove the following for all natural numbers:
(@ n®+5n4 6 is divisible by 3.
* (b) 4" — lisdivisible by 3.
(©) n3—nisdivisible by 6.
(d) (n —n)(n+ 2) is divisible by 12.
(e 8divides 5% — 1.
(f) 10"14 3.4 4 5isdivisible by 9.
(g) 8divides 9" — 1.
(hy 3">142"
* (i) 33> (n+3)%
(i) 44> (n+4)~

no1
1
k —<2-=
( ) |=Zl i2 - n
(I)  For every positive real number x, (1 + X)" > 1 + nx.
" n 7n.
(m) —+ —+ —— isaninteger.

3 5 15
(n) Using the differentiation formulas %(x) =1land %( fg) = f% +4g %,
prove that forallne N, % (x") = nx"1,
(0) IfasetAhas nelements, then % (A) has 2" elements.
8. Use the Generalized PMI to prove the following.
*x (@ n®<nl!foralln=> 6.
(b) 2">n?foralln> 4.
(© (n+1)!>2"*3forn>5.
(d) n!'>3nforn=>4.

ni2—1 n+4+1

(e i];[2 T = an forall n> 2.
n

) H%_Z‘”fornz4.
i=1

(g) Forall n> 2, the sum of the angle measures of the interior angles of a
convex polygon of nsides is (n — 2) 180°.

(h) \fn<[+\lf+\1[+ +%forn>2

9. Use the PMI to prove DeMorgan’s Laws for an indexed family {A;:i € N}.
You may use [%e Morgan’s Laws for two sets.
n n

(a) (Dl A,-) = lUAjC forall ne N.

=1

(b) (LHJA.> = ﬁAFforallneN.
i=1

i=1
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10. LetPy, Py, ..., Pybenpointsin a plane with no three points collinear. Show that

N —n

the number of line segments joining all pairs of points is
forn=>5.

. See the figure
Py

Ps

P, P,

11.  Apuzzle called the Towers of Hanoi consists of a board with 3 pegs and several
disks of differing diameters that fit over the pegs. In the starting position all the
disks are placed on one peg, with the largest at the bottom, and the others with
smaller and smaller diameters up to the top disk (see the figure). Amove is made
by lifting the top disk off a peg and placing it on another peg so that there is no
smaller disk beneath it. The object of the puzzle is to transfer all the disks from
one peg to another.

|
| |

With a little practice, perhaps using coins of various sizes, you should con-
vince yourself that if there are 3 disks, the puzzle can be solved in 7 moves. With
4 disks, 15 moves are required. Use the PMI to prove that with n disks, the puz-
zle can be solved in 2" — 1 moves. (Hint: In the inductive step you must describe
the moves with n + 1 disks, and use the hypothesis of induction to count them.)

12. In a certain kind of tournament, every player plays every other player exactly
once and either wins or loses. There are no ties. Define a top player to be a player
who, for every other player X, either beats x or beats a player y who beats x.
(8 Show that there can be more than one top player.
(b) Use the PMI to show that every n-player tournament has a top player.
Proofsto Grade 13. Assign a grade of A (correct), C (partially correct), or F (failure) to each. Jus-
tify assignments of grades other than A.
* (@) Claim. All horses have the same color.
“Proof.”  We must show that for all n € N, in every set of n horses, all
horses in the set have the same color. Clearly in every set containing
exactly 1 horse, all horses have the same color.
Now suppose all horses in every set of n horses have the same color.
Consider a set of n 4+ 1 horses. If we remove one horse, the horses in the
remaining set of n horses all have the same color. Now consider a set of
n horses obtained by removing some other horse. All horses in this set
have the same color. Therefore all horses in the set of n + 1 horses have
the same color. By the PMI, the statement is true for every n € N. |
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» (b) Claim. Forall ne N, n®+ 44nis divisible by 3.

“Proof.”
(i) 13+ 44(1) = 45, which is divisible by 3, so the statement is true
forn=1.

(i) Assume the statement is true for some ne N. Then n® 4 44n is
divisible by 3. Therefore (n+ 1)% + 44(n + 1) is divisible by 3.
(iif) By the PMI, the statement is true for all n e N. =
(c) Claim. For every natural number n, n> + nis odd.
“Proof.” The number n = 1 is odd. Suppose n € N and n? 4 n is odd.
Then

n+1D24+Mm+)=r+2n+14+n+1
=(MP+n+@2n+2)

is the sum of an odd and an even number. Therefore, (n + 1)% + (n + 1)

is odd. By the PMI, the property that n? + n is odd is true for all natural

numbers n. =
(d) Claim. For every natural number n, the matrix

R
s=nen:2 =[5 1)
NG

so 1 € S Assume that

{1 1}““ {1 n+ 1}
01 |0 1 ]
Thenn+1eS soneSimpliesn+1eS By the PMI, S=N. =
* (e) Claim. Every natural number greater than 1 has a prime factor.
“Proof.”
(i) Letn=2.Then nis prime.
(ii) Suppose k has a prime factor x. Then k= xy for some y. Thus
k4+1=xy+ 1= (x+ 1)(y+ 1), which is a prime factorization.
(iii) By the PMI, the theorem is proved. =
(f) Claim. For all natural numbers n> 4, 2" < n!
“Proof.” 2*=16 and 4! =24, so the statement is true for n=4.
Assume that 2" < n! for some ne N. Then 2"t =2(2") < 2(n!) <
(n+ (") = (n+ 1), s0 2" < (n + 1)!. By the PMI, the statement is
true for all n > 4. |

Clearly,

Copyright 2011 Cengage Learning, Inc. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part.



	CHAPTER 2 Set Theory
	2.4 Mathematical Induction 
	Exercises 2.4



