
Some statements are not true for all natural numbers, but are true for numbers
in some inductive subset of �. To prove such statements in such cases, we need a
slightly generalized form of the PMI, where the basis step starts at some number
other than 1.

Generalized Principle of Mathematical Induction

Let k be a natural number. Let S be a subset of � with these two properties:
(i)

(ii) for all with if then 

Then S contains all natural numbers greater than or equal to k.

Example. Prove by induction that for all 

Proof. We will use the Generalized PMI starting at

(i) For which is greater than zero.
(ii) Assume for some natural number that Then

Since by the induction hypothesis and since k is
a natural number The sum of two positive integers
is positive. Thus 

(iii) By the Generalized PMI, is true for all �

We note that an algebraic proof of the last example is possible: Since
and for all natural numbers n,

for Neither proof is “more correct” than the other. We
chose the first proof to demonstrate the Generalized PMI.

Exercises 2.4

1. Which of these sets have the inductive property?
(a) � (b)
(c) � (d) {17}
(e) � (f) {1, 2, 3, 4, 5, 6, 7, 8}{x � �: x2 ≤ 1000}

{1, 2, 4, 5, 6, 7, Á }
{2, 4, 6, 8, 10, Á }{20, 21, 22, 23, Á }

n > 5.n2 − n − 20 > 0
n + 4 > 0n2 − n − 20 = (n + 4)(n − 5)

n > 5.n2 − n − 20 > 0

(k + 1)2 − (k + 1) − 20 > 0.〉
〈k2 − k − 20 + 2k > 0.〉,

〈2k > 0〉〈k2 − k − 20 > 0

 = k2 − k − 20 + 2k.

(k + 1)2 − (k + 1) − 20 = k2 + 2k + 1 − k − 1 − 20

k2 − k − 20 > 0.k > 5
62 − 6 − 20 = 10,n = 6,

n = 6.〉〈

n > 5.n2 − n − 20 > 0

n + 1 � S.n � S,n ≥ k,n � �

k � S,
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2. Suppose S is inductive. Which of the following must be true?
(a) If then  � (b) If then 
(c) If then  (d) If then 

� (e) and 

3. (a) Prove that is inductive.
(b) Prove that is inductive.

4. Evaluate or simplify each.

(a) 4! (b) 7! (c)

(d) � (e) (f)

(g)

5. Give an inductive definition for each:
(a) for some 
(b) and 

� (c) for some 
(d) where a and d are real numbers. (The ele-

ments of the set form an arithmetic progression.)
(e) where a and r are real numbers. (The elements of

the set form a geometric progression.)

(f) for some indexed family 

(g) The product of n real numbers.

6. Use the PMI to prove the following for all natural numbers n.

� (a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

( j)
∏n

i=1
Q1 − 1

i + 1
R =  

1

n + 1
.

∑n

i=1

1

(2i − 1)(2i + 1)
 =  

n

2n + 1
.

1

2!
 +  

2

3!
 + Á +  

n

(n + 1)!
 = 1 −  

1

(n + 1)!
 .

1

1 · 2
 +  

1

2 · 3
+ 1

3 · 4
 + Á + 1

n(n + 1)
= n

n + 1
.

∑n

i=1
(2i − 1)3 = n2

 (2n2 − 1).

13 + 23 + Á + n3 = Sn(n + 1)

2
T2

1 · 1! + 2 · 2! + 3 · 3! + Á + n · n! = (n + 1)! − 1.

∑n

i=1
2i = 2n+1 − 2.

3 + 11 + 19 + Á + (8n − 5) = 4n2 − n.

∑n

i=1
(3i − 2) =  n

2
 (3n − 1).

∏n

i=1
xi = x1 · x2 · x3 ·  Á

 · xn

{Ai: i � �}.
⋃n

i=1
Ai,

{a, ar, ar2, ar3, Á },

{a, a + d, a + 2d, a + 3d, Á },
k � �}.{n: n = 2k

n > 10}.{n: n � �

k � �}.{n: n = 5k

(n2 + 3n + 2)n!

(n + 3)!

(n + 1)!

(n + 2)!

n!

8!

3! · 5!

97!

96!

�
�

11 � S.6 � S
11 � S.6 � S,n � S.n + 1 � S,
n + 2 � S.n � S,n � S.n + 1 � S,
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(k)

(l) (Sum of a finite geometric series)

for and 

7. Use the PMI to prove the following for all natural numbers:
(a) is divisible by 3.

� (b) is divisible by 3.
(c) is divisible by 6.
(d) is divisible by 12.
(e) 8 divides 
(f) is divisible by 9.
(g) 8 divides 
(h)

� (i)
( j)

(k)

(l) For every positive real number x, 

(m) is an integer.

(n) Using the differentiation formulas and 

prove that for all 

(o) If a set A has n elements, then has elements.

8. Use the Generalized PMI to prove the following.
� (a) for all 

(b) for all 
� (c) for 

(d) for 

(e) for all 

(f) for 

� (g) For all the sum of the angle measures of the interior angles of a
convex polygon of n sides is 

(h) for 

9. Use the PMI to prove DeMorgan’s Laws for an indexed family 
You may use De Morgan’s Laws for two sets.

(a) for all 

(b) for all n � �.a⋃n

i=1
 Aib

c

=
⋂n

i=1
Ai

c

n � �.a⋂n

i=1
 Aib

c

=
⋃n

i=1
Ai

c

{Ai: i � �}.

n ≥ 2.
√

n <
1√
1

+ 1√
2

+ 1√
3

+ Á + 1√
n

(n − 2) · 180°.
n > 2,

n ≥ 4.
∏n

i=1
 1
i
≤ 2−n

n ≥ 2.
∏n

i=2
 
i2 − 1

i2
 =  

n + 1

2n

n ≥ 4.n! > 3n
n ≥ 5.(n + 1)! > 2n+3

n > 4.2n > n2
n ≥ 6.n3 < n!

2n� (A)

d
dx

 (xn) = nxn−1.n � �,

d
dx

(
 
fg) = f dg

dx
+ g df

dx
,d

dx
(x) = 1

n3

3
+ n5

5
+ 7n

15
 

(1 + x)n ≥ 1 + nx.

∑n

i=1
 
1

i2
≤ 2 − 1

n
.

4n+4 > (n + 4)4.
3n+3 > (n + 3)3.
3n ≥ 1 + 2n.

9n − 1.
10 n+1 + 3 · 4n−1 + 5

52n − 1.
(n3 − n)(n + 2)
n3 − n
4n − 1
n3 + 5n + 6

n ≥ 1.r =� 1,r � �,
∑n−1

i=0
ari = a(rn − 1)

r − 1

∏n

i=1
(2i − 1) =  

(2n)!

n! 2n .
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With a little practice, perhaps using coins of various sizes, you should con-
vince yourself that if there are 3 disks, the puzzle can be solved in 7 moves. With
4 disks, 15 moves are required. Use the PMI to prove that with n disks, the puz-
zle can be solved in moves. (Hint: In the inductive step you must describe
the moves with disks, and use the hypothesis of induction to count them.)

12. In a certain kind of tournament, every player plays every other player exactly
once and either wins or loses. There are no ties. Define a top player to be a player
who, for every other player x, either beats x or beats a player y who beats x.
(a) Show that there can be more than one top player.
(b) Use the PMI to show that every n-player tournament has a top player.

Proofs to Grade 13. Assign a grade of A (correct), C (partially correct), or F (failure) to each. Jus-
tify assignments of grades other than A.

� (a) Claim. All horses have the same color.
“Proof.” We must show that for all in every set of n horses, all
horses in the set have the same color. Clearly in every set containing
exactly 1 horse, all horses have the same color. 

Now suppose all horses in every set of n horses have the same color.
Consider a set of horses. If we remove one horse, the horses in the
remaining set of n horses all have the same color. Now consider a set of
n horses obtained by removing some other horse. All horses in this set
have the same color. Therefore all horses in the set of horses have
the same color. By the PMI, the statement is true for every �n � �.

n + 1

n + 1

n � �,

n + 1
2n − 1

� 11. A puzzle called the Towers of Hanoi consists of a board with 3 pegs and several
disks of differing diameters that fit over the pegs. In the starting position all the
disks are placed on one peg, with the largest at the bottom, and the others with
smaller and smaller diameters up to the top disk (see the figure). A move is made
by lifting the top disk off a peg and placing it on another peg so that there is no
smaller disk beneath it. The object of the puzzle is to transfer all the disks from
one peg to another.
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P1

P5
P2

P3P4

� 10. Let be n points in a plane with no three points collinear. Show that

the number of line segments joining all pairs of points is See the figure
for n = 5.

n2 − n

2
.

P1, P2, Á , Pn
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2.4 Mathematical Induction 113

� (b) Claim. For all is divisible by 3.
“Proof.”
(i) which is divisible by 3, so the statement is true

for 
(ii) Assume the statement is true for some Then is

divisible by 3. Therefore is divisible by 3. 
(iii) By the PMI, the statement is true for all �

(c) Claim. For every natural number n, is odd.
“Proof.” The number is odd. Suppose and is odd.
Then

is the sum of an odd and an even number. Therefore, 
is odd. By the PMI, the property that is odd is true for all natural
numbers n. �

(d) Claim. For every natural number n, the matrix

“Proof.” Let

Clearly, 

so . Assume that

Then so implies By the PMI, �
� (e) Claim. Every natural number greater than 1 has a prime factor.

“Proof.”
(i) Let Then n is prime.

(ii) Suppose k has a prime factor x. Then for some y. Thus
which is a prime factorization.

(iii) By the PMI, the theorem is proved. �
(f) Claim. For all natural numbers  

“Proof.” and so the statement is true for 
Assume that for some Then 

so By the PMI, the statement is
true for all  �n ≥ 4.

2n+1 < (n + 1)!.(n + 1)(n!) = (n + 1)!,
2n+1 = 2(2n) < 2(n!) ≤n � �.2n < n!

n = 4.4! = 24,24 = 16
2n < n!n ≥ 4,

k + 1 = xy + 1 = (x + 1)(y + 1),
k = xy

n = 2.

S = �.n + 1 � S.n � Sn + 1 � S,

c1 1

0 1
dn+1

= c1 n + 1

0 1
d .

1 � S

c1 1

0 1
d1 = c1 1

0 1
d .

S =
{

n � � : c1 1

0 1
dn = c1 n

0 1
d
}

.

c1 1

0 1
dn = c1 n

0 1
d .

n2 + n
(n + 1)2 + (n + 1)

 = (n2 + n) + (2n + 2)

(n + 1)2 + (n + 1) = n2 + 2n + 1 + n + 1

n2 + nn � �n = 1
n2 + n

n � �.
(n + 1)3 + 44(n + 1)

n3 + 44nn � �.
n = 1.

13 + 44(1) = 45,

n3 + 44nn � �,
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