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modulo 12 that we routinely do arithmetic with them: 9 hours after 8 o’clock is
50’ clock, because 8 + 9 = 17 and 17 = 5 (modulo 12) and 4 hours before 3 o’ clock
is11 o' clock, because 3 — 4 = —1 = 11 (modulo 12).

Our next theorem will show that there are aways m different equivalence
classes for the relation =, and the set Z,,isaways {0, 1, 2, ..., m— 1}. Itishelp-
ful to observe that 0, 1, 2,..., and m— 1 are exactly al the possible remainders
when integers are divided by m. For this reason the elements of Z,, are sometimes
called the residue (or remainder) classes modulo m.

Theorem 3.2.3 Let mbe afixed positive integer. Then

(@) Forintegersx andy, x =y (mod m) iff the remainder when x is divided by
m equals the remainder when y is divided by m. o
(b)  Zmconsistsof mdistinct equivalence classes: Z,,={0, 1, 2,..., m— 1}.

Proof.

(8 Let xandy be integers. By the Division Algorithm, there exist integers q,
r, t, and s such that x=mg+r, with 0 <r <m and y=mt+ s, with
0 < s< m. (We must show that x =y (mod m) iff r = s.) Then

x =y (mod m) iff mdividesx —y
iff mdivides (mg +r) — (mt + )
iff mdividesm(g—1t) + (r —9)
iff mdividesr — s
iff r =s. (Thisisbecause0 <r <mand0 < s< m.)

(b) (We first show that Z,={0,1,2,...,m—1}.) For each k, where
0 <k<m-—1,theset kisanequivalenceclass, s0{0,1,2,...,m— 1} is
a subset of Z,. Now suppose X € Z, for some integer x. By the Division
Algorithm, there exist integers q and r such that x=mqg+r, with
O0<r<m Thenx—r =mq, so mdivides x — r. Thus x=r (mod m). By
Theorem 3.2.1(b) X =T. Therefore Z,, < {0, 1,2, ..., m— 1}.

Finally we will know that Z,,, has exactly m elements when we show that
the equivalence classes 0,1, 2, ..., m— 1 are al distinct. Suppose k=T
where0 <r <k <m-— 1. Then k=r (mod m), and thus m divides k — r.
ButO<k—r<m-—1,s0k—r=0. Then k=r. Therefore the m equiva

lence classes are distinct. |

Exercises 3.2

1. Indicate which of the following relations on the given sets are reflexive on a
given set, which are symmetric, and which are transitive.

* (@ {(1,2}on{1,2} (b) <onN
(¢ =onN (d <onN
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* (6 =onN () #onN
(g) “divides’ on N (h) {(xy)yeZx Z.x+y=10}
0 {@5,(5/1),(11)}ontheset A={1,2,3,4,5}
() L={d, m:land marelinesand! is perpendicular to m} on the set of
al linesin aplane
(k) R where(x,y) R(z,w) iff x+z<y+w,onthesat R x R
* (I) S wherex Sy iff xisasibling of y, on the set P of all people
(m) T,where(x,y) T (z,w) iff x+y<z+w,ontheset R x R

2. LetA={1,2, 3}.Listtheordered pairs and draw the digraph of arelation on
A with the given properties.
* (@) not reflexive, not symmetric, and not transitive
(b) reflexive, not symmetric, and not transitive
(c) not reflexive, symmetric, and not transitive
* (d) reflexive, symmetric, and not transitive
(e) not reflexive, not symmetric, and transitive
(f) reflexive, not symmetric, and transitive
(g) not reflexive, symmetric, and transitive
(h) reflexive, symmetric, and transitive

3. For each part of Exercise 2, give an example of a relation on R with the
desired properties.

4. Let Rbearelation onaset A. Prove that
(@) if Aisnonempty, the empty relation & is not reflexive on A.
(b) theempty relation & is symmetric and transitive for every set A.

5. For each of the following, prove that the relation is an equivalence relation.

Then give information about the equivalence classes as specified.

(@ Therdation Ron R given by x Ry iff x — y € Q. Give the equivaence
classof 0; of 1, of /2.

(b) Therelation Ron N given by mRn iff mand n have the same digit in
the tens places. Find an element of 106/R that is less than 50; between
150 and 300; greater than 1,000. Find three such elements in the equiv-
alence class 635/R.

(c) The relation V on R given by xVyiff x=y or xy=1. Give the
equivalence class of 3; of —%; of 0.

(d) OnN, therelation Rgiven by a Rb iff the prime factorizations of a and
b have the same number of 2’s. For example, 16 R 80 because 16 = 2*
and 80 = 2%. 5. Name three elements in each of these classes: 1/R,
4/R, 72/R.

(e Therelation Ton R x R given by (x,y) T (a, b) iff x2+ y2= a2+ b2
Sketch the equivalence class of (1, 2); of (4, 0).

(f) Fortheset X={m,n,p, q,r,s}, let R bethereation on ?(X) given by
ARB iff Aand B havethe same number of elements. List al the elements
in{m}/R; in{m,n, p, g, r, s} /R. How many elements are in X/R? How
many elementsarein % (X)/R?
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(g) The relation P on R x R defined by (X,y) P(z, w)iff [x—y| =
|z— w|. Name at least one ordered pair in each quadrant that is related
to (3, 0). Describe al ordered pairsin the equivalence class of (0, 0); in
the class of (1, 0).

(h) Let Rbethe relation on the set of al differentiable functions defined by
f Rgiff fand g havethe samefirst derivative, thatis, f” = g’. Namethree
elements in each of these classes: x?/R, (4x® + 10x)/R. Describe x3/R
and 7/R.

(i) Therelation Ton R givenby x Ty iff sinx = siny. Describe the equiv-
alence class of 0; of 7/2; of /4.

6. Let R be the relation on @ defined by P R iff pt =gs. Show that R is an

equivalence relation. Describe all ordered pal rs in the equivalence class of 2

7. Which of these digraphs represent relationsthat are (i) reflexive? (ii) symmetri c’?
(iii) trangitive?
* (@) 1 4 (b)

QA
7%

8. Determine the equivalence classes for the relation of
* (@) congruence modulo 5. (b) congruence modulo 8.
(c) congruence modulo 1. (d) congruence modulo 7.

9. Name apositive integer and a negative integer that are
(@) congruent to O (mod 5) and not congruent to O (mod 6).
(b) congruent to O (mod 5) and congruent to 0 (mod 6).
(c) congruent to 2 (mod 4) and congruent to 8 (mod 6).
(d) congruent to 3 (mod 4) and congruent to 3 (mod 5).
(e) congruent to 1 (mod 3) and congruent to 1 (mod 7).
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10. Using the fact that =, is an equivalence relation on Z and without reference
to Theorems 3.2.1 and 3.2.3, prove that for all xandy in Z:
(@ xex (b) X#.
(c) ifx=py, thenx=y. (d) if x=y,thenx=ny.
(e IfXNy#£Y, thenXx=Yy. f) IfXNny=C, thenX#YV.

11. Consider therelation Son N defined by x Sy iff 3 dividesx + y. Prove that
Sisnot an equivalence relation.

12. Supposethat R and Sare equivalence relations on a set A. Prove that RN Sis
an equivalence relation on A.

13. The properties of reflexivity, symmetry, and transitivity are related to the
identity relation and the operations of inversion and composition. Prove that
(@) Risareflexiverelationon Aiff 1a C R
* (b) Rissymmetriciff R=R1
(c) Ristransitiveiff RoRC R
14. Provethat if Risasymmetric, transitive relation on A and the domain of Ris
A, then Risreflexive on A.

15. Let Rbearelation onthe set A.
* (@) Provethat RUR™!is symmetric. (RU Rt is the symmetric closure
of R)
(b) Prove that if Sis asymmetric relationon Aand RC S thenR1C S

16. Let R be a relation on the set A. Define TR={(x, y) € A x A: for some
ne N there exists ag =X, a;, @, ..., a, =Yy € A such that (ag, a), (a1, a),
(@2 @), ..., (@1, 8) € R}.
(@) Provethat Tristrangitive. (Tristhetransitive closure of R.)
(b) Provethat if SisatransitiverelationonAand RC S then TR C S

17. Thecomplement of adigraph hasthe same vertex set asthe original digraph,
and an arc from x to y exactly when the original digraph does not have an arc
from x to y. The two digraphs shown below are complementary. Call a
digraph symmetric (transitive) iff itsrelation is symmetric (transitive).

(@ Show that the complement of a symmetric digraph is symmetric.
(b) Show by example that the complement of a transitive digraph need not
be transitive.

18. LetL bearelation on aset Athat isreflexive on A and transitive but not nec-
essarily symmetric. Let R be the relation defined on A by x Ry iff xL y and
y L x. Prove that Ris an equivalence relation.

Proofsto Grade 19. Assign a grade of A (correct), C (partially correct), or F (failure) to each.
Justify assignments of grades other than A.
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(@) Claim. Iftherelation Rissymmetric and transitive, itisalso reflexive.
“Proof.” Since R is symmetric, if (X,y) € R, then (y,X) € R. Thus
(x,¥) € Rand (y, X) € R, and since Ristransitive, (X, X) € R. Therefore,
Risreflexive. =

(b) Claim. Thereation Ton R x R given by (x,y) T(r,s) iff x+y=
r + sissymmetric.

“Proof” Suppose(x,y) € R x R. Then(x,y) T (y, X) becausex +y =
y + X. Therefore, T is symmetric. u

(c) Claim. Therelation Won R x R given by (x,y) W(r, s) iff x—r =
y — sissymmetric.

“Proof” Suppose (x,y) and (r,s) are in R x R and (x, y) W(r, s).
Then x—r =y —s. Therefore, r —x=s—1y, s0 (r,5) W(X,y). Thus
Wis symmetric. ]

(d) Claim. IftherelationsRand Sare symmetric, then RN Sissymmetric.
“Proof.” Let R be the relation of congruence modulo 10 and S the
relation of congruence modulo 6 on the integers. Both R and Sare sym-
metric. If (x,y) € RN S then 6 and 10 divide x — y. Therefore, 2, 3, and
5all divide x — y, so 30 divides x — y. Also if 30 divides x — vy, then 6
and 10 divide x — y, so RN Sistherelation of congruence modulo 30.
Therefore, RN Sis symmetric. ]

(e) Claim. Iftherelations Rand Sare symmetric, then RN Sissymmetric.
“Proof” Suppose(x,y) € RN S Then(x,y) € Rand(x,y) € S SinceR
and Sare symmetric, (y, X) € Rand (y, X) € S Therefore, (y,X) eRN S =

* (f) Claim. If therelations R and Sare transitive, then RN Sis trangitive.
“Proof” Suppose (x,y¥) e RNSand (y,2 e RNS Then (x,y) R
and(y, 2 € S Therefore, (x,2 e RN'S ]

33 Partitions

Partitioning is frequently used to organize the world around us. The United States,
for example, is partitioned in several ways—by postal zip codes, state boundaries,
time zones, etc. In each case nonempty subsets of the United States are defined that
do not overlap and that together comprise the entire country. This section intro-
duces this concept of partitioning of a set and describes the close relationship
between partitions and equivalence relations.

DEFINITION Let A beanonempty set. % isapartition of A iff P is
aset of subsets of A such that

(i) IfXe®P, then X .
(i) fXePadYeP, thenX=YorXNY=.
iy UX=A

XeP
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