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The terms of a sequence need not be distinct. The first ten terms of the
sequence x given by x, = ((—1)" + 1)n are 0, 8, 0, 32, 0, 72, 0, 128, 0, 200.

If Risan equivalencerelation on the set X, then the function from X to X/R that
maps each a € X to the equivalence class of a is called the canonical map for the
relation R. Recall that in Chapter 3 we used a to denote the equivalence class of a.
If f isthe canonical map for the relation of congruence modulo 5 on Z, the images
of —3and 9 are

f(-3)=—-3=2={...,-8,-3,2,7,12,.. .},
f(9=9=4=1{..,-6,-1,4,9,14,..}.

The equivalence classes under the family namerelation L on the set P of all peo-
ple with family names (see Section 3.1) are sets of people all having the same family
name. Under the canonical map f from P to P/L, every person corresponds to his
or her equivalence class. Thus f (Charlie Brown) isthe set of al people with family
name Brown and f (Charlie Brown) = f (Buster Brown). The canonical map is a
natural function to consider, and it plays an essential role in the development of
many mathematical structures.

Rules of correspondence between equivaence classes have interesting proper-
ties. Consider for example the classes 0, 1, 2, and 3 of Z4 and the rule that X in Z,4
corresponds to the equivalence class [2X] in Z10. (Note, for clarity, we use here the
bar notation for the equivalence classes of Z, and the bracket notation for equiva-
lence classesin Z19.) Under thisrule,

fO=[0, f)=[2, f@=[4, ad f(3)=[6].

However, 0 and 4 are in the same class in Z4, so by the rule f (4) = [8]. In Zyq,
however, [0] # [8], so the rule assigns two different values to the same element,
0 =4, of Z4. Thus, f isnot afunction. In cases where an object in the domain has
more than one representative (for instance, the object 0 can be represented by
on the representative, we say “the function is not well defined,” meaning that it is
not really afunction.

Exercises 4.1

1. Which of the following relations are functions? For those relations that are
functions, give the domain and two sets that could be a codomain.
* (@ {(0,2), (A, 0),0,n), (N U),(U,0)}
(b) {(12),(1,3),(14),(15), (1 6)}
© {12, (2D}
d) {xy)eRxR:x=sny}
e {xy)yeNxN:x<y}
M {xyeZxZy*=x}
@ {@.{9}). (<}, 9). (D, D), (S} {<})}
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(h) a 1
c 3
d

@i a 1
b\

2. Giveardationr fromA={5,6, 7} to B = {3, 4, 5} such that
(@ risnotafunction.
(b) risafunction, but not afunction from A to B.
() risafunctionfrom Ato B, with Rng(r) = B.
(d) risafunctionfrom Ato B, with Rng(r) # B.

3. ldentify the domain, range, and another possible codomain for each of the fol-
lowing mappings.
1
* () {(X,Y) € Rx R'y:)(—l-l}
(b {(xy) eR x R:y=x%+5}
© {xy)eNxN:y=x+5}
* (d) {x,y)eR xR:y=tanx}
€ {(xy)eRxRy=xnX)}
eX+ eX}

()] XyY)eRxRy= 5

2 _
@ {xyerxmy=2"2

(h) (X,y)erZ:yz);z__;}

4. Assuming that the domain of each of the following functions is the largest
possible subset of R, find the domain and range of

+ (@ f(x)=xz%xglz. (b) () =2x+5.
© f(x)= Xl+ . d f(x)=+5-x
v T

© f(X)=v5—-x+vx=3 () fX)=vx+2+V-2-x
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* 5. (a) Let Abetheset {1,2 3, 4} and let R be the relation on A given by
{(x, y): 2x + y is prime and not equal to 5}. Prove that R is a function
with domain A.
(b) Let A be the set {1,2,3} and let R be the relation on A given by
{(x, y): 3x+ yisprime}. Prove that Risafunction with domain A.
(c) LetRbetherelationonZ givenby {(x, y): x>+ y = 2}. Provethat Ris
afunction with domain Z.

6. Show that the following relations are not functions on R.
@ {(xy)eRxR:x*=y%}
) {xYeRxR:x2+y>’=1}
© {(xy) eR x R:x=cosy}
@) {xy)eRxRy?=x
7. Lettheuniverse be R and A = [1, 3). Sketch the graph of
@ Xa () Xa (© Xz (d) X
8. Let U betheuniverse and A € U with A # &, A # U. Let X be the charac-
teristic function of A.
* (@ Whatis{xeU: Xa(x)=17? (b) Whatis{xe U: Xa(x)=0}7?
(©) Whatis{xe U: Xa(x)=2}?
9. Give an example of a sequence x such that
*x (@) therange of x isthe negative integers.
(b) theterms of x are alternately positive and negative.
(c) dltermsof x are distinct and between 3 and 4.
(d) therange of x has exactly 3 elements.

10. For the canonical map f: Z — Zg, find
* (@) f(3). (b) theimage of 6.
(c) apre-imageof 3. (d) al pre-imagesof 1.

11. Which of the following are functions from the indicated domain to the indi-
cated codomain? In each case, we represent an element of the domain as an
equivalence class X, and use the notation [X] for equivalence classes in the
codomain. For those relations that are not functions, show that the function is
not well defined by naming an equivalence class in the domain that is
assigned two different values.

(@ f:Z3— Zggivenbyf(X)=[X]

* (b) f:Zs— Zggivenbyf(X)=[x+1]
(c) f:Z3— Zggivenby f(X)=[2X]
(d) f:Z4— Zegivenby f(X) =[2x+ 1]
* (e) f:Z3— Z4givenby f(X)=[X]
(f) f:Z4— Zygivenby f(X)=[3X]

2

99—
12. Explain why the functionsf (x) = x+);

13. (a) Provethat the empty set & isafunction with domain &.

and g(x) = 3 — x are not equal.
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(b) Provethatif f: A— Bandany oneof f, A, or Rng( f) isempty, then all
three are empty.

14. Complete the proof of Theorem 4.1.1. That is, prove that if (i) Dom(f) =
Dom (g) and (ii) for al x € Dom(f), f(x) = g(x),then f = g.

15. Let S be a relation from A to B. We define two projection functions
71: S— A and 7,: S— B as follows: For al (a, b) in S 71 (a, b) =a and
mo(a, b) = b. Interms of S find

* () Rng(my). (b) Rng(m2).
16. A metricon aset Xisafunction d: X x X — R such that for al a, b, c € X,
(i) d(a b)=>0.

(i) d(a,b)=0iff a=Dh.
(iii) d(a, b) =d(b, a).
(iv) d(a b)+d(b,c)>d(a c).
Prove that each of the following isametric for the indicated set.
* (@ X=N,d(xy)=[x-yY]|
0 ifx=y
(b) X=R d(xy)= {1 ifx 2y
© X=RxRd((xY),(zwW)=(x—2)2+(y—w)?
(d) X:RXR,d((X,y),(Z,W)):|X—Z|+|y—W|
17. Suppose that set A has m elements and set B has n elements. We have seen
that A x B has mn elements and that there are 2™ relations from A to B. Find
the number of relations from A to B that are
(a8 functionsfrom Ato B.
(b) functions with one element in the domain.
* () functionswith two elementsin the domain.
(d) functions whose domain is a subset of A.

18. (a) Let f be afunction from A to B. Define the relation Ton Aby x Ty
iff f(x)= f(y).Provethat Tisan equivalencerelation on A.
(b) Inthecasewhenf: R — R isgiven by f (x) = x2, describe the equiva-
lence class of O; of 2; of 4.
(¢) Inthecasewhenf: R — R isthe cosine function, describe the equiva-
lence class of 0; of 7/2; of /4.

Proofsto Grade 19. Assign a grade of A (correct), C (partially correct), or F (failure) to each.
Justify assignments of grades other than A.
(@ Claim. Thefunctionsfand g areequal, wherefand g are given by

X 1 ifx>=0
f(x)=|x|andg(x)={_1 fx =0
. - X X
“Proof” Let x be ared number. If X is positive, then X =X— 1, s
X X
f(x) =g(x). If x is negative, then ™= === -1, 0 f(X) = g(x).
Inevery case, f(x) =g(x),s0 f=g. ]
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4.2 Constructions of Functions 195

1 1
(b) Claim. Thefunctions f(x)=1+ X and g(x) = % are equal.
“Proof” The domain of each function is assumed to be the largest
possible subset of R. Thus Dom(f) = Dom(g) = R — {0}. For every
x e R — {0} we have

1 _x+1
<=

1
F) =1+ = +; = ==9(x).

Therefore, by Theorem 4.1.1, f =g. [

(c) Claim. Therelation x? = y2 defines afunction from R to R.
“Proof” The graph of the relation x? = y2 is given here:

\4

Since no vertical line crosses the graph more than once, x2 = y2 defines
afunction. ]
(d) Clam. Ifh:A—-Bandg:C— D,thenhug:AUC— BUD.
“Proof.” Suppose (x,y) ehugand (x,z) e huUg. Then (x,y) € h
or (x,y)eg,and (x,z)ehor (x,2) eg. If (x,y)ehand (X z) €h,
then y=2z Otherwise, (x,y)eg and (Xx,z) €g; SO aganh y=z
Therefore, hu g is a function. Thus, we have that Dom(hU g) =
Dom(h) U Dom(g) =AUC,sochug:AuC — BUD. ]
(e) Claim. The rule that assigns to each equivalence class X in Z, the
class[x+ 1] in Z, isafunction.
“Proof” Suppose (X, [y]) and (X, [Z]) are two ordered pairsin the rela
tion determined by the rule. We must show that [ y] = [Z]. According to the
rule, [y] =[x+ 1] and [Z] = [x2 + 1] for some X3, X2 in the class X.
Since x; and x; are in the same equivalence class (mod 4), X1 — X, = 4k
for someinteger k. Then (xg + 1) — (X2 + 1) = 4k =2(2k), s0 x; + 1
and x,+ 1 are in the same equivalence class (mod 2). Therefore
[yl =[4. o

4.2 Constructions of Functions

This section discusses several methods for constructing new functions from given
ones. You have already seen the operations of composition and inversion of rela
tionsin Chapter 3. Since every functionisarelation, these operations are performed
on functionsin the same way.
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