202 CHAPTER 4 Functions

The graph of the function f in Figure 4.2.5 isincreasing on the interval [0, 2]
and decreasing on the intervals (—oo, 0] and [2, co). This seems clear from the
graph, but remember that looking at its graph does not constitute a proof because
we cannot see the entire graph or all the details of its behavior. We give two exam-
ples of proofs of these properties.

Example. Provethat thefunction f of Figure4.2.5isincreasing ontheinterval [0, 2].

Proof. Letx,y e [0, 2] and suppose x < y. Then g(x) = x? and g(y) = y?. Since
X <yandx > 0, x? < xy. Sincex < yandy > 0, xy < y?. Therefore, x*> < y2. Thus
0(x) < g(y), sogisincreasingon [0, 2]. u

1
Example. Letf(x)=2+ X Provethat f is decreasing for x > 0.

1 1
Proof. Suppose 0 < x <y. Then f(x)=2+§and f(y)=2+y.8'ncexandy

1 1 1 1
arepositiveawdx<yweha/ey<§. Thu52+y<2+§; that is, f(x) > f(y).

Thereforef isdecreasing on (0, oo). ]

Exercises 4.2

1. Find fogandgof for each pair of functions f and g. Use the understood
domainsfor f and g.
* (@ f(x)=2x+5, g(x)=6-—7x
(b) f(X)=x2+2x, g(X)=2x+1
* (@ f(x)=snx, g(x)=2x2+1
(d) f(x)=tanx, g(x)= snx
* (e fO)={tr).(sr. D}, gx)={ks),(ts9),(s K}
6 1(x)={(173).(26),(35),(42),(5 2)},
g(x) ={(1, 51) (2.3),(3.7),(43), (54}
— X+ — yv2
@ f0= "% 90=x"+1
(h) f(x)=3x+2, g(x)=IX]
. x+1 ifx<O0 2 ifx < -1
= 0 f(X)={2x ifx > 0’ g(x):{—x ifx > -1
_ 2X+3 ifx<3 7—-2x ifx<2
0) f(x)={ 2 ifx>3 9 ):{x—i-l ifx > 2
2. Find the domain and range of each compositein Exercise 1.
3. Givetwo different examples of
* (a) apair of functions f and g such that (f o g)(x) = (3x + 7).
(b) apair of functions f and g such that (f o g)(x) = V2x% — 5.
(c) apair of functions f and g such that (f o g)(x) = sin|2x + 4].
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4.2 Constructions of Functions 203
4. Let Zg={0,1,23,4,56,7} and Z;={[0],[1],[2],[3]}. Define
f: 79— 74, Q:74— 7, h:Zg— Zg, and k:Z4— 74, as follows:
f(X) =[x+ 2], 9([X]) = 2x, h(X) = 2x + 4, and k([x]) = [2x + 2]). By com-
paring images, verify the following equalities.
(@ (kok)(x)=[2] foral xinZ4.
(b) (gof)(x)=h(x)foralxinZs.
(©) (fog)(x) =k(x) foral xinZ,.
(d) (ho(hoh))(x)=4forall xinZs.
5. For which of the following functions f is the relation f 1 a function? When
f~Lisafunction, write an explicit expression for f ~1(x). Use the understood
domain for each function.

C@ =52 ©) 10=20+1 1@ =3
(d) f(x)=snx * (6) f(x)=et3 ) ()= 1_—XX
(9) f(x)=1flx (hy f(x)=—-—x+3 (i) f(x)zgx__x4

6. Provetheremaining part of Theorem 4.2.3: if f: A— B, thenlgof=".

7. Prove the remaining part of Theorem 4.2.4: if f: A— B with Rng(f) =C,
andif f~lisafunction, thenfof-1=Ic.

8. Letf(x) =4 — 3xwithdomain R and A ={1, 2, 3, 4}. Sketch the graphs of
the functions f |a, flj—13, Tl 4, and f |;g. What istherange of f |n?

9. Describe two extensions of f with domain R for the function

* (@ f={(xy)eNxN:y=x%.
(b) f={(xy)eNxN:y=3}.
© f={(xy)el-L1x[-L1:y=—x}.

10. Prove that, if f and g are functions, then f N g is a function by showing that
fng=g|lawhere A= {x:g(x) = f(x)}.

11. Prove Theorem 4.2.5.

12. Let f beafunction with domain D, and let g be an extension of f with domain
A. Then by definition, f =g|D and D € A. Let i be the inclusion mapping
fromDtoAgivenbyi(x) = xforal xe D. Provethat f=goi.

13. Leth:A— B, g: C— D and suppose E= AN C. Prove hU g is a function
fromAUCtoBUD ifandonlyif h|g = g|e.

14. For each pair of functions h and g, determine whether h U g isafunction. In
each case sketch agraph of hU g.

* (@ hi(-00,00 >R, h(x)=3x+4
g (0, 00) > R, g(¥) =
(b) hi[-1,00) =R, h(x)=x>+1
g (o0, -1] - R, g(X)=x+3
(© hi(=00,1] - R, h(x)=[x|
g:[0,00) > R, g(x)=3— |x—3|
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204 CHAPTER 4 Functions

(d) hi(=o00,2] - R, h(x)=cosx
0:[2, 00) > R, g(x)=x?
(& hi(-00,3) >R, h(x)=3-x
g (Ov OO) - R, g(X) =X+1
15. Let f:A— Bandg: C — D.Definef x g={(a, c), (b, d)): (a,b) e fand
(c,d) eq}.
(@ Provethat f x gisafunctionfromA x CtoB x D.
(b) For (a,c) e Ax C,write (f x g)(a, c)intermsof f(a)and g(c).
16. Prove each of these statements.
* (@) fisincreasingon R, where f (x) =3x — 7.
(b) gisdecreasing on R, where g(x) = 2 — 5x.
() hisincreasing on [0, co), where h(x) = x2.
. . x—1
* (d) fisincreasingon (—3, o), where f (X) =313
17. Prove or give a counterexample:
(@) If fisalinear function with positive slope, f isincreasing on R.
(b) If f and g are decreasing functions on aninterval | and f o g isdefined on
[, thenfo gisdecreasingon|.
() If fand g are decreasing functionson | and f o g is defined on I, then
fogisincreasingon .
* (d) If Dom(f)= R and f isincreasing on theintervals[—2, —1] and [1, 2],
then f isincreasingon [—2, 2].
(e) If fisdecreasing on (—oo, 0) and decreasing on [0, o), then f is de-
creasing on R.

18. Let f:R— R and f;: R — R. Define the pointwise sum f; +f, and
pointwise product f; - f, asfollows:

(fr +f2)(X) = f1(X) + fo(x) fordl x e R and
(f1-f2)(X) = f1(x) - f2(x) for al x € R.

(8 Provethat f; + fp, and f; - f, are functions with domain R.

(b) Let f(x)=2x+5, g(x)=6— 7x, and h(x) = 3x?> — 7x + 2. Com-
pute (f+ 9)(x), (f-g)(x), (f+h)(x),and (g- h)(x).

(c) Proveor disprove: If f and g areincreasing on R, and h is decreasing on
R, then (f + g) + hisincreasing on R.

19. Letf: R — R andc e R. Definethe scalar product cf:
cf (x)=c-f(x)foralxeR.

Provethat cf is afunction with domain R.

Proofsto Grade 20. Assign a grade of A (correct), C (partialy correct), or F (failure) to each.
Justify assignments of grades other than A.
* (a) Claim. Letf:A— B.If f~lisafunction, then f~1o f=Ia.
“Proof” Suppose (x,y)e f~tof. Then there is z such that
(x,2) e f and (zy)e f~1. But this means that (z x) e f~! and
(zy) e f~% Since f~1 is a function, x=y. Hence (x,y)e f~1of
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4.3 Functions That Are Onto; One-to-One Functions 205

implies (x,y) € la; that is, f~to f C Ia. Now suppose (X,Y) € la.
Since A=Dom(f), there is we B such that (x,w)e f. Hence
(w,x) e =1, But (x,y) €l impliesx=y and s0 (w,y) € f~1. But
from (x, w)ef and (w,y)e f~1, we have (xy)eftof This
shows |5 C f 1o f. Therefore, Ia=f 1o f. u

(b) Claim. If fand f ~tarefunctionson A, and fof=f, then f=Ia.
“Proof” Suppose f:A— A and f"mA— A Since f=f of,
f~lof = f~to (fof).By assodiativity, wehave ftof= (f1of)of.
Thisgivesla = la0f. Sincelao f=f, by cancdlationwehavely=f. =

(¢) Claim. If f,g,and f~*arefunctionson A, theng="f-to (gof).
“Proof.” Using associativity and Theorems 4.2.3 and 4.2.4,

f—lo(gof):f—lo(fog)z(f—lof)ogzIAogzg_ u

(d) Claim. If f/(x) > 0on an openinterval (a, b), then f isincreasing
on (a, b).
“Proof” Assume that f’(x) > 0 on the interval (a, b). Suppose x1
and x; are in (a, b) and X3 < X. We must show that f (x1) < f (x2).
We know from calculus that since f is differentiable on (a, b), it is
continuous on [x;, Xo] € (a, b), and differentiable on (g, X2). By the
Mean Value Theorem, there exists cin (xg, X2) such that

f(x) —f(x)

e A

Therefore, f(x2) —f(x1) =f’(c)(x2 — X1). By hypothesis f’(c) > 0,
and x; — X1 > 0 since x; < Xp. Therefore, f (x2) — f (%) > 0. We con-
clude that f(x) < f(X). u

43 Functions That Are Onto; One-to-One Functions

The definition of a function f: A — B is stated in terms of conditions on the first
coordinates of f. Two important properties of functions are defined by requiring
additional conditions on the second coordinates of f.

DEFINITION A function f: A— Bisonto B (or isasurjection) iff

Rng(f) = B. When f isasurjection, we write f: A8 B

For f: A— B, itisawaysthecasethat Rng(f) C B, soafunction aways maps
to its codomain. We say f maps onto its codomain when the codomain is Rng( f).
From our discussion in Section 4.1, we know that the functions

f:N— R, where f(n) =2n
and g: N — E*, whereg(n) = 2n
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