Math 21A-C, Fall 2005.
Dec. 12, 2005.

FINAL EXAM

KEY

NAME(print in CAPITAL letters, first name first):

NAME(sign):

ID#:

Instructions: Problem 1 is worth 20 points, and problems 2 through 7 are each worth 30
points. Read each question carefully and answer it in the space provided. YOU MUST SHOW
ALL YOUR WORK TO RECEIVE FULL CREDIT. Clarity of your solutions may be a factor
in determining credit. Calculators, books or notes are not allowed.

Make sure that you have a total of 10 pages (including this one) with 7 problems. Note that
problems 4 and 7 are each given on two pages. Read through the entire exam before beginning
to work.
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3. Consider the function

z2, x> 1.

3z, < -1,
flz)y=4 az+b, -1<z<1, 2x —1

(a) Determine the numbers a and b so that y = f(z) is continuous for all .

Codinmmby ak 1 a+b = 1
. . - -2
Conkiven by A-10 —o+b
2b = ,2_) b = —1

[

4:'\—L)':2
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(b) Assume a and b are determined as in (a). Is y = f(z) differentiable at z = 1?
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1. Compute the following limits, in any correct way you can. Give each answer as a finite

number, +00 or —oc.

22 -9z +3

@ ey = — 0

Lu(x-)  As pmald owd >0
P~ Ax+2 4y chowe Yo - A1

2 X 2%
2 _ g 22 - 2 4 e
)i TRl = i = = = 2
= T x-39 22X X-0 —
0 / D /\

(3) ) L eprid () Vieprid

_/\/

3/4 _ 3/4 / ¢4

(c) (Here z > 0.) }lllir%) ($+h)h = i CX) = % X

() = x4

Fax - (X -2x)
(d) rlirrgc (\/x2+2£—\/x2—2x> = /QA‘W\
X oo m + ‘\j VY
- /vav\ 4 X
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2.
(a) f(z) = 2* - /1 — 2% Compute f'(z). Do not simplify.

2'00 = Ut Al Xt (=)

(b) f(z) = z* tan(3z). Compute f'(z). Do not simplify.

i/C@: szrv\v\(%xy ~+ )\<1.' 4 -3

(c) Assume that f(x) satisfies the equation (z + f(z))* + zf(z) — f(z) = 0 and that f(0) = 1.
Compute f/(0).

f (xa20) (e 2700) + 310 5 xg'6) (0 =0
X=0 )#(0)31 :
4 <4+;@/(°\> + 1 = :F/(O) =0
g —+3 :-%/(g) =0

t@/(())::——i
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4. Throughout this problem, f(z) = Sz 3 3) =9(z~ ! —3z79%).
x

Some help with computations below: use v/3 ~ 1.7, /18 = 3vV2 ~ 4, f(3v2) ~ 1.8.
(a) Is this function odd or even? N
9(x=2) _
2

0dd: 2(=x) = =5~ =~ (%)

(b) Determine the domain of y = f(z), its intercepts, and horizontal and vertical asymptotes.
Domain . X #O
i\:\m\e—r%s ! C’\}?,OB)C’J?/") |
/Q\w\ j%CX) = 0 Y=0 ko ok uamfirok

X300

I

" - - =+ - verBead

(c) Determine the intervals on which y = f(z) is increasing and the intervals on which it is
decreasing.

() = A(-x7" + ﬂx"o =—gxt(x*- 3)
Crtecal "sjrs‘f X =03 -3
J C—"Oj’&)k"3/ °) CQ/B) 1;“/ *)

3*3“),_ +5+l—-

ot %

N 7 7 v
('3) -L) (3/7“>
el wain, kwd wax.

(d) Determine the intervals on which y = f(z) is concave up and the intervals on which it is
concave down.

:g’/CK) = f)(+?_><'3 - 36 x“‘r> = 18x7° (xl—w)
20 =0 ak K =Efe  wndead ok x=0

J
| Con, =) (17,2 |00, &) | (o)
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Problem 4, continued.
(e) Sketch the graph of y = f(z). Label clearly all local maxima and minima, and inflection
points.

™

y =10

(f) Let g(z) = v/z. Determine the domain and range of the composite function f(g(z)). (No
further computations are necessary for this!)

Dowm ain * X>0 )\‘~(-) (0)00)

Ra"‘ﬁk-’ (-—eo/ 2]
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5. Provide straightforward, and fully justified, answers to the following questions. In each of

them, assume that f(x) is a continuous function defined for all z, and f/(z) and f”(x) exist and
are continuous for %11 z.

1+3 5
(a) f"(z) = ﬁ—%x—;— Can f have a local maximum?

@ %P,/<)<)>0 W adl X ) So aw\«j C‘/ﬁehc‘\vq
(Wjﬁvu\* N A QnauQ Ml at At WA

(b) Let f(z) = 5z — 4cosz. How many z—intercepts does f have? ‘ A i

/&M #(X} = o0 ) Lsan ,@(V) =— R )ﬂv\d\ ;@
Y3 0 Y= —6Q

4 c,mi\'vwms) So Hare Ay iv{' JLG/’+ -t

X = karuatd‘ by TVT,
#/(XW:S—Q—L{-S;V\X?j?O. 3‘;*: rw\c.—ta&wbé,.
o *Hu‘\j— Hae vy

cd wait e -t deret
(c) f(0) =5, f"(0) = 1. Is it possible that f(z) <5 for all z?

No| It 200 <58 e o X, Hew p ha o«
Lol wax ﬂx:o/ yo o Fhet #/(O>=0,
Bk H Hew Tt wamtt he o Anek wau
o X=0 qQmeL ,‘s’///(())>0 Tl A TMATOJBLL, ,

(d) f(1) = f(3) = f(5) = 0. Must there be an x for which f”(z) = 0?
/
TLU*"‘ Mt b ¢ LI ('\ 3 ko \H*a\* Ce)=0.
1 )
Tt ik be oy aw (35) o thed 3%’ Cer) =0

Thew  Haq  madt  be a e beheeon o and
(o fo Aher  a/(c) =0, |¥ES
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6. You have a piece of paper in the shape of semi-circle with radius lcm. You wish to cut a
rectangle from this piece of paper so that one side of the rectangle is along the diameter. Find
the dimensions of the rectangle with the largest possible area.

A
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7. Let f(z) = %x3/2 throughout this problem. Restrict z to [0, 00), the domain of this function.
(a) Is y = f(x) one-to-one?

:E/(x) :%X%‘ >0 when x>0 |

Ss £ "‘*Of(aﬁ'“*au)éo Pt — s ot . \r\(\t‘g)

——

(b) Find the point on the graph which is closest to (2,0). (Don’t forget that it is enough to
minimize the square of the distance between (2,0) and a point (z,y) on the graph! Also note
that 64 +4-3- 16 = 162.)

8()(): b = (><~2}1 + %; x

6’(@: 2 (x-2) +% x* =0

Z2x* 4+8x — 1b =0

yo —8E Je4 T2l —g®AL 4
— 2 3
(o, %) (4 ,»)
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Problem 7, continued (still with f(z) = $23/2).
(¢) A particle is moving on the graph of y = f(z). Its position is described by (z,y), where =

x
and y are both functions of time t. At one instant, you observe that r = 2 and prie 5. At

what rate is the distance between the particle and point (2,0) changing at this instant?

(d) Find a point on the graph of y = f(z) at which the tangent line goes through the point
(2,0).

Sope - & o>

Ling % o' (x-a) = Y - %:43/2

(FQMS A X:l/ 3‘0
3 '1/1 ) = - A_ Qz/‘z . _L-,-—
= o (2"0\ 2. 4/2-
3 (Z 'ﬁ\ = —la
o -va =-2a [ a=& ]
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