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property that a site having exactly one occupied neighbor alvays becomes occupied at the next
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independent of the initial nite set. There are some cases irwhich this density can be computed
exactly, and others in which it can only be approximated. We dso characterize when the nal
occupied set comes within a uniformly bounded distance of ery lattice point. Other issues
addressed include macroscopic dynamics and exact solvaibyl
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1 Introduction

Six-sided ice crystals that fall to earth in ideal winter conditions, commonly known as snow akes,
have fascinated scientists for centuries. They exhibit a semingly endless variety of shape and
structure, often dendritic and strangely botanical, yet highly symmetric and mathematical in



their designs. To this day, snow ake growth from molecular <ales, with its tension between
disorder and pattern formation, remains mysterious in manyrespects.

Study of snow akes dates back at least to the 16th century [Ma], and includes early con-
tributions from such scienti c giants as Kepler [Kep], Hooke [Hoo], and Descartes [Des]. With
the advent of cameras came the rst snow crystal album: more han 5,000 photos collected
by W. Bentley beginning in 1885 (see [BH]). Although rather few people have ever seen such
crystals with their own eyes, Bentley's images helped estdlsh snow ake designs, simpli ed and
idealized, as universal icons for wintertime. The most sighcant scienti ¢ advances of the past
century were due to Nakaya [Nak] in the 1930s, who classi ed atural crystals into dozens of
types, rst grew synthetic crystals in the laboratory, and d iscovered an elaborate, still perplex-
ing morphology diagram, which predicts the predominant type of snow ake arising at any given
temperature and supersaturation level. (In particular, the familiar, essentially two-dimensional
crystals arise only for certain parameter values; in other onditions columnar \needles" form.)
All this and much more is explained superbly in a recent popuar account by Libbrecht and
Rasmussen [LR], which also contains a great many state-ofate-art photographs of breathtaking
beauty. There is a companion web site [Libl]; see also [LibZpr a current scholarly review.

Over the past century, geometric structures inspired by snev crystals have begun to adorn the
world of mathematics. Most celebrated is the Koch snow ake Kin], introduced by H. von Koch
[Koc] in 1904. One of the earliest known fractals, this closg curve with Hausdor dimension
2log 2=log 3 is obtained in the limit by starting from an equilateral triangle (with  markers at
its vertices) and repeatedly applying the substitution scheme
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to each piece between markers. More recent variations on Ktés construction include Gosper's
owsnake [Gar] and the penta ake [Dix]. While none of these designs resembles a real snow
crystal to any great extent, their blend of elementary polygonal shapes with in nitely ne
branching detail evokes the same iconography as Bentley'slaum.

The building blocks for snow akes are hexagonally arrangedmolecules of natural ice (h).
Just how the elaborate designs emerge as water vapor freezissstill poorly understood. Only
very recently have a few rudimentary movies of synthetic crgtal growth been produced (cf.
[LR, p. 57]). The solidi cation process involves complex plysical chemistry of di usion limited
aggregation and attachment kinetics. Theoretical resears and mathematical modeling to date
have mainly focused on the evolution of dendrite tips. See [&, pp. 309{314] for a popular
account of the challenges, [Mea] and [PV] for recent scholfr monographs, and [Ada] for a
current review.

In 1984, Packard [Pac] introduced a supremely simple cellar automaton (CA) model for
crystal solidi cation. On a honeycomb lattice of hexagonal cells, start with a single \seed" cell
of ice surrounded by vapor. At each subsequent discrete-tim update, any vapor cell neighboring
the requisite number of frozen cells turns to ice. Since reanow ake growth favors the tips of the
crystal, Packard proposed that exactly one occupied (froze) neighbor should cause solidi cation,
but exactly two should not. Thus, in one of his digital snow a kes a site joins the crystal if and
only if it has exactly one occupied neighbor, while in anothe it joins if the number of occupied
neighbors is odd. In the present paper we will refer to these ules asHex 1 and Hex 135,
respectively.



Packard's snow ake automata have been widely publicized sice the 1980s to illustrate how
very simple mathematical algorithms can emulate complex n&ural phenomena. A multicolor
image of Hex 135 occupies nearly all of p. 189 in Wolfram's 1984 article [Wol}, and the same
graphic is reproduced as the rst color plate of Steven Levys 1992 book [Lev]. More recently,
the rst 30 updates of Hex 1 are illustrated on p. 371 of [WolI3]. The central tenet of [Woll],
already familiar from the established universality of Conway's Game of Life [BCG], was that
\Simulation by computer may be the only way to predict how certain complicated systems
evolve." Implicit in this perspective is the inadequacy of mathematics to analyze complexity.
In the discussion ofHex 135 and the corresponding caption, he writes:

\Snow akes grown in a computer experiment from a single frozn cell according to
this rule show intricate treelike patterns, which bear a clese resemblance to real
snow akes. [::] The only practical way to generate the pattern is by computer

simulation."

Levy's account reiterates the claimed verisimilitude:

\An elementary schoolchild could look at any of the gorgeouspictures of computer
screens in Packard's collection and instantly identify it as a snow ake."

So how do these digital snow akes evolve? The left frame of . 1 shows a representative
snapshot of Hex 134 after 218 updates starting from a single occupied cell. (Thegraphic
in [Woll] and [Lev] is quite similar.) Letting A; denote the crystal at time t, started from
Ao = f0g, it turns out that A occupies, with a certain density, the hexagon of lattice cdé
within 2" steps of the origin for eachn, but that shapes with apparently fractal boundary arise
in the limit along intermediate subsequences of the formt, = ba2"c when a is not a dyadic
rational. For instance, the limit shape for Hex 1 and Hex 135 along the a = 1=3 subsequence
is exactly the Koch-type snow ake starting from a regular hexagon (with markers now in the
middles of edges) and based on the substitution scheme, apetl to each non-straight segment
between markers, Here, the top and the bottom choices applyd a concave and a convex vertex,
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respectively. (A vertex is convex (resp. concave if one makes a right (resp. left) turn at it while
moving counterclockwise on the curve.)

In other words, the crystal oscillates between hexagonal skipes and other familiar mathe-
matical forms with increasingly complex boundary. To illustrate the scienti ¢ insight o ered
by such simple CA rules, Wolfram makes the following intriguing prediction based on his time
trace of Hex 1 up to time 30 [Wol3]:

\For example, one expects that during the growth of a particular snow ake there
should be alternation between tree-like and faceted shapess new branches grow
but then collide with each other. And if one looks at real snowakes, there is every
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indication that this is exactly what happens. And in fact, in general the simple
cellular automaton shown above seems remarkably successat reproducing all sorts
of obvious features of snow ake growth."

We intend to address the level of realism of digital snow akes and other lattice models for
ice crystal growth in a sequel to this paper [GG2]. Here our gal is a rigorous study of the
complete family of Packard rules. For instance, we will showthat each crystal lls the lattice
with a characteristic asymptotic density, independent of the nite initial seed. We also identify
a subclass of exactly solvable rules for which the density ia computable rational number (e.g.,
Hex 135 and Hex 134 have densities 5/6 and 21/22, respectively), and a complem#ary class
with inherently more computational complexity of the limit state A; . Ultimately, our story
here has two main morals:

As CA dynamics go, Packard's digital snow akes are not very omplex. The patterns
they trace are not periodic, but nearly so, and in some casesxactly described by a nite
recursion. Consequently, they are quite amenable to matheitical methods.

While computer visualization and empirical calculation are indispensable tools, subtle
properties of these dynamics cannot possibly be gleaned frosimulations alone. Deductive
reasoning plays a fundamental role in the analysis.

Turning to formalities, our basic set-up features solidi cation CA on the triangular lattice T
(to re ect the arrangement of water molecules in ice crystak).! For notational and computational
convenience, we represenT by Z?, with the neighborhood N of (0;0) consisting of itself and
the six sites ( 1;0), (0; 1), and (1;1). The neighborhood of an arbitrary x is then x +
N . This representation is handy because integers are much merfamiliar than Cayley graph
representations of T. On the other hand, some symmetries are not so easy to spot. {§s. 1
and 8 are the only ones in which dynamics orT are depicted.) The CA simulator MCell [Woj]
is ideally suited for empirical investigation of digital snow akes since its Weighted Life rule set
supports this Z? embedding. Indeed,MCell was a crucial resource during the early stages of
our work, and any conscientious reader of this paper will suely need to enlist its aid, or that of
some similar program.

We denote by A;  Z? the set of occupied sites at timet. Often we call sites inA; 1's and
sites inAf 0's. The setA; growsin discrete timet =0;1;2;:::. Thatis, A; At1; such CA are
called solidifying. Whether x 2 A; belongs toA;+; depends only on the number of sites it sees
in A, thatis, on j(x+ N)\ A¢j. Thus, the rule is given by a function :f1;2;3;4;5;6g!f 0;1g
such that, for x 2 A;, ((x+ N)\ A{j)=11i x 2 Ais1. As above, we specify by listing
all n for which (n) = 1. Our canonical choice of the initial set is Ag = f0g, although we will
also study the dynamics started from an arbitrary nite set, and use assorted in nite initial sets
as props. Note that, for any solidi cation dynamics and every Ag, the nal set A, exists as a
sitewise limit of Ay, and A1 = [ 0A¢.

Our basic assumption on , re ecting the fact that tips of a growing snow crystal are favored,
is that (1) = 1. We call solidifying CA with this property digital snow akes. It is not clear
what else should be assumed about, so we propose to catalog all possible behaviors of such
automata.

1We have chosen to conform to accepted mathematical terminology, although T is often called the hexagonal
lattice in the popular and scienti c literature.



There are 32 candidates for digital snow akes. Of these, 16 trivial: when (2) =1, the
appropriate version of the extreme boundary dynamics (see &tion 2) is very easy to analyze,
and causes the dynamics to grow a full hexagon from a singletp while from any other nite
seed they grow a full hexagon apart from a region at nite distance from the rays de ned by the
extreme points of the hexagon. (Many real snow akes also g as expanding hexagons, but
there is no mystery here.) From now on, we only refer to the remining 16 rules, i.e., to those
with (1)=1and (2) =0, as digital snow akes. Next, let us explain our basic gpproach and
summarize our asymptotic density results.

Fig. 1. The occupied set ofHex 134 at time 218, started from f0g. Let x =infft:

X 2 A¢g be the time x is occupied andd the distance on the triangular lattice. The

two frames depict periodically shaded contours of constant x (left) and constant
x = x d(x;0) (right, where only the 0 contour fx : x =0g is black).

The right frame of Fig. 1 highlights key structural features that underlie our analysis. Note
rst that any digital snow ake advances at speed 1 along the axes of the lattice, since the closest
unoccupied site in these directions always has only one ocpied neighbor. Within each of six
wedges formed by the axes, the black cells are those that sdify at the edge of the light cone,
i.e., at the maximum speed of propagation allowed by a nearésneighbor rule. This process
induces symmetric copies of the space-time pattern of a ondimensional CA. Because (1) =1
and (2) =0, this is the additive xor rule, arguably the most familiar of all cellular automata.
Consequently the black cells form discrete versions of a faous fractal known as the Sierpinski
triangle. Of course digital snow akes continue to solidify after the edge of the light cone passes,
as seen in the gray portions of the right frame of Fig. 1. But the Sierpinski lattice e ectively
divides the crystal into independent nite regions with all 1 boundary conditions, within which
subsequent dynamics evolve.

To summarize, Packard's snow akes enjoy three important properties (to be precisely de-
scribed in Section 2):

Starting from a single occupied cell, the light cone CA formsan impenetrable web of oc-
cupied sites that divides further solidi cation into indep endent nite domains with simple



boundary conditions;
Boundary e ects within each domain are controlled;

The light cone CA is additive, so the web from a general nite seed is representable as a
superposition of webs from each of its individual cells.

The rst two properties ensure a recursive representation @ the dynamics, while the last is
crucial for the asymptotic density's independence ofAg.

The delicacy of our results is conveyed e ectively by compaison to analogous solidi cation
on Z? with range 1 Box neighborhoodconsisting of a central cell and its 8 nearest neighbors:
(0;0), (0; 1),( 1;0), ( 1, 1). There are 128 such rules with (1) = 1; see [Gri] for a brief
introduction and colorful graphics of Box 1, 157, 1357 and 136 crystals. Although snow ake-
like recursive carpets emerge in a great many cases, any andl af the three properties above
may fail. For instance, we will see in Section 6 that the dendy of Box 1, provided it exists at all,
can depend on the initial seed. Also, for the \odd" rule, Box 1357, the light cone web \leaks"
and growth is apparently chaotic. Although there are many fascinating problems connected with
the Box neighborhood, and exact computations are feasiblenisome cases, there is no hope of a
complete analysis as in the presentHex setting.

FixasetS Z2 Let be ? times the counting measure on S. We say that S has

asymptotic density if  converges to as ! 0. Here is Lebesgue measure oR? and
the convergence holds in the usual sense:

z z
(1.1) fd ! fd

for any f 2 C.(R?).
Theorem 1. To each of the 16 digital snow akes there corresponds a 2 (0; 1], the asymptotic
density of A1 , which is independent of the nite seedAy.

We will index the densities by our notation for the respective rules, and give more information
on their values in the next theorem.

Theorem 2. The densities are exactly computable in 8 cases:
13= 135=5=6 0:8333
134 — 1345 — 21=22 019545
136 = 1356 = 1346 = 13456 = 1:
In six other cases, one can estimate, within 0:0008
1 0:6353
14, 145 0:9689
15 0:8026

16 0:7396
156 0:9378

Finally,
146 2 (0995, l); 1456 2 (0199999941)1



Perhaps surprisingly, 14 > 134, testimony to the fundamentally honmonotone nature of
these rules.

We refer to the rst 8 rules in Theorem 2 as exactly solvable In Section 9, we will develop
a rigorous foundation for this terminology.

It is tempting to conjecture that 14 = 145 and 146 = 1456 Since the two dynamics of each
pair are identical starting from Ag = f0Og on nite arrays up to 500 500 in size. This question
remains open, but one should resist such empirical conclusis. For instance, as we shall see
later, observing Hex 1456 from Ag = f0g on even the world's most extensive graphics array,
with millions of sites on a side, one would still be led to the onclusion that A; = Z2. In fact,
the four dynamics are all distinct eventually and presumably have di erent densities less than
one.

In contrast to density results, which are macroscopic in natire, our next result addresses the
most basic microscopic properties of nal con gurations. Call a set S Z?2 thick if

supfd(x;S): x 2 Z?g< 1 :

Here, d is distance in any chosen norm, sayj jj1 . For snow akes with density between 0 and 1,
thickness of A; and A§ is one rough notion of an almost periodic nal state. In the following
theorem, Ag is assumed to be an arbitrary nite set.

Theorem 3. The 8 exactly solvable rules have the following properties:

(1) The nal set A1 is always thick.

(2) Hex 13456 always hasAi1 = Z2. For the other rules with density 1, there exist initial
conditions for which A1 contains in nitely many 0's.

(3) A§ is always thick for rules with density< 1, and never thick for those with density 1.
For the 8 rules that are not exactly solvableA; is never thick, and Hex 1 always has thicl\§ .

It is an intriguing open question whether A§ is thick for the 7 rules not covered by Theorem
3. We suspect it is for all of them, but have no argument.

The rest of the paper is organized as follows. Preliminariesn Section 2 describe precisely
various structural properties of the additive web that decomposes a digital snow ake into in-
dependent regions of nite size. Slight variations in how these regions solidify are identi ed
case by case. Sections 3{4 then detail the rst 8 density calglations of Theorem 2 by deriving
and solving recursions forjAon 1j. Section 3 handles exactly solvable cases { rst the simplds
rules: 13, 135, 136, and 1356, and then those obeying slightly more complicated dynamics
134, 1345, 1346, and 13456. For all these snow akes the limit of jAon 1j=(3 4") is evaluated
explicitly. Next, Sections 4{5 develop and analyze correspnding recursions forHex 1 and the
other 7 rules that are not exactly solvable. Now, due to certan messy interactions, existence of
the normalized limit of occupied cells is established by a neel application of the renewal theo-
rem, but this density is implicit and can only be approximated numerically. Section 4 handles
six densities that we are able to estimate within 00008. The cased46 and 1456 in Section 5
require a di erent rescaling argument for the upper bound shce their densities areextremely
close to, but less than, 1.

In Section 6 we complete the proof of Theorem 1 by showing thatA; has an asymptotic
density starting from fO0g in the formal sense of (1.1), that agrees with the corresponding
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value obtained in Sections 3{6, and that the same asymptoticdensity occurs when the initial
seed is an arbitrary nite set Ag. (A technicality for rules with (3) = 0 is also handled at
the end of this section.) Then, Section 7 introduces two disinct, rule-dependent macroscopic
dynamics S, for the limit of 2 "A¢,, wheret, = ba 2"c. Theorems 4 and 5 thereby extend to
general a the already mentioned substitution scheme limit for Hex 1 and Hex 135 in the case
a = 1=3. A more sophisticated approach is required to handle both bles formed by colliding
branches of the snow ake and the case of irrationala. Examples are given to illustrate the
exotic dependence ora of the Hausdor dimension of the boundary of S;. Finally, Sections 8
and 9 address thickness (Theorem 3) and exact solvability, @spectively. Theorems 1{3 yield a
natural and precise division of digital snow akes into two complexity classes (Section 9). This
distinction, based on the notion of automaticity of the nal set, is potentially widely applicable
in the computational theory of cellular automata.

2 Extreme boundary dynamics

Our basic tool is the additive dynamics T, also referred to asxor, addition mod 2, or rule 90
(see, e.g., [Wil]). Among several equivalent de nitions, we choose the following. We declare
the neighborhood of 0 to consist of ( 1;0) and ( 1; 1), and the additive rule to be exactly
one solidi cation dynamics with this two-point neighborho od, i.e., according to this rule a site
changes its state to 1 i exactly one ofx+( 1;0)andx+( 1; 1)is in state 1. The initial set
To will always be a subset of they-axis, our default choice being the singletonf Og. If we want
to emphasize thatTo = A, we use the notation T2. Many properties of this rule are well known
and easy to check. Nevertheless, we will explain them brie yas they are used.

Observe rst that, with the canonical choice To = f0g,
(2.2) f(x;00:0 x ng[f(x;x):0 x ng T, f (Xy):0 y Xx ng
One can also prove by induction that

(2.2) Ton \f (xy):x=2" 1g=f(2" 1y):0 y 2" 1g;
(2.3) Ton \f (X;y) : x=2"g= f(2";0);(2";2")q;

since the two \buds" at time 2" create two versions of the dynamics that do not interact through
time 2"*1 1. The name of the dynamics stems from the fact that it preseres exclusive union:
THX'B = TAxor TB. This is immediate for n = 1, and then again follows by induction.

It is helpful to consult Figs. 2{4 while reading the remainder of this section. The darker
sites in those gures form initial conditions (the reasons br which will be explained later). For
growth from a single seed at the origin, the lowest row (resp2 rows) in the top three frames of
Figs. 2 and 3 (resp. Fig. 4) should be deleted, and then the ogin placed at the leftmost lowest
site. Also, time should be diminished by 1 in Figs. 2 and 3.

The relevance of additive dynamics to digital snow akes beomes apparent when we note
that if Ag does not include any site to the right of the y-axis,

(2.4) An\f (X;y): x = ng= TROVYAS\f (x;y):x = ng

in any of our 16 dynamics. For a general solidi cation CA, the light cone of a setLg is the
setLp, = Lo+ N+ N + + N, whereN is repeatedn times, i.e., the set of points than can



possibly be inuenced by Lo at time n. In particular, if Lo = Ag, which we assume from now
on, A, Lp. The extreme boundarycomprises sitesy 2 L, with (x+ N)\ LS 6 ;. Then (2.4)
means that our rules perform six copies of the additive dynarits (appropriately mapped) at
their extreme boundaries, and create an \additive web" conssting of black sitesx with x =0
in the right frame of Fig. 1. We will call this the extreme boundary dynamics and the sites so
created primary boundaries. Also note that properties (2.1{2.2) dictate impenetrable boundaries
for our rules. For example, if Ag = f0g, then after time 2" 1 the dynamics create a triangle
of 1's given by (2.1) and (2.2) and after that time the dynamics inside and outside the triangle
are independent. Even (2.1) itself, as it extends all the wayto the extreme boundary, separates
the dynamics into six independent wedges. For many purposeshen, it will su ce to look at
one of these wedges, typically the one in the rst quadrant am below the liney = x.

Digital snow akes do more than add sites at their extreme bowdaries. At time 2", for
example, the two buds in (2.3) do not merely spread into two nev triangles outlined by the
additive dynamics; they also grow into the empty triangle beween them. To be more precise,
in the 8 rules with (3) = 1, there is a pair of occupied sites (2';1);(2";2" 1) 2 Ax4q; in
the remaining 8 cases, (2+1;2);(2" +1;2" 1) 2 Ax+,. In fact, it is more convenient to
interpret the initial buds as being at sites below and above hese two { they are marked in
the top left con gurations of Figs. 2 and 4. As we explain belav, these two buds generate their
own secondary extreme boundary dynamics (spreading into the two smaller tiangles outlined
in the gures) until they collide.

Assume rst that (3) = 1. Then the two buds generate exactly (appropriately rotated
and deformed) additive dynamics at their extreme boundaries. This is because one of the two
endpoints (sites generating the leftmost set in (2.1)) see8 occupied sites, two of which are
contributed by the boundary conditions (occupied sites in gimary boundaries), while the other
endpoint is shared by the neighboring additive dynamics. Trerefore, the said two extra buds
generate two copies of additive extreme boundary dynamicsifi the smaller triangles), which
at the time 2" +2" 1 1 generate an occupied secondary row and diagonal of length 2,
separated by a 0 at (2;2" 1). This 0, let us call it the four-site, sees 4 occupied sites.

If (4) =0, the four-site (marked by in the top middle of Fig. 2) will not get occupied
immediately, and the vertex of the wedge between the row andhe diagonal of 1's is \dead."
The two secondary boundaries, together with the primary onesf (x; 2"); (x;x 2"):2"+2" 1
x 2%l 1gform a \hole," which is invaded by dynamics that emanate from two one-budsat
(2" +2n ;2" 1)yand (2" +2" 1;2"), created at time 2" +2" 1 (each marked by in the top
middle of Fig. 2). This hole is in turn divided into two smaller holes (by secondary 1's) at time
2"+2" 1420 2 1 etc. This hole- lling mechanism is illustrated in the bot tom of Fig. 2, where
the two descendant holes are outlined in the rst two frames. It is important to note that the
parallelogram hole in the top row of this gure is equivalent, modulo boundary corrections, to
the small square hole with darker shaded 1 boundary conditins. (Match the marked rst two
occupied sites with the same marks in the parallelogram hol¢ This consequence of symmetries
of T will be exploited throughout. Armed with these observations, we will begin our study of
the Hex 13 rule in the next section.

We emphasize that some of the sites which we use as initial cditions are not present
initially; the hole \frames" are typical examples. Indeed, some of these initial sites may never
be created, as in theHex 1 case. However, they are very convenient for de nitions and dr
symmetry considerations. In each case, it is straightfowad to verify that the dynamics behaves
as if these sites were present initially.



On the other hand, if (3) = (4) =1, then the four-site (how marked in Fig. 3) becomes
occupied at time 2" + 2" 1 and the resulting \live" vertex gives rise to another secondary
dynamics in the hole. Three secondary boundary dynamics oginating at the four-site and the
two one-buds all collide at time 2" +2" 1+2" 2 1 to create a triangularly shaped hole (as
in the middle top of Fig. 3). The remaining two secondary bourdary dynamics collide at the
same time and create a smaller quadrilateral hole. This onehowever, is of a di erent type than
the original, as only two of its vertices are live. This mechaism is iterated, as illustrated by
a larger hole example in Fig. 3. Our analysis oHex 134 dynamics will therefore require three
types of hole dynamics, generated by di erent initial conditions.

The situation is again dierent when (3) = 0. Now the two secondary buds are a little
o center (by one site, to be precise). They still generate adlitive boundary dynamics, but
the nal interaction inside the resulting hole generates two holes of di erent sizes, and each
successive generation of holes has one of a smaller size. Vilega more precise description for
the Hex 1 rule; others are similar. In this case, all points (2';y), 1 y 2" 1, see at least 2
occupied sites to their left at time 2" 1 (hence thereafter) and thus will never get occupied.
The two secondary buds collide at time 2 +2" 1, but the secondary row and diagonal (created
at time 2" + 2" 1) are now not separated. Nevertheless, the 0 at (2+2;2" !+ 1) (marked
in Fig. 4) sees 4 occupied points, so it never gets occupied drihe resulting vertex of the wedge
is dead?. The two secondary boundaries, together with primary onescreate a hole. This hole
starts being lled by buds that appear at time 2" +2" 1+2 at (2" +2" 1+1;2" 1+1) and
(2" +2" 1 +1:2"). The fact that these buds are o center has two consequencesThe rst
is minor and technical: it is necessary to start the analysiswith a basic wedge and holes that
incorporate the buds in their initial conditions. The second fact is crucial for the analysis of
these rules. Namely, the two holes that result when the additve dynamics from two secondary
buds collide are of unequal size, their sizes diering by exetly 2. This in turn creates holes
of a larger and larger variety of sizes (as shown in the two bdabm frames of Fig. 4, where the
second generation descendant holes are also outlined, sinthey evolve slightly out of phase and
are thus di cult to identify). That the interaction in small er holes still creates impenetrable
boundaries and dead wedge vertices is guaranteed by the folling lemma.

Lemma 2.1. Assume that the initial con guration consists of two points, Ag = f(0;0); (2"
k;2" k), 0<k 2" lg. For any digital snow ake,

f(y;2" 1):0 y 2! k+1g Ax 1
Proof. This is a simple consequence of the speed of light. Namely, msider the light cone of the

point (2" k;2" k) at time t. Outside this light cone, the dynamics started fromf (0; 0)g and
the one started from Ay agree through timet. Apply this observation at time t=2" 1. O

3 Densities for exactly solvable rules

We begin with the Hex 13 rule, as it represents the simpler of two exactly solvable cses with
nontrivial density.

Assume rst that the initial occupied set is the origin, Ap = f0g, and de ne
_ o JA 4]
W

2In rules with  (4) = 1, such as Hex 14, this 0 becomes a 1, but then growth from the vertex stops.
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We will see shortly that the limit exists, and that

by
= lim —;
13 nll 4"

where b, are de ned by certain wedge dynamics. Namely, run the dynamis A,, inside the rst
guadrant with 1 boundary condition on the axes. Let

Bh=f(x;y):1 x 21 y 2
Then b, is the size of the nal occupied set insideB,,,
bh = JA1 \ Bnj=jAx \ Bpj:

The second equality, i.e., the fact that these dynamics do nboccupy any site on B, past time
2", can be proved by induction along the lines of arguments give below.

Fig. 2. Hex 13: Basic wedge dynamics (top) at times 18, 24, and 32; nal congu-
ration of a hole of size 10; size 34 hole dynamics at times 1642and 32.

Smaller wedge numbers are obtained with the same initial codition as for b, but counted
only inside
Wh=1f(x;y):1 x 21 y Xg
and de ned by

The dynamics inside this wedge (with given initial conditions) will be called the basic wedge
dynamics. See the top row of Fig. 2. Note thatb, =2w, 2".
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By direct enumeration, p = 1, by = 4, b, = 14, bz = 54, etc. Moreover, asA,n 1 started
from A = f0g contains, modulo boundary corrections, six copies of the dyamics onW,,

(31) jAzn lj = 3[}, 3 2"+1:

consisting of the framef(x;y) : either x 2 f0;Lg ory 2 f 0;Lgg. We call L the size of such a
hole. Holes of sizes 10 and 34 are featured in Fig. 2. Léd (L) be the nal occupation count
minus the frame,

H(L)= jA1 \f (x;y):0<x<L; O<y<L g

We de ne
hh = H2" +2):

Thus hg =2, hy =6, hy =20, etc. Actually it is slightly more convenient to use hﬂ = h, 21,
By observing the wedge dynamics from time 2 to time 2"*1 | we obtain our rst basic recursion:

Wn+1 = 3Wp +2(wp 1 2" 1)+ hg 1-

This recursion is illustrated by the top row of Fig. 2, where the 5 smaller wedges are outlined.
Here one thinks of the sites inZ? as centers of the squares, and the outlined regions includéeir
boundaries. The sites outside the outlined regions corresmd to the interior of the pictured size
10 hole, from which the bottom row and rightmost column are ranoved. Therefore

(3.2) bhes = 3by +2by 1 +2h7 o

A second basic recursion is obtained by observing the hole ayamics until time 2" 1:
hn =2by, 1+2h, 1

This is illustrated in the bottom row of Fig. 2, where the inte riors of the rst descendant holes
are outlined. Equivalently,

(3.3) h® =2b, ;+2hY

Express hY in terms of b's using (3.2), and then plug into (3.3) to obtain the second ader
equation b,+» =541 4b,, valid for n 1. Henceh, = 4" + . Computing the constants
; from by and by, we get

4" +

bn =
Thus, starting from Ag = f0g, by (3.1),

ol
wInNy

jAx 1j=3 4" 3 2"+3;

and 13= 2.

Hex 135, Hex 136, and Hex 1356 all satisfy precisely the same recursions (3.2){(3.3). Als,
it is easy to check that for small holes and wedgeklex 13 and Hex 135 evolve identically. Thus,
it follows by induction that Hex 13 and Hex 135 crystals agree exactly for allt when Ag = f0g.
In particular, 135= 13= g SinceHex 136 and Hex 1356 both Il small holes and wedges, it
also easily follows that these two rules solidify completgl from a singleton.

12



Fig. 3. Hex 134: Basic wedge dynamics (top) at times 24, 28, and 32; nal cong-
uration of a hole of size 10; size 34 hole dynamics at times 184, and 28.

We turn next to Hex 134, another exactly solvable rule with density less than 1. Thedomain
counts b, and w, are de ned in exactly the same manner as before, givingg = 1, by =4, b, = 16,
bs =62, by = 246, etc.

As mentioned in Section 2, the hole interactions (see Fig. 3are more complicated now.

dene the frame F = f(x;y): x 2f0;Lgory 2 f0;Lgg All occupation numbers are counted
strictly inside this frame, and in addition exclude any other initially occupied sites. We will
always useL = 2" + 2 and count occupation numbers at time 2" (which in every case di er by
1 from the nal occupation numbers).

The principal hole dynamics use initial occupied sites coristing of the \frame minus 3 corner
sites™: Fnf(O;L 1);(0;L);(1;L)g, and de nes the occupation numbersh,. Thenhg =3, hy =7,
h, = 22, etc. Again, we sethl = h, 2",

The secondary hole dynamics start with two opposite cornersmissing: F nf(O;L 1),
O;L);(@;L), (L 1,0), (L; 0), (L; 1)g. Call the resulting occupation numberss,. Then sg = 2,
S1 =6, sy =20, etc.

The third and last hole dynamics start with a triangular shap ed hole, i.e., the initially
occupied set € nf(O;L  1);(O;L);(1;L)Q[f (x;y) :y<xg,anddenet,. Thentg=2, t; =5,
to, = 13, etc.

13



Our system of recursions is given by (3.2), again illustrate in the top frames of Fig. 3, and

hn=2by 1+ Wy 1+ 1ty 1+Sh 1
Sh =2by 1+2sy 1
tn:2Wn 1+hn l

To understand these new equations, consult the bottom row ofig. 3. The rst successor holes
(outlined) are a triangular one and a square one of secondartype. The former creates a hole
of the principal type, while the latter creates two holes of the secondary type, as seen in the
bottom middle frame. Therefore, we have

hg: gbn 1t th 1+ Sy 1 %2”
th=ln 1+ hd ,+ 32"

At this point the problem could be solved by matrix manipulat ion, but it is easier to eliminate
s, and t, using the rst and third equations of (3.4), then eliminate hQ using (3.2). This yields
the equation bb,+3 5k, 2+3brp 1+4b, =0. It follows that b, is a linear combination of 4', M,
and (1", where =(1+ 5)=2is the golden ratio. Computing constants, the nal result
is, forn 1, ] - -

bn_214n+15p§ 1+p§ 4 15+ 5 15

- 22 55 2 55 2

Again (3.1) holds, so 134 = .

Once more, it is easy to prove that fromAy = f0g, Hex 1345 generates exactly the same
A1 asHex 134, while Hex 1346 and Hex 13456 solidify completely.

4 Density of Hex 1 and its cousins

In this section we will analyze, in this order, Hex 1, 14, 145, 15, 16 and 156. We still use the
de nition,

_ o A g,
(4.1) - I’Ill!q] 3 4

where Ag = f0g. However, for these rules we cannot give the exact value of thdensity; instead
we will demonstrate that the limit exists. It is, for now, con venient to rede ne

_ i b

- rlullrln qn’

we prove that (4.1) also holds at the end of Section 6. The numérsh, are de ned by appropriate
wedge dynamics, de ned slightly di erently than before. Namely, these dynamics run inside the

rst quadrant with 1 boundary condition on the axes, and with the initial occupied set Ag
consisting of the single point (apart from the axes) (% 2). Now set

Bh=f(x;y):1 x 21 y 2"+2g
and let by, be the size of the nal occupied set insideB,,, i.e.
bh = jA1 \ Byj:

14



We also make use of the smaller wedge
Wh=f(x;y):1 x 22 y x+1g;

and de ne
Wn = jJA1 \ Wpj:

Note that b, =2w, 1 (2" 1)=2w, 2",
consisting of the framef(x;y) : either x 2 fO;Lg or y 2 f 0;Lgg together with (1;2) and
(L 2L 1). As before,
H(L)= jA1 \f (x;y):0<x<L; O<y<L gj
but now we need a much larger variety of hole counts:
h = H@" 2k); k= 21,0;1;:::
Here we viewk as xed and n large enough that this makes sense. We also abbreviatg, = h,*.

Two basic recursions will be derived in a manner similar to the Hex 13 analysis. The only
di erence between the six rules is the correction term in (42) below. Equation (4.3) is the same
in all cases.

We now proceed withHex 1.

Fig. 4. Hex 1: Basic wedge dynamics (top) at times 18, 24, and 32; nal congura-
tion of hole of size 10; size 34 hole dynamics at times 17, 26ne 32.
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The rst recursion is obtained by observing W, from time 2" to 2"*!:

(1) Wne1 =3Wp +2(wp 1 2" 1)+ hn 1 2(2" ! 1)
2) =3wn +2wWn 1+ hy 1 2" +2:

Note (as in the top left frame of Fig. 4) that two rows and columns are now removed from the
size 10 hole to match the sites not covered by the ve wedges. Aerefore

(4.2) bhe1 =3by +2b, 1+2hy 1 2"t +4:

hs3 =36;hs =154;:::.

Our second recursion is generated by hole dynamics run untigrowth from the initial two
buds collides:
(4.3) h =2k, 1+ hX [+ h*Y g, 201 4k+8:

The restriction on n, obtained from Lemma 4.1 below, is not optimal, but is one tha works in all

cases. (For smallk one can get away with a less restrictive condition, which vaies from case to
case and is useful for computations.) The error termse, which keep this recursion from closing,
are the result of slightly \dirty" interaction between the t wo growing buds (cf. the bottom of

Fig. 4).

We bound e using the following fact about additive dynamics. Starting from Tg = f0g,
perform 2" 1 steps to generateéTon 1. Fixan ", 0<™ 2" andlet Z = Z(n;") be the union of
all connected components (in the triangular lattice sense)f 0's in Ton o \f (X;y):y 2" ‘g

Lemma 4.1. Every (x;y) 2 Z hasy 2" 2.

Proof. Focus on the linefy = 2" “g and consider an interval ofa 0's anked by 1's at both

ends. Find the rst 1 below, say at distanceb, the leftmost 0 of this interval. Paint this occupied

site red. Then the column of b+ 1 sites (b 0's and the red site) must have to its immediate left
a column of b+ 1 1's. The dynamics now ensures thata = b and that the red site is connected
by an occupied diagonal to the 1 at the right border of the initial interval of O's.

This proves that the worst case is whenTo 1 \f y=2" “gconsists of° 1 0's anked by
2 1's, in which caseb= " 1. O

One can in principle compute g for any k from quantities € and eﬂ which we now de ne.
First, € is the nal occupation count in the region at the tip of the growth that gives by,
consisting of a (X +3) (2k + 3) box together with two lattice triangles, a (2 k +3) (2k +3)
and a (Zk +1) (2k +1) one. Here is the region fork = 1, labeled with x's:

1 1 1 1 1 x X X X X
X X X X X X

X X X X X X X

X X X X X X X X
X X X X X X X X X
X X X X x 1 x x x 1
1 X X 1
1 X 1
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Next, e{} is the nal count of occupied sites in the interaction area inthe middle of H (2"  2k).
This area consists of a (R +3) (2k + 3) box and four triangles { the two above and their
re ections across the main diagonal of the box. (The set of ocupied sites is symmetric with
respect to this re ection at all times.)

In all small cases we use, we have checked that the last occai site in the interaction area
(or in fact anywhere outside the two smaller holes that are lled recursively) gets added at
time 2" 1. If this is the case, a speed of light argument shows thag" can be computed in the
(2k+3) (2k+3) box with an additional row of 2 k+ 3 sites at the bottom, while the interaction
area for computation of €} adds to this an additional column of % + 3 sites on the right. Then
(4.3) holds under the restriction 2" 1 2k + 6. As mentioned earlier, we use this property of
small cases for computations.

In any case, by Lemma 4.1 above (and its proof),

ec=2ef
Direct enumeration givese ; = 2, eg = 10, g = 24, e = 44, e3 = 66, e, = 92, e5 = 128,
e =170, e; = 212, eg = 258.
Observe that if we know hﬁ, n N,ande, k K 1, then we can use (4.2) and (4.3) to
computeb, upton N + K +3)

An explicit formula for e is apparently too much to hope for, but using the trivial facts
that eﬂ and €} are nonnegative and bounded above by the number of sites in #ir respective
regions, we do have the bounds

32k +3)%2< el e 2¢'< 4(2k+3)2

Write
X IX
(n) = . (2i+1)%2=n?2" n2"+2" 1
k=0 i=0 !

Using (4.3) repeatedly, and the above bounds, one obtains

X K 0
h, = 2°b, ke

k=1
where
(4.4) 3(n) €& 4(n):
Therefore
X 1
bher =3bh +2by 142 2, 1 €, 271 +4
45 k=1
@9 X K 00
:3[}] + 2 t}, K €y

k=1

wheree®®= 2 ; +2"1  4forn landel’= 1.
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The sequenceh,=4" satis es a renewal equation, and the renewal theorem ([Felp. 330])
gives

P
1 n 500
1 on=04 "&_ 5 1
3 1" 1 K 6 6
2T 2 k=2 K2

EN

(4.6) 1= i

=1k

m
11

Summability of 4 "eX°guarantees existence of the limit, but ; could be 0 or 1 in principle.

To obtain nontrivial bounds on 1, we enumerateh? for n 11 directly, employ (4.2) and
(4.3) to compute b, exactly forn 23, and then use (4.5) to computee®for n  22. Forn 23,
we estimate e2%as follows.

The lack of symmetry between the upper and lower bounds in (4) can be removed by
counting O's instead of 1's. That is, write b =2"(2"+2) b, andh$ =(2"+1)? h,. Then
the analogues of (4.2) and (4.3) lead to

X0
4.7) B =305+ 20, &, 42" 6
k=1

Although these € are dierent from the previous ones, we do not introduce new mtation,
because they satisfy the same bounds (4.4). Changing (4.7htio an equation for b,, and using
the result to obtain the upper bound for €%in (4.5), we get

(4.8) 3(n 1+2" 4 & 3(n 1+2n 2 3 2" 6

The dominant term in both upper and lower bound is 3n?2". This can in fact be improved to
§n22”, as a better bound forey is obtained by considering where the two wedge dynamics and
the hole dynamics must agree. A little geometric argument denonstrates that this agreement
is achieved at least within a region between lines of slope 2na 1=2 through the center of the
interaction region. We omit the details, as it is much easierto improve the bounds on 1 by
computing more g's for small k than by trying to improve (4.8).

Our computations yield 4 22by;  0:635280, and so, using (4.6) and (4.8), the rigorous
bounds
0:635248 ; 0:635312

Our second rule isHex 14. With minor changes our analysis also applies tdHex 145, so we
will omit that case.

The rst basic recursion now reads, forn 3,
Wn+1 = 3Wn +2Wn 1+ hn 1 2 2n 2,

and this time
b, =2w, +2M:

This yields, with corrections computed separately for lown,
(4.9) bh+1 =3 +2by 1+2hy 1 6 2" 4 Lot 2 lipopg;

forn 1. We havelpyp =3, b1 =8, bb =24, b3 =78, by =280;:::, and hg =4, hy =8, hy, =25,
hs =80;:::. The second recursion remains (4.3).
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What does change in this case is computational. Namely, in &lsmall cases we use for our
estimates, the computation for by, ends at time 2" + 1, and at time 2" 1+ 1 in the interaction
area. For computation of e{g this forces us to addtwo layers of X + 3 sites at the bottom and on
the right of the central (2k+3) (2k +3) box and one layer of 2k +5 sites at the top and on the
left of that box. For computation of €}, the added layers are of course only at the bottom and
on the left, creating a (2k +5)  (2k +4) box. (The restriction in (4.3) thenis 2™ 1 2k +8))
In this way, we gete 1 =2, eg =11, e; =27, & =49, e3 =82, 4 = 125, and e; = 170.

Thus

X
ez =3bh+ 2Dy €l
k=1
whereel®= € | +6 2"+4+1¢p21q 2 Lnmpgforn  1,ed%=1, and € satis es the same
bounds (4.4). In this case the renewal theorem gives
b,

. 3
12= lim — = i =
| n 3 1 1 k 6 6
ni1 4 It 5 ke k2

The estimates ofe2’for large n are as follows (this time we do not bother to symmetrize):

3(n 1)+6 2"+4 €2 4(n 1)+6 2"+4:

For this case we computeh, up to n = 20, to get 4 by  0:968854 and

0:968618< 14 < 0:969044

Next, we turn to Hex 16.

All de nitions, as well as recursions (4.2) and (4.3), reman exactly the same as forHex 1.
Note that the \6" part of the rule only in uences sites that ha ve no further in uence elsewhere,
so this rule has exactly the same interactions aslex 1. For example, we can obtainA; for Hex
1 and then perform a singleHex 16 step to obtain A; for Hex 16.

The extra step does a ect the computation of g, making in small cases the interaction areas
the same as for theHex 14 rule. To repeat: for eE we add two layers of X + 3 sites at the
bottom and on the right of the central (2k + 3)  (2k + 3) box and one layer of X + 5 sites at
the top and on the left of that box, while for € the added layers are only at the bottom and
on the left. The restriction in (4.3) is 2" 1 2k +8.

We getly =1, by =4, b =16, by =58, by = 212, etc.,, and e ; = 4, g = 15, e, = 32,
e = 56, e3 = 83, g4 = 115, and es = 157. By computing h8 up to n = 9, we obtain
2 18pg  0:739664 and
0:738902< 15 < 0:740279
Next in line is Hex 156.

The rst recursion now is similar to (4.9);
(4.10) Bher =3y +2by 1+2hy 1 6 2"+10 6 Lo,

while (4.3) is still the second recursion. In addition, b, = 2" (2" + 2) up to n = 3; after that
permanently empty triangles (of 6 sites) appear. Much later (as per the discussion in Section
8), larger permanently empty regions appeatr.
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In this case, two extra steps are required (again, for the smiahcases we have checked) to
nalize the con guration in B,. The last of these two steps, however, merely lls two sites ext
to the axes and thus does not a ect any computations. The inteaction areas are therefore the
same as forHex 16.

This time, we get by =3, by =8, b, =24, Iy = 80, by = 276, etc., ande ; =1, g =9,
e, =25, & =55, e3 = 84, e, =106, and es = 151. By computing hﬁ up to n = 9, we obtain
2 18 0:937935 and
0:937183< 16 < 0:938559

Our last rule in this section is Hex 15. In this case, the rst recursion is
(4.11) bhss =3ty +2bh 1420y 1 6 2°+8 6 linaig

andwe gethy =3, by =8, b, =22, s =70, by =238, etc., ande 1 =0, gg =6, €, =18, e, =42,
€3 = 66, e4 = 84, and es = 120. By computing hS up to n =9, we obtain 2 ®pg  0:802578
and

0:801822< 15 < 0:803199

We note that again small cases require two steps to nalize tke con guration in B,. Both steps
Il two sites next to the axes and are thus not problematic. The new feature is di erent hole
dynamics, requiring one extra step (beyond 2 1) to resolve. Therefore the interaction areas are
the same as forHex 16.

5 Density of Hex 1456and Hex 146

For concreteness, we will concentrate orHex 1456, The same techniques applied toHex 146
yield the bounds in Theorem 1.2. The de nitions of i, and h, are the same as in Section 3.
The rst recursion now is

(5.1) bh+1 =3bh +2by 1+2hy, 1 6 2" 2

while the second is still (4.3). We note that, if h, (2" +1)2, then b, 2"(2" +2). That s, if
every hole lls completely, then A, lIs the lattice and 1456 = 1. At rst, simulations suggest
that this indeed happens.

However, after more systematic experimentation one discars that H(82) and H (84) do
not Il completely; a nal triangle of O's consists of 25 sites. For the lower bound, it is also
important to observe that all the other holes of sizes at most130 do Il in. Therefore, all boxes
of sizes2 44,n 7 donot llin. (In fact, they leave 2( n  7)+1 un lled triangles of size 25.)
Since there are in nitely many such boxes generated by the dgamics, the number of un lled
O's is in nite. This however does not establish that 1456 < 1. In fact, we do not even have a
nontrivial lower bound for the density yet, so we start with t his easier task.

A zero-creating hole will occur for the rst time inside a H (2" +2) when 2" 22 44 84,
hencen 28. Thush, =2"(2" +2) for n 29. (This explains why a naive simulation started
with a single occupied site will never produce a hole { one wod need a system of a size more
than 230 10°)

Asin (4.7), let £ =2"(2"+2) by andhS=(2"+1)2 h,. Then
by =30 +20; ;+2hy
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and h§ satisfy the analogue of (4.3), with the same bounds (4.4) ore. Hence

xo
(5.2) ey =3+ 20, & g
k=1

where €d = 0 for n  28. Furthermore, €} satis es the bounds (4.4). The renewal theorem
therefore guarantees the existence of a density, and, by (4),

B b3 b3

— n
1 1456 = lm — = P 4 € <

28
lim 2 4" n?2'< <5310 ":

8In2 228

0l

Unfortunately, a nontrivial upper bound seems very dicult to produce by a brute force
approach along the lines of Section 4. Instead, we devise asealing argument.

Let R be a time at which there is a permanent 0 inAgr (with the initial condition that
producesh,). Clearly we can chooseR to be a power of 2, and arbitrarily large. We can also
ensure that the 0 is at distance at leastR=2 (in jj jj1 distance, say) away from the part of the
boundary of Ag strictly inside the rst quadrant.

Now run the dynamics in time steps of sizeR, with the proviso that, whenever a hole is
formed, the clock inside this hole is reset so that time 0 corresponds to the formation of the
hole. The dynamics then uses di erent clocks on di erent regons of the plane. The point is
that every secondtime, starting with time 1, every added occupied site is part of a version of
AR (its translation and/or rotation). The other times are used for lling in, and holes cannot
be guaranteed.

As we know, the buds inside the holes interact, but the interaction will not reach the existing
0 until it is of size R=2, therefore up to (unrescaled) time at least #7. Up to that time, therefore,
all the occupied sites will see a permanent 0 within distanceiR.

Next, let d, be the site count of sites within distance R of a permanent 0, at time 2' + 1.
As the interaction can destroy a 0 and therefore a ect sites & distance 4R from the interaction
area, d, satisfy the same recursion ash,, but with error bounds multiplied by 81 R2. If
ds =2"(2"+2) d,, then

X
(5.3) G =3d+ 2} & o
k=1
where in this version
jedj < 10°R2n22":
Moreover, we already know thate] =0 for n  R=4. Therefore

g X
lim sup 4—2 < 10°R%n22 ;
n R=2
which clearly can be made arbitrarily small for large enoughR.

It follows that a positive proportion of occupied sites seesa permanent 0 within a xed
distance. Therefore the nal density of 1's is necessarily ictly less than 1.
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6 Proof of Theorem 1

We start with the case Ag = f0g. What we need to prove, roughly, is that the proportion of

A, -sites in any nice large subset oZ? is about . We accomplish this by the division of space
into \mesoscopic" units lled in by the basic wedge dynamics (which giveswy) and much smaller
problematic regions.

To this end, let us return to the recursion for wy. This recursion can be \unrolled.” That

and hk ., for somem 0, 2, and suitable k's. This is the case we will focus on
for the remainder of the proof. When (3) = (4) = 1, hﬁ m - Is replaced by a suitable
linear combination of h,  *,sn m * andt, n -, and the proof is easily adapted. (The right
side of Fig. 5 illustrates the di erence between resulting dvisions.) The unrolled recursion
corresponds to a division of W, into smaller triangles and parallelograms. Ifn is large, and
W, is normalized by 1=2", this partition approximates a partition of the unit triang le W =
f(x;y):0 'y x 1g. In this way, W is divided into covering triangles (corresponding to
w;) and parallelograms. We de ne these sets to be closed, so the is some intersection along
boundaries. Here,m determines the largest size of a triangle used, which is=P™*1 times the
size of W. Furthermore, ~ gives exactly the number of di erent triangle sizes used. Tle left side
of Fig. 5 pictures the division for m =1 and ~ = 3, with the remaining parallelograms shaded.
The maximum diameter of sets in the division clearly halves vith each successivan. Moreover,
the area covered by the parallelograms (uncovered by trianigs) halves with each successive.

View m and ~ as large, but much smaller thann.

Fig. 5. The division of W for m =1 and "~ = 3 in two cases.

Fixan > 0. Itisclearthat j4 ™" ™ Dw, ;3 j,i=1;:::;, can be made simultane-
ously smaller than if n is chosen large enough. (Note that; 4 (™ ™ 1) s exactly the area of
the corresponding triangle in the division.)

Pick a closed setS W, with nice boundary. For example, we may assume thatS is convex
and @ Sconsists of nitely many linear pieces. How many points from2 "(A; \ W,) doesS
contain? In the sequel,C is a \generic constant,"” which is allowed to vary from one appearance
to another.

First, the triangles that intersect @ Stogether contain at most C length(@$ 22" ™ points.
Second, all the parallelograms inW have combined area at mostC 2 and so they contain
at most C 22"  points. A crude upper bound on the total length of the boundaries of the
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division sets is 4 times the number of division sets, which aa be (equally crudely) bounded

by the reciprocal of the area of the smallest set in the divisin. Therefore, the total boundary

length is at most C 4™*  and so within (microscopic) distanceC of these boundaries there are
at most C 2"*2m*2" points. Finally, we know that the error terms (if any) contri bute at most

C n? 2" points.

Therefore, S contains at least
( ) arealS) C lengh(@% 2™ C 2 C 2M2m2° cp22n 4

points, for large enoughn. An analogous upper bound also holds. By letting rstn!1 , then
m;>!1 ,and nally ! O, tfollows that
1

IS\ 2 AL\ Wo)jt arealS):

The proof of Theorem 1 forAg = f0g is now concluded in a straightforward manner.

For general nite Ag, Theorem 1 mostly follows from properties of additive dynanics, as we
explain below. The proof is somewhat delicate, which is not aomplete surprise since sensitivity
to perturbations in initial condition is widespread among generic cellular automaton rules. In
fact, there is a \box snow ake" for which the density of A1 has been proved to depend on the
initial set. Namely, we have shown in [GG1] that Box 1 solidi cation yields density 4 =9 starting
from a singleton. Later, Dean Hickerson [Hic] engineered iite initial seeds with asymptotic
densities 2364 and 6E128. For instance, the latter is achieved by an ingenious aangement of
180 carefully placed occupied cells around the boundary ofra83 83 grid. We do not know
the highest density with which Box 1 solidi cation can Il th e plane, nor whether any seed lls
with density less than 4/9.

To return to hexagonal digital snow akes, we will assume tha Ay has sites on they-axis,
the lowest of which is at 0 and the highest at (Qh), but no sites to the right of y-axis. We will
concentrate on proving the density result for the part of A; between linesy =0 and y = x+ h,
which, by symmetry and the extreme boundary dynamics, is clarly enough. We start with the
following fact about additive dynamics. Assume the seed isTg = Ag\ y-axis. By additivity,
when 2' 1> h, the rightmost column of Ton consists of two copies offp, separatedby 2 1 h
0's. The column immediately to the left of these O's either casists of all 1's (anked by two
0's) or else of all 0's, anked on the top by a 1 and on the bottomby an additional 0, below
which there is a 1. In the second case we can iterate and contire moving to the left until we
encounter a column of 1's (anked by a 0 on both ends). Assumehis column consists ofD 1's.
An important point is

2 h D 2™

Furthermore, if this column is created (by the boundary dynamics) at time t, then attime t+ D +1
the boundary dynamics creates a horizontal and a diagonal sgnent which together with the
above column seal o a triangle of 0's. Into this triangle (which is a bounded perturbation of
the one started from a singleton), theHex dynamics spread as when they Il basic wedges.

However, interaction between the secondary boundary dynarnes is slightly more complicated.
When the boundary dynamics from the two secondary buds (cf. 8ction 2) collide, they (together
with the primary boundaries) create a hole which is equal or smaller in size to that from
Ao = f0g. In fact the hole's side can be diminished by at mosth 1. By Lemma 4.1 the hole
generates smaller holes (all of which are smaller, and bourd perturbations of the Ag = f0g
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case), provided all the wedge vertices that were dead before arelbktilead. The problematic
vertices are created in the middle of the holes when secondaboundary dynamics collide. If

(3) and (4) are not both 1, collisions always result in dead verticesas is easy to check. We
will deal with this case rst.

Pick a closed convex setS W with piecewise linear boundary and an > 0. In the rst
step, performm steps of the Sierpinski triangle construction. That is, take out of W the central
triangle congruent to W=2, then 3 triangles congruent to W=4, :::, and nally 3™ triangles
congruent to W=2". Discard the points in W outside these triangles (see top left of Fig. 6 for
the m = 3 example). In the second step, mark by M the two smaller triangles from each triangle
obtained in the rst step, as in Fig. 6. In the third step, mark 4 triangles in the remaining
guadrilateral hole, then 4 triangles in each of the remainirg two holes, and so on, for a total
of m iterations and 4 2™ triangles. The top of Fig. 6 illustrates these three steps fo m = 3.
Note that when m = m( ) is large enough, the area of the exceptional set, i.e., thee$ of points
outside of marked triangles is below =4. For a small enough = (;m), the area of We, the

-neighborhood of the exceptional set, is below=2.

Now, take a largen and consider 2"A; \ W on one of the marked trianglesWy,, 0 We.
By Lemma 2.1, this con guration exactly equals the con guration of sites in a basic wedge if
n ng( ). Therefore, by taking n even larger if necessary,

2 "A1 N Wy \ WE Sj areaWy \ WE\'S) 6 ™ 1;

by the already proved result for basic wedges. Since the nundy of marked triangles is less than
2 6™, it follows that
ji2 "A1 \ Sj area(S) ;

forn ng( ), as desired. The analogous upper bound is proved in the sanfashion.

When (3) = (4) = 1, then the middle vertices in the holes are live as soon aD < 2.
Although h > 0 does not necessarily imply thatD < 2", there is for eachh a unique Ty which
hasD = 2", namely the one generated by the additive dynamics startingfrom f 0g and run for
h time steps (and translated back so that its lowest site is at (.

In this case, therefore, the division into marked trianglesin step 3 has two possible forms,
one forD =2" and one forD < 2". Both are indicated in the bottom of Fig. 6. In either case,
the proof is then a minor modi cation of the above.

This concludes the proof of Theorem 1. To nish this section,we assume (3) = 0 and prove
(4.1), or equivalently, that for the dynamics on W,

4 "jAx 1\ Whjl 3

In fact, the recursion for w, can be used to show thatAsn,cn2\ W, = A \ W, since the
largest interaction area inside the holes is on the order of2. (It is possible that in all cases
Axic\ W, = A1 \ W,, for some small constantc, but we cannot prove this.) Then, in the

division as in the caseAg = f0g above, only the dynamics inside triangles that intersect tte

right edge of W is not done by time 2". These contain at mostC 22" ™ points and the proof is
concluded as before. (Growth inside some parallelograms gt also persist, but such sites are
already incorporated into the error.)
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Fig. 6. The three steps and marked triangles form = 3. Regions outside them are
shaded.

7 Macroscopic dynamics

In this section we assumeAy = f0g and study A; for a large nite t instead of A; . As the radius
of At increases linearly int, it is natural to ask whether these dynamics have a hydrodynanic
limit as space and time are scaled proportionally. Computersimulations certainly suggest so,
and are validated by our analysis below.

There are two kinds of macroscopic dynamics for digital snovakes, both denoted here by
Sa, a2 [0;1]. The setsS, will be a strictly increasing family of closed subsets of thehexagon
co(N) RZ2. We start with the simpler case, which we callSimple Hole Dynamics (SHD) This
evolution will be associated with the 12 rules for which (3) and (4) are not both 1.

Assumea < 1 and write the dyadic expansiona = 0:a;a,::: with in nitely many 0's. We
denote a° = 0:ayaz:::, a%= (a%° etc., and use the following transformations: re ection
about the line y = x, rotation by an angle , and deformation by the linear transformation
(x;y) 7! (x y:y). We will only de ne the portion of S, inside the triangle W = f(x;y) 2 R?:
0 x y 1g; other parts are then obtained by symmetry, i.e., by an appr@riate use of the
above transformations.

We will rst recursively dene S; W, and a corresponding hole dynamicdH,; W on
dyadic rationals a that have only nitely many 1's in their dyadic expansion, st arting with
Sy = f(0;0)g and Hy = ; for a = 0. The rules described in the next paragraph and Fig. 7
are a natural extension of the recursions forw, and h, for the corresponding 12 rules. (We
remark that when no two successiveg;'s are 1, one can de ne the boundary ofS,; by a Koch-
type substitution scheme, as outlined in the Introduction for a = 1=3 and in [GG1] for Box 1
solidi cation; such algorithms are in general precluded bycollisions inside the holes.)
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If a; =0, then take S; = %Sao. If &g =1 and a; =0, then S, consists of ve pieces:

Sa= 3W [ 30 +3Sw [ 33 + 3Sw
[ %;0 +‘—Ji Sao0 | %,% +‘—Ji = Sgoo
If a; =1 and a» = 1, then S, consists of seven pieces:
Sa=3W [ 50 +3Se [ 50+3Se [ 53 +iw
[ %,% +‘—Ji =2 W [ %,% +%Haoo [ l;% +L_Ji H 400
If a; =0, then
Ha=(1;1)+3 Swo [ L0+ 3 -, Sy
and if a; = 1,

Ha=(1;1)+3 W [ @LO)+3 oW [ ZHxo [ L3 +3 Huao

a = 0 a;dy = 10

SaO SaU

Sa00

Sy
Sa: }/

a3=0

\

S

Ha:

Fig. 7. SHD. Dark areas are fully covered by appropriately mappedV , while arrows
indicate the placement of suitably transformed sets.

It is clear from the construction that both S; and H, are well de ned and increasing on

dyadic rationals. Moreover, we claim thatja bj < 2 " implies
P P~

(7.1) dn (Sa; Sp) 2 2" dy(Hga;Hp) 2 2™
wheredy is the Hausdor metric. To prove (7.1), we proceed by induction on n. Note that we
can assumea < b and, by monotonicity, that ax =0, for kK n and b, = & The assumption
also means thata, = b for k < n. As diameter(W) = diameter( W) = = 2, (7.1) is easy to
verifyforn=0and n=1. For n 2, we can use the induction hypothesis ora®, a®®and &’ b*°
Note that all a®sets are normalized by and all a%sets by , which yields (7.1).

The uniform continuity (7.1) immediately implies that we can extend both S; and Hj,
uniquely to a 2 [0; 1], so that (7.1) holds fora; b2 [0;1], S; = H1 = W, and

Sa =\ b>a Sb = C|OSUF€([ b<a Sb); Ha =\ b>aH b= closure([ b<aH b);
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where b in all cases ranges over dyadic rationals. The following rest identies S, as a subse-
quential limit of A;.

Theorem 4. Assume thatt, = a 2", for a 2 [0;1] and Ag = f0Og. The 12 rules that do not
have both (3)=1 and (4) =1 exhibit subsequential convergence to SHD:

2 nAtn IS a;
in the Hausdor metric, as n!1 , uniformly in a. 3

Proof. For dyadic rationals a, the proof follows from arguments in Section 6. The case of geral
a 2 [0;1] is then a consequence of monotonicity of\; and S;. O

The sets S, are di cult to visualize for a's that are not dyadic rationals. In particular, it is
clear that they have a very complicated boundary. It is therefore natural to ask whether one can
determine the fractal (Hausdor ) dimension dimy of the said boundary. The answer in many
cases is yes, and we turn to this task now.

As in [GG1], we need to count the number of buds of size 2'. Let us denote this number
by f,(a) for the triangle and g,(a) for the (half) hole dynamics. Then

8
2fn 1(3(5 if a; =0;
fa(@=_ 2fn 1(@)+2fn 2(a% if ajap = 10;
" 2fn 1(@)+ 200 2(a% if agap = 11;
and
2f if =0;
g@= 2n 1@ S
20n 1(&% if ag =1:

When a is rational, these equations reduce to a nite linear recurson, so that f,(a) cn,
for somec > 0 and 2 (0;4]. If 2, then it follows immediately that dim y (@5,) = 1. If

> 2, then these are Maudlin-Williams [MW] fractals. Hence the box counting and Hausdor
dimensions agree, and dim (@5,) =log = log 2.

To illustrate, for N 2 let us take a with periodic binary representation that repeats N 1
initial 1's and then a single 0, soa= (2N  2)=2N 1). Index the shifted con gurations with
superscripts. We get

O =20 1=4g o= =2 %) (,1\1 »=2" Mo o
Also,

fa *=fp1=fau
fa Z=2fN t+2f o =41, 5

fN 3=2fN 2429 1=12f, 3
Recursively thereafter we getf N * = ¢f,, «, using

k k
i k=afy O Veag) P =@ac i +2X Dy

3The limit also equals S, in the weak sense, but Hausdor convergence seems more to thepoint.
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Fig. 8. Occupied set ofHex 13, started at fOg, at times ba 210¢ for a = 2=3,
14=15, and 6263 in darker, lighter, and darker shade, respectively. Thisillustrates
problems with surmising fractal properties from pictures: the 2=3 case appears to
have the \most fractal" boundary, which in fact has dimension 1. The fairly large
fractal dimension in the other two cases is a consequence ofayth that appears at
the exposed corners and is not visible at this scale.

Therefore ¢;=1 and for k 1, ¢ satisfy the recursionc, = 2¢c 1 + 2K 1. It follows that
o=k 2¢1 sofy=N 2V f, y,and =2 (N=2)*N. Hence

, _ 1  log,N
dimu(@a) =1+ —

For example, dimy (@5,-3) = 1, dim g (@b14-15) = dim y (@Bo45-255) = 5=4; the dimension
achieves its maximum (within this collection of examples) d approximately 1.289 ata = 62=63,
andtendstolasN !1 . See Fig. 8.

Note that we do not know how to determine dimy (S;) when ais irrational, nor the maximum
possible value of dimy (SaJ).

The Diverse Hole Dynamics (DHD) is associated with the 4Hex rules that have (3) =
(4) = 1. Besides Sy, there are now three hole dynamicsH, W, i =1;2;3, all initialized at ;
whena =0 (cf. Fig. 9). When a; =0 or ajap = 10, the recursion for S; is the same as before,

while if ajap, = 11,

S=w 1 Bowdse ( Boslse | 3o+ dw
[ B i oW [ Biednie [ B +} His
If a = 0, then
HI=1s0 [ @LD+3 So [ @O)+1 -, Su
HZ=H3=(1;D)+% Swo [ (LO)+31 -, Su;
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Fig. 9. DHD. Live vertices within the H's are indicated by arrows.

while if a; =1,

Ha= 3W [
H2=(1;1)+
H3=(1;1)+

Nl NI

W
W

L+ 3

[
[

W
(1;0) +
(1,0) +

[

Nl NI

Go+1 ,w [ 1 HEL
oW [ 3 Hn [ 13
oW [ 3 HL [ 1l

+

+

Nl NI

H3

a0
H go:

These are extended toa 2 [0; 1] in the same way as before, yielding the following result.

Theorem 5. Assume thatt, = a 2", for a2 [0;1], and Ag = f0g. The 4 rules with (3) =1
and (4) =1 exhibit convergence to DHD:

in the Hausdor metricas n!1

2 "A, 1S 4

, uniformly in a.

It follows from Section 6 that for these 4 rules, most nite seeds give rise to macroscopic
dynamics di erent from DHD. The more general construction is quite analogous, however, so

we will not describe it in detail.

Dimension computations are similar to those for SHD, but moe complicated. Now there are
fn(a) and g,(a), i = 1;2;3, that satisfy

fn(a) = >2fn 1(a%+2fn 2(3-09
C 2, (9 + o 2(308"' gﬁ 2(a09

8
2 fn 1(3-(5

if a; =0;
if ajap = 10;
if ajap =11;
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and

( 3, 1(29 if 0
al if a; =0;
m@= " Lo
g 1(29 if ag =1;
2f, 1(a9 if a; =0;
w@= " L
o 1@+ g 1(a9 if ag =1;
2f, 1(a9 if ag=0;
w@= _o° Lo
2g3 (a9 if a; =1:

For the same examplea = (2N  2)=(2N 1) as in the SHD case, a similar but more involved
computation yields

1 1 N 7N 11 5
W Ing §N 27 + §2 9 §lfN eveng :

dimy (@5,) =
8 Thickness and related issues

Let us begin the proof of Theorem 3 by considering the 8 digithsnow akes that are not exactly
solvable. For the argument that A1 is never thick, we address only the hardest casdjex 1456
the same method applies equally well to the other 7 rules.

Fig. 10. Dynamics in H(84) at times 34, 49, 56, 58, 66. Arrows indicate which
directions of boundary dynamics (from nearby buds) lead to the residual hole.

The key fact (initially suggested by simulations) is that holes of sizes in the sequence below,
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obtained by doubling and subtracting 4,
84;164 324,644 . ::;

create holes, each of which is twice as large as the previous@ Although this should follow from
a general rescaling property of the dynamics (which we do noteven know how to formulate),
the property is a consequence a nite chain of basic interadbns, as illustrated by a sequence of
intermediate times for H (84) in Fig. 10.

Before we write out the details, note that the con guration i n the hole is symmetric with
respecttothemap k;y) 7! (L y;L x),andwrite L =2"+2" 244, n 6. The rstimportant
con guration to consider occurs at time t; = 2" 1+2 (t; = 34 when n = 6). Concentrate on the
extreme boundary dynamics generated by two budsb; at (2;2" 1+4) (moving eastward) and b,
at (2" 1+2:2" 1+4) (moving diagonally towards the northwest), and their tw o symmetrically
located counterparts b and . Now let us pause at the timet, = t; +2" 2 1 (49 in the
example). The two budsb, and B would have created two diagonals

(" 1+2 2" 2+1;2" T+ to 2" t+2;2" t+442M 2 )
(L (@" *+4) 2" 2+1;L (@" '+2)to(L (2" *+4);L (2" '+2)+2" 2 1)

if not for the interaction between them. By additivity, we ne ed to eliminate the intersection
between the two, which consists of 2 sites, as is easy to checlkt the same time, b, creates a
column

" 2+2;2" T+4)to (2" 2+2;2" t+4+2" 2 1)

Note that this does not interfere with the diagonal created by b, (on which the smallest x-
coordinate is 2' 2+ 3).

Now it is easy to see that the gap of two sites created by the irgraction betweenh, and
B creates two buds which generate the same boundary dynamicsn(the northwest direction)
as would a single 1 at timet, 1 immediately southeast from the gap, at (2 1 +2;2" 1+
2" 2+ 2). Call this seed bz. Also consider the budb, (and its symmetric counterpart &) at
(2" 2+3;2" 1+2" 2+ 4) (immediately northeast from the top of the column in the p revious
paragraph), which creates extreme boundary dynamics movig eastward. The next time to
pause is just before these two interact, at timetz = t, +2" 3 1 (which is 56 in our example).
At this time, bs creates a diagonal

" 1+2 @3 12" 42" 242)to (2" T4+2;2" 420 242420 3 )

plus two new buds at its ends, one to the west of the bottom poity one to the north of the top
point. It follows that the boundary dynamics from b, is free to make one more step free from
interruption from bz to create a column

(an on 3+2;2n 1+2I’l 2+4)t0(2n1 on 3+2;2n 1+2I’l 2+4+2I’13 3)

This column would be higher if not for interference from b which creates a horizontal column
at the same time. These two, together with an additional site from bz, seal the hole at time
t3 + 1. Three new sites are occupied inside at the next time, but he remaining sites remain 0
forever (if n  6).

Since the dynamics create a hole of every size in the sequendae nitely many times and no
matter what the nite seed Ag (cf. Sections 4 and 6), it follows that there are arbitrarily large
islands of O's in the nal state A; . Therefore A; is not thick.
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The argument that A§ is always thick for Hex 1 is quite simple. Namely, we will show that
every 1 inA; thatis at *! -distance 3 or more fromAg must have a 0 within * -distance 2.
Assuming this is not the case, let a 1 atx be a counterexample. Lett be the time at which
X becomes 1. We label Qthe 0 at x at the time t 1. We will also assume, without loss of
generality, that the single 1 in x + N at this time is to the left of x.

cNeoNoNe!
oeLer o
eeo

Fig. 11. Local con guration at time t 1.

It follows that the two O's labeled 0; in Fig. 11 must also become 1 at timet (to avoid being
a 0 with two neighboring 1's), and then so does 9. This forces the remaining O's in Fig. 11 and
yields a contradiction, as the 1 cannot be isolated from othel's.

Let us turn next to the exactly solvable rules. To show that A; is thick when Ag = fO0g,
we simply note that the smallest wedges and holes contain 1'sand choose a suitableR, an
upper bound on the distance between any 0 and the set of 1's. Aneasy induction shows that
R provides the same bound for larger wedges and holes. Generailitial sets are handled by
arguments in Section 6. (Note, however, that the maximal disance of a O from the set of 1's in
A; may not be bounded independently ofAp.) Thickness of A§ is equally easy to establish.

To nish the proof of Theorem 3, we need to demonstrate (2).

We start with Hex 13456 First note that a nite seed will generate six rays of 1's via the
extreme boundary dynamics. Assume that there is a nonempty ennected (in the hexagonal
lattice sense) set of O's inA7 . If this set is in nite, then it must extend to in nity, say, b etween
the eastern and northeastern ray of 1's. Hereafter we referd the sites within that portion of
A1 . Start at some point between the rays, and move up to the topmst O, call it 0;. Assume
rst that its northeast neighbor is 0, call it 0 ,. There cannot be any 0's above 9 (or else the
topmost 0 would see at least three 1's). Then the northeast nighbor of 0, must be a 0, call it 0,
again with no 0's above it. Continuing in this fashion, we create an in nitely extended diagonal
of 0's. But the boundary dynamics alone precludes this, for therwise they would never create
a 1 directly above the diagonal, and then directly above that etc., nally eliminating the ray
of 1's. Therefore the right neighbor of Q must be a 0, again call it G, and the entire column
above @ must be 1's. By the same argument, the right neighbor of 8, named @, must be a 0
and the entire column above it 1's. This procedure eventualf creates a horizontal ray of O's,
which is equally impossible by the boundary dynamics. The oly remaining possibility is that
the connected set of 0's is nite. But then simply observe tha the rightmost among its top 0's
must see at least three 1's. This contradiction demonstrate that A = ;, as claimed.

We conclude this section by showing thatHex 13456is the only case for whichA; does not
have in nitely many O's regardless of Ag. It is easy to observe that the other three candidates
(i.e., rules with density 1) may leave some 0's:Hex 136 and Hex 1346 will not Il a domino 00
in a sea of 1's, whileHex 1356 will not Il a triangle  ° in a sea of 1's.

To generate in nitely many 0's, let the initial set Ag consists of a column ofL 1's. Then the
primary boundary encloses a triangle with this column as oneside, at time L. This repeats every
time the boundary dynamics recreates the initial set, hencén nitely many times. To show that
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there is an Ag with in nitely many O's in A1 , it is therefore enough to nd an L for which the
described triangle does not completely Il in. By exhaustive computer search, the smallest such
L's for rules Hex 136, Hex 1346, and Hex 1356 are, respectively, 5, 19, and 42. We do not know
if there are smaller seeds with this property, but it seems that very small random initial seeds
(those that tinto 5 5 box, say) are very likely to haveA; = Z2.

9 Exact Solvability

The phrase \exact solvability" is popular in statistical ph ysics [Bax], but its exact meaning is
di cult to pin down. By contrast, as we will now explain, in th e discrete world of deterministic
CA this concept does have a natural rigorous framework basedn computational complexity. We
will restrict our formulations to the nal set A1 , although generalization to the entire space-time
evolution is straightforward. (In fact, at the cost of an extra dimension, it is easy to represent
the evolution of any two-state CA as the nal con guration of a solidi cation rule.) Intuitively,
we require that \for a given x 2 Z2, it is computationally easy to decide whetherx 2 A; ." This
notion of course depends on an initial setAq, which will be assumed to bef Og unless otherwise
speci ed. Formally, we call a solidi cation CA exactly solvable(from Ay) if there exists a nite
automaton which, upon encounteringx as input, decides whetherx 2 A; . Representation of
x as input is given as (i1, i%;i3;i%;:::), wherei};i? are the most signi cant binary digits of
the rst and second coordinate of x; i%; i% the next most signi cant, etc. (Some initial ij's or
iﬁ‘s may be 0, and the representation is nite but of arbitrary | ength.) This means that Az
is automatic [AS], or equivalently a uniform tag system [Cob]. More general representations of
inputs are sometimes desirable, particularly if one wants ¢ study CA on more general lattices,
but this one su ces for our present purposes. Note that exact solvability puts a limit on the
computational complexity of a CA: for example, it cannot be universal* Also, by [Cob, Theorem
6] suchA1 cannot have an irrational density, in contrast to the limit s et in [GriH] generated by
a suitable initial seed in the Game of Life.

To our knowledge, the simplest nontrivial example of an exatly solvable CA is Diamond 1
solidi cation, which is a modi cation of Hex 1 using the neighborhoodf (0;0), (0; 1), ( 1;0)g.
In this case (the \intricate, if very regular, pattern of gro wth" depicted on p. 171 of [Wol3]),
it can be shown by induction that x 2 A; i max fk : iﬁ = 1g = maxfk : iﬁ =1g. ltis
easy to construct a (two-state) nite automaton that checks this condition, and the density
of A1 evidently must satisfy the equation =1=2+ =4, so that = 2=3. It is also worth
noting that the rst quadrant portion of this Aj; is a xed point of the substitution system
11 19,0 32 Although, by Cobham's theorem ([Cob, Theorem 3], [AS, Thesem 14.2.3)),
a substitution representation of A; must exist in any exactly solvable case, we have no simple
explicit construction for our Hex examples.

The proof that Hex 13 is exactly solvable is quite a bit messier than the recursiorfor by,
as symmetry seems di cult to exploit. We now sketch the construction of the required nite
automaton, as encoded in Fig. 12. The number of states will baletermined by a number of
possible division squares Except in three cases, these squares are further divided to two
triangles by the northeast diagonal. Each of these triangls is either awedge in which case it
is equipped with an arrow at the vertex from which the wedge popagates in the dynamics, or

“Note that, since there are one-dimensional universal CA [Coq], there are two-dimensional universal solidi -
cation CA. A universal CA can generate any recursive language, hence one which is not recognizable by a nite
automaton.
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Fig. 12. Division algorithm. Transition according to the value of i;i» is indicated
in the top line, and pieces are labeled in the obvious fashian

a half hole which is equipped with two arrows. The half hole encodes dynaics lling in one
half of the diamond-shaped holes. We need to distinguish weges and half holes with di erent
orientations, so there are 6 of the former and 4 of the latter. The rst exceptional (undivided)
division square is afull hole, which has a single representative and encodes lling a squa hole.
The other two exceptions, arbitrarily named B-square and C-square, have four representatives
each and encode lling the \complex” part of a wedge. (A B-square is marked by 3 arrows,
while a C-square is marked by a single arrow, as shown in Fig.2l) The number of possible
division squares can be reduced by observing that two half-bles cannot appear, and neither can
two wedges with arrows which originate at the corners of the sutheast diagonal. This makes a
total of 29 possible division squares.

Assume that both initial signs are +. Draw the initial divisi on square, representing the initial
state of the automaton, which has two wedges, each with an aow at the lower left corner. The
situation is re ected when both the initial signs are , while in the case of a + and a the
initial state is a C-square.

After reading (i};i2), the next state is one of the 4 subsquares, two of the same typas the
initial one, the other two B-holes. This division is of course dictated by how the dynamics lls
the square. The next two bits induce further division, and soforth. Fig. 12 provides a check
that any of the 29 division squares gets divided into 4 divisbn squares.

A minor nal complication is that the holes are not divided in to two smaller holes by ex-
act wedges, but by their translation in a coordinate direction by 1. These corrections do not
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accumulate, as they go in opposite direction from one scaleotthe next, as illustrated by Fig. 13.

One can also prove thatHex 134 is exactly solvable by the same method. The algorithm is
a little more involved, as it necessitates several more type of full and half holes, but there is
nothing conceptually new, so we omit the details.

i

Fig. 13. Hole correction. First correction (on the larger scale) is n the direction
(0;1), next in the direction (0; 1).

As it turns out, we have already established enough structue to establish the relative com-
plexity of the 8 remaining digital snow akes. Indeed, the following result [GraH], together with
Theorems 1{3, proves that none of them can be exactly solvalel from any initial set.

Lemma 9.1. If an automatic set S  Z? has a strictly positive asymptotic density, then it is
thick.

In conclusion, we remark that complexity analysis of celluar automata by means of nite
automata was initiated by S. Wolfram in [Wol2]. The perspective of Wolfram's paper is in a
sense opposite to ours, in that it measures how complexity ahe set of all possible con gurations
increases over time. In contrast, we consider a single conuation at the \end of time."
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