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Abstract

The chromatic symmetric function of a graph is a symmetric fu nction that generalizes the chro-
matic polynomial. Its investigation has largely been motiv ated by the existence of an open problem,
the poset-chain conjecture, which is equivalent to the assertion that for certain graphs, the coe cients
in the expansion of the chromatic symmetric function in term s of elementary symmetric functions,
known as the e-coe cients of the graph, are nonnegative. In this paper we s tudy how the e-coe cients
of a graph G are e ected by taking the disjoint union of G and a complete graph, plus all edges be-
tween the vertices of G and the vertices of the complete graph. We call such a graph an almost
complete graph. Our main result is a description of the chrom atic symmetric function of almost
complete graphs that can be used to study their e-coe cients.

1 Introduction

The chromatic symmetric function Xg(x1;X2;:::) = Xg of a graph G was rst studied by Stanley [6].
However, the open problem that has been the motivation for meh subsequent work (including the
present work) was proposed earlier by Stanley and Stembridg [8]. This problem is the so-called poset-
chain conjecture, which is equivalent to the assertion thatthe chromatic symmetric function of certain
graphs (incomparability graphs of 3 + 1-free posets) ise-positive (i.e., the coe cients in its expansion
in terms of elementary symmetric functions are nonnegativg That this conjecture remains unresolved
illustrates the fact that the coe cients in the expansion of the chromatic symmetric function of a graph
in terms of elementary symmetric functions (henceforth we vill call these the e-coe cients of the graph)
are poorly understood. In fact, there are some very simple sg of graphs (such as strips of triangles) for
which it is not known whether the e-coe cients are nonnegative.

The e-coe cients of the complete graph K, are trivial: we have Xk, = nle,. However, it is not clear
how the e-coe cients are a ected by removing a small number of edges fom a complete graph. More
formally, given a graph G, we are interested in the e ect of taking the disjoint union of G and a complete
graph, plus all edges between the vertices o6 and the vertices of the complete graph. Intuitively, we
think of G as being small and the complete graph as being large, and we Itauch a graph an almost
complete graph. One would suspect that the resulting chromtic symmetric function would in some
sense be \close" to the chromatic symmetric function of a corplete graph, and (due to the conjugate
triangularity of the transition matrix between monomial an d elementary symmetric functions) this is in
fact the case. In particular, the number of nonzeroe-coe cients of an almost complete graph is no more
than the number of partitions of the number of vertices of G. These coe cients are the subject of the
present work.

Actually, we will not work with the e-coe cients directly. Instead, we will work with the p-coe cients
(the coe cients in the expression of the chromatic symmetric function in terms of power sum symmetric



functions). Our main result (Theorem 6) expresses these cogents in a way which, in light of Theorem 1,
can be used to calculate thee-coe cients.

Though the chromatic polynomial is our only example, we preér to work with a more general object
that we call a polynomial set map of binomial type (PSMBT). Th e de nition of a PSMBT is a simple
generalization of the de nition of a polynomial sequence ofbinomial type (PSBT); instead of being
indexed by positive integers (as in a sequence), the elemesof a PSMBT are indexed by nite subsets
of some xed set.

There is a natural way to associate to any PSMBT a symmetric function (set map) that we call the
symmetric function counterpart of the PSMBT. The symmetric function counterpart of the chromatic
polynomial (set map) of a graph is just the chromatic symmetiic function (set map) of the graph. In the
special case of PSBT's, the symmetric function counterparthas been studied by Loeb [3].

It should be noted that the de nition of a PSMBT does not actua Ily suggest any connection to graph
theory. It is indeed a surprising fact that the important pro perties of the chromatic polynomial still hold
for this much more general object. While, as noted by Stanley([6], p. 187), there does not appear to
be much hope for nding a nice property of graphs which is equialent to e-positivity of the chromatic
symmetric function, this may not be true for PSMBT's. Hence the study of PSMBT's may be relevant
to the poset-chain conjecture.

Let us conclude this introduction with a summary of what follows. In Section 2 we establish the
notation used throughout the rest of the paper. In Section 3 ve prove a theorem in symmetric function
theory giving a new relationship between elementary symmeic functions and power sum symmetric
functions. In Section 4 we give the de nition of a PSMBT, the principal object of our investigation,
and study its basic properties. We also introduce the symmatic function counterpart of a PSMBT. In
Section 5 we prove our main results (Theorems 4 and 6). Fina}l in Section 6 we show how our results
are related to the chromatic symmetric function of almost canplete graphs.

2 Notation

For a positive integer n dene [n] = f1;2;:::;ng. We use the notation (x), for the falling factorial
x(x DX 2) (x n+1).

We will work extensively with nite sequences. The elementsof a nite sequence are called parts,
and the i'th part is denoted ;. The length “( ) of a nite sequence is the number of parts. The weight
j | is the sum of the parts. We will denote the empty sequence by. A composition is a nite sequence
of positive integers. If is a composition andj j = n, then we say that is a composition ofn. De ne
" =( 11 ) 1f and are compositions, we dene + to be their concatenation. A partition
is a composition that is weakly decreasing. If is a partitionand j j= n> 0, wewrite "~ n. If isa
composition, we denote byt( ) the partition obtained by ordering the parts of  so that they are weakly
decreasing.

A set partition is a set of disjoint nonempty sets. The elements of a set pattion are called blocks.
The length “( ) of a set partition is the number of blocks. If the union of the blocks isS, then we say
that s a set partition of S and write | S. We denote byt( ) the partition whose parts are the sizes
of the blocks of . The relation means every block of is contained in some block of .

Denition 1. Let and' be compositions. De ne( ) to be the number of injectionsi : ["(" )]! [ ( )]

such that ;, ="' ¢ (whereiyx = i(k)) for all k2 ['(" )]. In particular, for a positive integer n, ( )n is the
number of timesn appears in . Also dene ( ). =1. De ne the notation ' tomean( ) > 0.
Lemma 1. Let and' be compositions such that . Then
() = Y (! .
C O O
Proof. Let ky < kz <:::<k () be the positions such that' ¢, = j. There are ﬁ ways to
chooseikl;ikz;:::;ik(, ) such that ;,  =]j. O



One important consequence of this lemma is that
Y
() = ()t

i1

3 Symmetric Functions

For background on the theory of symmetric functions, see [4br [7]. In addition to monomial symmetric
functions m and elementary symmetric functionse , we will also use their augmented counterpartsjm-
and e , de ned by

m =()m
and 0 1
Y)
e =@ Ae

The purpose of the augmented symmetric functions is to ensug that certain coe cients are integral.

Denition 2. Let  be the coecient of p in e . Thatis,

X
e = p;
“n
wheren = j j. Alsodene = i i wherej j denotes the partition whose only part i j.

Lemma 2. We have 0 1
)

¥
=" @A)

i=1
Proof. See [7] section 7.7. O

From the de nition of we know that

X
p = nle,:

This next theorem generalizes this.

Theorem 1. Letn m be positive integers, and let be a composition ofm. Then

0 1
0 " o' i
Cop = " P € m:
‘n (n m)! i=1 I
Proof. We have X X .
() p= (+') O ) py gy (1)
n nm

For compositions and we have ( + ); =( ); +( );. Hence from Lemma 1 we obtain

. Yo+ Y )
( + ) = 7:( )
From Lemma 2 we have
N e T . N A O R G T
1 im0 m . ()i



Substituting into (1), we obtain
X n . X n .
LR OO L p= () P& m
n n m
Now expand ' using Lemma 2. O

Corollary 1. Let be a partition of n whose largest part isn  m, and let be with its largest part
removed. Then

n m)X X oY)
e = (L_METp T () T
’ ‘n "m i=1
Proof. We have
0 ¢ 1
X X n m)! X
e =€teé m= P& m= "'( n')@ " () p
"m "m : i=1 ‘n
Now interchange the order of summation. O

4  Polynomial Set Maps of Binomial Type

De nition 3.  Let M be a countable set, and lef be a map whose domain is the set of nite subsets of
M. Then we callf a set map onM, or simply a set map, and we use the notatiorf (S) = fs. If the
range of f is the polynomial ring Q[x], then we write fs = fg(x) and we callf a polynomial set map. If
f also satis es

X
fs(x+y)= fa(X)fe(y) (2
Al B=S
for every nite subsetS M, where the sum is over all ordered pairsA; B of disjoint sets whose union
is S, then we say thatf is a polynomial set map of binomial type (PSMBT).

If f is a PSMBT such that fs(n) = fr(n) wheneverjSj = jTj, we de ne fy(n) = fs(n), where S is
any subset ofM such that jSj = k. We have

Xk
fr(x+y)= | fi()fk i(y);

i=0
so in this case a PSMBT is a polynomial sequence of binomial pe.
Lemma 3. Letf be a PSMBT. Then eitherf is trivial (i.e., fs(x)=0 for all nte S M) or
1. For every nite non-empty subsetS M, f5(0)=0.
2. f.(x)=1.

Proof. We havef.(0) = f.(0+0) = f.(0)? (because; is disjoint from itself) so f.(0) = 0 or 1. Now,
if S is a set with one element, thenfs(0) = fs(0+0) = fs(0)f.(0) + f.(0)fs(0) = 2fs(0)f. (0) so
we must hafgefs(O) = 0. Now suppose this is true for 0< jSj < k. Then if jSj = k we havefg(0) =
fs(0+0)= ;1 g-5pa(0)fe(0) = fs(0)f, (0)+0+ f. (0)fs(0) = 2f5(0)f, (0) sofs(0) = 0. Furthermore,
fs(x)= fs(x+0)= Al g=s fa(X)fg (0) = fs(x)f.(0), soif f.(0) =0 then f is trivial.

Now assumef is nontrivial so that f. (0) = 1. Then for any positive integer t we havef. (x) = f. (%)t
(for example, . (x) = f.(3+ 5+ )= f. (. (5+ 3) = . (5. (3)f. (5)). Hence if the degree off . (x)
is greater than 0, thenf. (x) cannot be a polynomial. Sincef. (0) = 1, we must have f. (x) = 1. O



Lemma 4. Letf be a nontrivial polynomial set map onM. Then f is a PSMBT if and only if f.(x) =1
and for every nonempty subseS M and nite sequence of rational humbers ,

X X Y
fs( )= fr(im): ®3)
FSit P [()NT2
injection

Proof. If f satises (3), then we can take = (x;y) to obtain (2). Hence f is a PSMBT. For the
converse, supposé is a PSMBT. Suppose also that the Lemma is true for ( ) <k (it is certainly true
for °( ) =0). Then for “( )= k we have

X
fsGD="fsCk+jj W= faCfel ] «);
Al B=S
which by the inductive hypothesis is equal to
X X X Y
fs( k) + fa( k) fr( im):

Al B=S FBi: | [k 1]T2
135? injection

But this is the same as (3). O

Theorem 2. Let F be the set of all polynomial set maps oM, and let H be the set of all set maps on
M with range Q. The maps ; :H! F dened by

X Y

C(MsC)= X)) br; (4)
s T2
X Y

( (Ysx)= x hy; (5)
Fs T2

and ( (h)). (x)=( (h)).(x) =1 are bijections betweenH and the set of all nontrivial PSMBT's on M,
and

( Hf)s = fs(D);
( *(f)s=1300):
Proof. Let h 2 H. Let a,(x) be any polynomial sequence of binomial type, and de ne a pginomial set
map f by X v
fs(X) = a )(X) hT:
j: S T2
Then X Y X X Y Y
fs(x+y)= ac)(x+y) hy= am(Xae)(y) hr hr:
ES T2 FSA]lB= T2A T2B

Interchanging the order of summation, we see that this becoras
0 10 1

X Y X Y X
@ a(y(x) hA@ a(yy) hiA= fa(X)fe(y):
A]B=S [EA T2 =B T2 Al B=S

X

Therefore, f is a PSMBT. Sincea, (x) = x" and a, (x) = ( X)n are polynomial sequences of binomial type,
it follows that (h) and (h) are PSMBT's.
Now let f be a PSMBT. We will show that f = ( 1(f))= ( *(f)). For any positive integer t we
have X Y
X X X X X
fs(x) = fs(t?)= fs(f"‘ ?+ + Y)= (t)) fT(Y) (6)
ES T2



by Lemma 4. If x is a positive integer, we can lett = x so that

X Y
fs)= () fr@=(( *FNsx):

Es T2

Since this is true whenx is a positive integer, it is true in general.
If we now lett!1 in (6), we have (t)-( ! t() so

X Y X X Y X X Y
fs(x) = lim tfr()= im ()= xO " £(0);
t FST2 FST2 b t S T2

whichis ( ( *(f)))s(x).

Finally, let h 2 H. We have (1x = O for each integerk > 1, and (1); = 1. Hence ( (h))s(1) = hsg,
which implies that h = ( (h)). Also, the coe cient of x in ( (h))s(x) is hs, so ( (h))2(0) = hs.
Henceh = 1( (h)). O

De nition 4.  Let f be a PSMBT. For each nite subsetS M dene (f)s =( (f))s = fs(1). That
is, (f)s is the sum of the coe cients in fs(x). Also dene fS=( 1(f))s = f2(0). Thatis, fS is the
coe cient of X in fg(x).

We will make frequent use of the equations

X Y
fs(x) = x>y (F)r (7
j:S T2
and X Y
fs(x)= x () fT: (8)
FS T2
— i ; ._Pli k _Pl 1ekik —
If fs(x) depends only onk = jSj, then letting f (x;t) = ., fk(X)tC and gt) = 5 f “t° =

£ (% )jx=0 (wheref* = f2(0)), we have
f(x;t)= e9®

by applying the compositional formula (see [7], Chapter 5) b (8). In the terminology of umbral calcu-
lus [5], this means thatf(x) is the associated sequence of the compositional inverse gft).

Theorem 3. Let S be the set of set maps oM with range g, the algebra of symmetric functions with
coecientsin Q. Denemaps ; : H! Shy

X Y
(C h)s= M) hr 9)
Es T2
and X Y
((h)s= pgy hr: (10)
FS T2
Then 1= L
Proof. We have . X Y X XY T
(C *Ws= mqy ()= my, f
=] T2 Fs T2
because X Y
(f)r = fr(@)= A
j:T R2



by (8), and Y X Y X Y
fR= fT:

T2 [ETR2 T2

Now interchange the order of summation to obtain
0 1
. X X Y . X Yo L
(C Ms= @ m)A  fT=" py FT=(C (s
FS T2 ES T2
because (see [2] for a proof) X
Py = My )

O

Denition 5. Letf be a PSMBT. We call ( (f)) = ( 1(f)) the symmetric function counterpart
of f, and we denote it byf. Also de ne fS to be the coe cient of p in fs.

The symmetric function counterpart of a polynomial sequenceof binomial type has been studied by
Loeb [3].

5 An Extension

De nition 6. Let M and Q be countable disjoint sets. Lef be a PSMBT onM, and let g be a PSMBT
on Q. De ne the join f + g of f and g to be the PSMBT onM [ Q determined by
8
51 if S=; andK = ;
_ (f)s ifS6; andK =;
0 otherwise

for nite subsets S M andK Q.

In this de nition we have de ned the PSMBT f + g by specifying *(f + g). That f + g is well
de ned follows from Theorem 2.

De nition 7. Let f be a PSMBT. De ne

X

fs00=( D9 —g

fs( x+jSj):

For the rest of this section, we will assume that

1. M and Q are disjoint sets,M is nite, Q is countably in nite, and m = jMj.
2.S M,K Q,s=]jSjandk = jKj.

3. f isaPSMBT on M.

4. cis the PSMBT on Q de ned by ¢k (x) = ( X)jkj-

5 F=f+c

Lemma 5. We have

FS[K =( 1)k l(k 1)|fS( k)= S+kﬁf/\5(3+ k),

where thes+ k in Stk denotes the one-part partition (s + k).



Proof. By de nition FS[X s the coe cient of x in Fs[k (X). From (7) we have

X Y
Fsik (x) = X))y (F)r:
ES[K T2

But for all K Q with more than one element, the de nition of cimplies that (c)x = ck (1) =(1) jk; =0
(and if K has one element then ¢)x =1). Hence

X Y
Fspk ()= () (F)r:

I T2
The coe cient of x is X i Y
(HOICO)+ k) (F)rs
FSs T2
or
X o CO)+k 1Y _
(D (DO gy (O
S T2
But
(DO =Rk Dk "O+D =0 Ky
Therefore,

X Y
FSIK =( 1)k 1(k 1)! ( k)\( ) (f )T :( ]_)k l(k 1)!fs( k);
ES T2

which proves the rst equality. The second equality follows from the fact that
s+k — ( 1)S+k l(S+ k 1)|,
which follows from Lemma 2. O

Theorem 4. Let N = S[ K andn=jNj= s+ k, and let be a partition of n. Then

kil X X Y
FSLK = ——— fAT( i(m));
, ;

(s k1 FSi: ! [()NT2

injection
iyl Ti

where F is the symmetric function counterpart of F = f + c.

Proof. We have X Y
FSIK = FT: (11)
ES[K T2
t( )=

Now, to obtain a set partiton of S[ K suchthatt( )= , we can:

1. Choose a set partition of S.

2. Choose an injectioni : ! [( )] suchthat ;) j Tj.

3. Enlarge the blocks of the set partition to obtain a set partition  of a subset ofS[ K containing
Ssothatj tj= i), where 1 is the block of that enlargesT 2

4. Choose a set partition of the remainder ofK suchthatt( [ )= ,andset = [



Letr: ! Nbedenedbyr(T)= ), andlet’' be the partition whose parts are ;) for T 2
Steps 3 and 4 depend only om (rather than i), so for a given partition there are ( )- ways to obtain
the same set partition

Now, if T2 we use Lemma 5 to write

T TN A, (i i T
FT= JTJM(‘T(J 1) = lm'(T)_i'f"T( im);
Itk i(T):
and also ifU 2
FU = Ui
Using the fact that
Y . Ui ) _ 1 ¥)
i(T) Y = J:m () j!,
T2 U2 j=1 ’ j=1
we can write
O\‘/) 1
Y YooY 1 Yo iy J T
Fl= F7 FV=— ()@ A 0 —fi(im): (12)
T2 T2 u2 j=1 T2 ")
Since this depends only on, , andi, let us de ne
Y
z; = FT:
T2
so that . X X 1
= = o zi Ay (13)
FSi: ! ()
injection
iyl Tj

where A ,; is the number of ways to perform steps 3 and 4 above.

Lett=j j,andlet = ' (i.e., isthe unigue partition satisfying t( +')= ). An enlargement
of to a set partition as in step 3 corresponds to a magp: ! 2K (where X denotes the set of
subsets ofK ) such that the setsi(T) are disjoint (they map be empty) and such that j)(T)j = ) ] Tj
(set t+ = T [ b(t)). To construct such a map we rst choose at s element subsetV of K. Then we
divide the elements ofV into blocks (possibly empty) whose sizes are(ry j Tjfor T 2 . The number
of ways to do this is

k Y 1 k! Y 1
¢ (t o) - 'T'|= FRya— - 'T'I: (14)
s o Cimy 1TPY (s N, Cim 1T
The number of ways to choose a set partition of the s+ k t remaining elements such thatt( ) =
is v) 0 v) 1 |
1 1 1 1 Y
(s+k tl—= S=(s+k -—@ —A im! (15)
( ) ]Zl I ( ) j:]- I T2
Combining (12), (13), (14), and (15) and performing cancelations, we obtain
k! X X () Y
FN = ———  rCim):
GHR ooy OO,
injection
imyd Ti



Now, v Y
()= Cxt= () CNh
1

i1 j

S0
() _Y O oy,
) L O O

O

Theorem 5. There are unique functions S :Z! Q, de ned for all partitions ' (including ' = ;) such

that for all partitions  with j j s,

ES[K X .
= () PG

J"j<s

whereK  Q is any set such thatiKj=j j s.

Proof. Uniqueness follows from the independence df( ) is a partitiong and ' j in the space of
functions from the set of all partitions (of integers greater than or equal to S) to Q. To show existence
we use Theorem 3 to write
X Y X Y
Fsik = My ) (F)r = My 4110 s (f)r:
FES[ K T2 FS T2

Now, it is well known (see for example [7] section 7.5) that

where © denotes the conjugate of ,  denotes the dominance order on partitions, and 2 Q. But if
(t( )+ 117 %9 then the largest part of is greater thanj j s. If we apply this in combination
with Corollary 1, we obtain an expansion of the desired form. O

Corollary 2. Letf be a PSMBT. Then f*is also a PSMBT.

) ) S[K [
Proof. It follows from Theorem 5 that if each part of is greater than or equal tos, we haveF'j L= PP
(because' and|j' j<s implies' = ;). Hence from Theorem 4,
X X Y
fl\s(j i) = fAT( i(T))
ESi: ! [()T2

injection

as long as each part of is greater than or equal tos. Sincef's(x) is a polynomial, this must be true in
general. The result now follows from Lemma 4. O

De nition 8. De ne
s _ (s+ k) FSLK ]

N k! '
whereK  Q is any set such thatfKj=j j s.
From Theorem 4 we have X X Y
NS = ¥ (Ciery): (16)
ESit ! [()T2
injection
iyl Ti

10



Theorem 6. We have
NS = (1))

A S it
injection
i(m)<iTj

wheret =

T2 I(T)"

P P
Proof. We apply the principle =

sum in (16) to obtain
I

fs al ]

Y
t) 7 ( i(m))s

T2

. to each of the () appearances of beneath the second

s X X ‘A X Y ' X Y '
N® = (W T inm) Y iemy) -
FSA]B= iaAl D) T2A igB! () T2B
injection injection
i(1)<iT] ia(A)is(B)=;
Interchanging the order of summation yields
I I
X X . X Y X X '
NS = (i~ T ipcmy) T i m) -
AlB=S AfA iaz Al [() T2 a BFB is:s! [()] T2es
injection injection
i(T)<iT]j ia(A)ie(B)=;

Sincef" is a PSMBT, we can use Lemma 4 to obtain
X

7 ( ia(T)) e t):

T2 a

NS = ( 1)\(A)

Al B=S A=A iat Al TC)
injectiqn )
i(T)<ITj

Note that we can also write Theorem 6 as

Y
() fs a(nij i ¢ (T);

T2

NS = ( 1))

FA S "IN

HD<IT]

which allows us to calculate the 's of Theorem 5.

6 Almost Complete Graphs

Our primary example of a PSMBT is the chromatic polynomial (see [1] for background). Traditionally,

the chromatic polynomial is regarded as a function of a graphand a number (of colors). Here we will
instead assume thatG is xed and de ne the chromatic PSMBT as a polynomial de ned f or each subset
of the vertices of G.

De nition 9.  Let G be a graph with vertex sei/. If SV, dene s(x)=
the traditional chromatic polynomial of G restricted to the vertex setS. We call
of G.

Gjs (X), where g (x) is
the chromatic PSMBT

Theorem 7. The polynomial set map is of binomial type.

Proof. If we have a coloring of G with x + y colors, then we can divideV into two disjoint subsets
depending on whether a vertex is colored with one of the rstx colors or with the remaining y colors.
Furthermore, if we restrict the coloring to one of the subses, it will still be proper. Conversely, if we
choose disjoint subsets and proper colorings of each, the st using only the rst x colors and the second
using only the remainingy colors, the induced coloring ofG will be proper. O

11



In particular, ( )s = s(1) is the number of proper colorings ofGjs with just one color. Therefore,
( )s =1if Gjs has no edges and ()s = 0 otherwise. For a combinatorial interpretation of S, see [9].

Theorem 8. Let G and H be graphs, and let and be their respective PSMBT's. Then the PSMBT
of the join G+ H of G and H (i.e., the graph consisting of the disjoint union of G and H plus all edges
between the vertices of5 and the vertices ofH) is +

Proof. Let f be the PSMBT of G+ H. Then (f )s = fs(1) =0 if S contains vertices from bothG and H
becauseG + H contains edges between these vertices. Therefore, & and K are subsets of the vertices

of G and H respectively, )
51 ifS=; andK = ;
(f) _ ()s ifS6;andK =;
SIK 73 () ifS=;andK 6; °
0 otherwise
sof = + . O

For background on the chromatic symmetric function X g, see [6].

Theorem 9. Let be the chromatic PSMBT of G, and let X be its symmetric function counterpart.
Then Xs = Xgj,, where Xgj, is the chromatic symmetric function of G restricted to the vertex setS.

Proof. Write X Y
Xs = M ) ()r:
Es T2

Now, QT2 ( )t =0 unless the restriction of G to T contains no edges for alll 2 , and QT2 ()r=1
otherwise. Hence this is precisely the expansion of g, in terms of stable partitions [6]. O

De nition 10. Let G be a graph. De ne G! to be the join of the graphG and a complete graph with
countably in nitely many vertices. That is, G* is the graphG with countably in nitely many additional
vertices and all edges connecting the new vertices to the tiees of G. We call the restriction of G to a
nite vertex set (usually containing all the vertices of G) an almost complete graph.

Theorem 10. Let G be a graph with vertex se¥, and let Q be a countably in nite set disjoint from V.
Let be the chromatic PSMBT of G, and let c be the PSMBT on Q de ned by c« (X) = ( X)jkj. Then
the chromatic PSMBT of G (where the new vertices are the elements @) is + c.

Proof. This follows from the fact that c is the chromatic PSMBT of a complete graph with vertex set

Q. O
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