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Directions

¢ Do not begin until instructed to do so.

e You may use pencils, pens, erasers, calculators.

Show all work for full credit.

This exam is open book and open notes.

Put away all cell phones or similar electronic devices.

e Keep your work as neat as possible. If we can’t read it, we won’t grade it.
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1. (5 points each, 15 total) Suppose that f is a C* (all derivatives are continuous) function. To
approximate f by either a polynomial or a piecewise polynomial we choose n + 1 points at
which our interpolant will match the function values. Determine if the statements are true
or false. Write a short explanation of your answer.

(a) If we approximate f by the n!* degree interpolating polynomial, then we can always get
a better approximation by increasing the number of points.

(b) The Lagrange form of the n** degree interpolating polynomial is a better approximation
than the Newton form.

(c) If we approximate f by a clamped cubic spline, we can always get a better approximation
by increasing the number of points.
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2. (10 points) Find the Lagrange and Newton forms of the interpolating polynomial through the
points (x,y) below.
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3. (a) (5 points) Expand f(z +h) in a Taylor series about h = 0. Write out at least four terms
of the series.

(b) (5 points) Use Taylor series to determine what derivative the formula below approxi-
mates. What is the order of accuracy of this approximation?
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4. (10 points) Below is a cubic spline on the interval z € [1, 3).

S(z) = 143(x~1)—-2(x—1)3 fl<z<?2
= 2-3(z—-2)-6(x-22-2z—2)3 if2<x<3

(a) Is S a natural spline? Explain your answer.

(b) Is S a not-a-knot spline? Explain your answer.
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5. (10 points) Suppose we wish to find a polynomial that satisfies the conditions (a)-(d) below.

There is a unique polynomial of degree at most n that satisfies these condtions. What is n?
Explain your answer. Find the polynomial.
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6. (10 points) Let f € C?[xo, x1], and let P be the polynomial that interpolates f at z¢ and 1.
Show that for z € [z, z1]
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