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Analysis of Lax-Wendroff and upwinding using Modified
Equations

The modified equation for Lax-Wendroff is

Vt + QU = UVgqq
h2
= %(VQ —1) < 0 — phase lag

LW works well for smooth problems, but it shows dispersive oscillations when
the solution has sharp gradients.

e For u(z) in C, 4(£) decays exponentially as [¢| — oo

e If u(z) has a jump discontinuity, 4(¢) decays like 1/|£| as |{]| — 0

In nonlinear hyperbolic equations, the solution can form discontinuities even for
C* initial data. (e.g. shock).

Lax-Wendroff does have some dissipation. If we include the next order term in
the modified equation we get

Vt + QUp = [Wyppe — €Vgpee — damping high frequencies
——
e=0(h")
e LW is dissipative order 4
e Upwinding is dissipative order 2
Accuracy with a discontinuous solution
The modified equation for upwinding is
v + avy = Dvg,

Solve u; +au, = 0 and vy + av, = Dv,, on the whole real line with initial data:

1 ifx<O,
u(x,0) =v(x,0) =
(,0) (@,0) {0 if z > 0.
The solutions are
u(z,t) = u(z — at,0)

o) =1 g (E220),

where



The 1-norm of the difference in these two functions is
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Let z = xz — at, so that

0

(e £) — vz, Dl = /
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[lu— vy = 2@/0 erf(s)ds
—o0
=CVDt
where C is independent of ¢t and D. Plugging in D = %(1 —v), we find that:
lu— vl = O(Vh).

e good news : this converges as h — 0, v fixed
e bad news : less than first order accuracy

Analysis of LW and upwinding using Fourier series

In addition to modified equations, we can analyze using Fourier series
Von Neumann Analysis:

Jup(§) =1 —v(1 — ")

grw (€) = 1 — ivsin(Eh) — 202 sin? <§2h>

[Note: amplitudes in Fourier space are preserved in the analytic solution.]

9up(©)] = 1 S (v — v)(EN)* + O((€h)*)

Upwinding has an amplitude error of O((£h)?).

9w (©) = 1= 502 = v)(En)* + O((eh)®)



Lax-Wendroff is fourth order in the amplitude.

The Fourier mode

u = ei(§$+wt)

is a solution to u; 4+ au, = 0 if w = —af (dispersion relation). In one time step,
the phase changes by wAt = —afAt. arg(g(§)) = the phase change per time
step in the numerical scheme. Define the relative phase error as

arg(g(§))
wAt

For low frequencies, the relative phase error is
1
upwind: 1 — =(1 = v)(1 - 2v)(¢h)? + O(h?)

Lax-Wendroff: 1 — é(l — V) (€h)? + O(h?)

Both methods have an O(h?) phase error and upwinding has smaller error.
[See handout for comparison of the two schemes]



