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C0-semigroup, 114, 163

L
1 norm, 4

L
∞ norm, 5

L
p spaces, 351

local, 362

ε-net, 24

σ-algebra, 335

Borel, 336, 338

σ-finite, 337

absolute convergence, 8

in a normed linear space, 33

action, 419

activator, 409

adjoint

of a bounded operator, 193

of an unbounded operator, 246

advection-diffusion equation, 279

Airy’s equation, 330

algebra, 109

almost everywhere, 15, 340

almost periodic function, 135

analytic, 220

annihilation operator, 147

antilinear, 126

approximate identity, 151

approximate spectrum, 241

approximation scheme, 114

consistent, 114

convergent, 114

stable, 115

Arzelà-Ascoli theorem, 45

asymptotically stable, 235, 404

averaging kernel, 260

backwards heat equation, 164

Baker-Campbell-Hausdorff formula, 123

ball

closed, 14

open, 14

unit, 4

Banach algebra, 39

Banach space, 8, 91

of linear operators, 110

Banach-Alaoglu theorem, 120, 208

Banach-Steinhaus theorem, 204

base of open sets, 84

basis

Hamel, 94

orthonormal, 133

Schauder, 94

Bernstein polynomials, 40

Bessel function, spherical, 279

Bessel’s inequality, 137

bifurcation equation, 425

bifurcation theory, 399

Biot-Savart law, 284

Birkhoff ergodic theorem, 204

Bolzano-Weierstrass theorem, 23

Borel

σ-algebra, 336, 338

set, 336

Born approximation, 69

boundary, 88

boundary conditions, 250

boundary value problem, 69, 249

bounded

from above, 9

from below, 9

function, 11
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linear operator, 95

set, 9

bounded linear transformation theorem,

100

brachistochrone problem, 413

Brownian motion, 327

calculus of variations, 410, 420

Cantor function, 32

Cantor set, 16

Cartesian product, 3

Cauchy

sequence, 7

unordered sum, 136

Cauchy-Schwarz inequality, 128, 357

Central limit theorem, 320

chain rule, 388

characteristic function

of a random variable, 323

of a set, 343

characteristic polynomial, 217

circle map, 172

classical solution, 370

closed

ball, 14

operator, 247

set, 15

closure, 16, 88

sequential, 86

cluster point, 31

codimension, 187, 212

coercive, 34, 211

commutator, 109

compact

metric space, 25

operator, 110

relatively, 27

support, 39

topological space, 83

compact resolvent, 227

complete measure space, 339

complete metric space, 8

of continuous functions, 38

complete orthonormal set, 139

completion

of a measure space, 339

of a metric space, 19

complex measure, 337

conjugate exponent, Sobolev, 366

conjugate linear, 126

connected, 89

Continuity theorem, 325

continuous

extension, 100

function, 12

in L
p, 376

random variable, 320

spectrum, 219

topological space, 83

uniformly, 13, 27

contraction, 61

contraction mapping theorem, 62

convergence

absolute, 8

in distribution of random variables, 324

of a sequence, 6

of series, 8

pointwise, 35

topological space, 82

unconditional, 136

uniform, 36

weak in Hilbert space, 204

convex

function, 209

set, 4

convolution, 150, 298, 359

operator, 329

theorem, 154, 309

countable, 30

countably additive, 335

counting measure, 337

covariance matrix of a Gaussian, 331

cover, 24

creation operator, 147

critical point, 381, 410

cylinder set, 85

d’Alembert’s solution, 185

deficiency index, 268

delta function, 253, 291

derivative of, 296

delta sequence, 299

dense, 16

derivative

distributional, 295

Fréchet, 386

functional, 415

Gâteaux, 389

variational, 415

weak, 158, 295, 362
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devil’s staircase, 32

diagonal argument, 46

diagonalizable matrix, 216

diagonally dominant matrix, 79

diameter, 11

diffeomorphism, 393

differentiable, 31

differentiable map, 386

differential equation

existence and uniqueness, 73, 74

existence of solutions, 53

nonlinear, 52

differential operator, 249

diffusion equation, 161

diffusion-driven instability, 408

Dini’s monotone convergence theorem, 60

Dirac delta function, 253

direct method in the calculus of

variations, 381

direct sum, 133, 187

directional derivative, 389

Dirichlet boundary conditions, 250

Dirichlet form, 270, 372

Dirichlet kernel, 183

discrete Laplacian operator, 240

dispersive waves, 170

distance, 11

distance function, 1

distribution function, 340

distributional derivative, 295

distributions, 287, 294

tempered, 291

divergent series, 8

domain

of a linear operator, 245

regular, 365

dominated convergence theorem, 348

du Bois-Reymond lemma, 412

dual basis, 117

dual space

algebraic, 116

of L
p, 361

topological, 116

duality pairing, 293

Duhamel’s formula, 425

dynamical system, 63

eigenvalue, 216

of a linear operator, 219

eigenvalue problem

Laplace’s equation, 277

Sturm-Liouville, 268

eigenvector, 216

energy norm, 373

epigraph, 33

equicontinuous, 44

equilibrium solution, 380

equivalence relation, 33

equivalent norms, 101

ergodic map, 203

ergodic theorem, 172

Birkhoff, 204

von Neumann’s mean, 201

Weyl, 173

essential supremum, 340

essentially self-adjoint, 248

Euclidean norm, 4

Euclidean norm of a matrix, 97

Euclidean space, 4

Euler operator, 415

Euler-Lagrange equation, 412

even function, 156

event, 341

exponential, 112

extended real numbers, 342

extension of an operator, 246

Fatou’s lemma, 347

Fejér kernel, 183

final conditions, 250

finite element method, 373

finite part distribution, 293

first countable, 84

fixed point, 62, 380

flow, 113

Fourier

coefficients, 153

cosine expansion, 156

series, 149

sine expansion, 156

Fourier basis, 134

Fourier transform, 301

eigenfunctions, 312

inverse transform, 305

of a characteristic function, 308

of a convolution, 304

of a delta function, 307

of a derivative, 301

of a distribution, 306

of a Gaussian, 302
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of a rotationally invariant function, 331

of a Schwartz function, 301

of a tempered distribution, 306

of a translated function, 304

of an exponential function, 308

of positive type, 330

on L
1, 307

on L
2, 311

Fourier-Laplace transform, 310

Fréchet derivative, 386

Fréchet space, 289

fractal, 16

Fredholm alternative, 195

Fredholm integral equation, 67

Fredholm integral operator, 68

Fredholm operator, 196

free boundary conditions, 416

Fubini’s theorem, 350

function

even, odd, 156

of an operator, 232

functional, 116

linear, on Hilbert space, 190

functional calculus, 232

functional derivative, 415

fundamental lemma of the calculus of

variations, 412

fundamental theorem of calculus, 384

Gâteaux derivative, 389

Gamma function, 276

Gauss-Seidel method, 79

Gaussian, 302, 341

Gaussian random variable, 321

generalized Hölder inequality, 375

generator, 114

Gibbs phenomenon, 155

gradient, 425

gradient flow, 77

gradient mapping, 417

Gram-Schmidt procedure, 140

graph of an operator, 248

Green’s function, 70, 245, 253, 254, 316

of Laplace’s equation, 276

of the heat equation, 163

Green’s theorem, 250, 274

Gronwall’s inequality, 56

Hölder continuous, 181, 267, 367

Hölder’s inequality, 356

Haar measure, 339

Haar scaling function, 176

Haar wavelet basis, 177

Hahn-Banach theorem, 118

Hamel basis, 94

Hamiltonian operator, 147

Hamiltonian system, 77, 419

Hardy’s inequality, 284

harmonic map, 423

Hausdorff, 82

heat equation, 69, 161

Green’s function, 318

smoothing property, 318

Heaviside step function, 254

Heine-Borel theorem, 23

Heisenberg uncertainty principle, 333

Hermite

functions, 272

polynomials, 146

Hermitian, 197

Hessian matrix, 417

Hilbert cube, 230

Hilbert space, 126

separable, 133

Hilbert transform, 316

periodic, 200

Hilbert-Schmidt

integral operator, 231

matrix norm, 98, 127

operator, 230

hodograph method, 396

holomorphic, 220

holonomic constraint, 423

homeomorphism, 83

homogenized equation, 286

Hopf bifurcation, 405

ill-posed, 104, 164, 185

implicit function theorem, 393

independent random variable, 322

index of Fredholm operator, 196

indicator function, 323

indirect method in the calculus of

variations, 381

inequality

Cauchy-Schwarz, 357

generalized Hölder, 375

Gronwall’s, 56

Hölder, 356

Hardy’s, 284
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isoperimetric, 170

Jensen, 355

Minkowski, 358

Poincaré, 369, 370

Tchebyshev, 359

triangle for L
p norm, 358

Young’s, 359

infimum, 9, 28, 29

inhibitor, 409

initial value problem, 52

inner product, 125

standard, 126

inner product space, 125

integrable function, 345

integral

Lebesgue, 344

Riemann, 382

interior, 88

interpolation inequality, 376

invariant subspace, 222

inverse function theorem, 380, 393

isometric embedding, 18

isometry, 18

isomorphic

Hilbert spaces, 133, 199

metric spaces, 18

isoperimetric constraint, 422

isoperimetric inequality, 170

Jacobi theta function, 319

Jacobi’s method, 79

Jacobian, 396

Jacobian matrix, 387

Jensen’s inequality, 355

KdV equation, 169, 242

kernel, 102

Kronecker delta function, 117

ladder operator, 147

Lagrange multiplier, 421

Lagrangian, 410

Laplace transform, 310, 385

Laplace’s equation, 168, 273, 370

eigenvalue problem, 277

Green’s function, 276

Laplace-Beltrami equation, 278

Lax pair, 242

Lax-Milgram lemma, 373, 376

Lebesgue dominated convergence

theorem, 348

Lebesgue integral, 344

Lebesgue measure, 338

Lebesgue-Stieltjes integral, 346

Lebesgue-Stieltjes measure, 340

Legendre functions, 272

Legendre polynomials, 145, 272

Legendre transform, 417, 418

Liapunov function, 77, 404

Liapunov-Schmidt reduction, 425

limit cycle, 405

linear asymptotic stability, 404

linear form, 116

linear functional, 116

on Hilbert space, 190

linear operator, 95

unbounded, 245

linear spaces

finite-dimensional, 106

linear stability, 404

linear subspace, 5

Lipschitz continuous, 48, 73

local L
p space, 362

locally convex space, 289, 328

lower bound, 9

lower semicontinuous, 14

weakly, 209

maximum, 10, 28

maximum norm, 5

maximum principle, 72

Mazur’s theorem, 210

mean ergodic theorem, 201

mean of a function, 355

mean of a random variable, 321

mean value theorem, 32, 385

measurable

function, 341

set, 335, 336

measure, 335

σ-finite, 337

complex-valued, 337

counting, 337

definition of, 336

Lebesgue, 338, 340

signed, 337

vector-valued, 337

measure preserving map, 202

measure space, 337
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measure theory, 335

measure zero set, 15, 339

method of images, 332

metric, 1

metric space, 2

complete, 8

metrizable topological space, 85

minimum, 10, 28

Minkowski’s inequality, 358

mixed boundary conditions, 250

modified Green’s function, 258

modified Newton’s method, 401

mollifier, 260

monotone, 10

monotone convergence theorem, 347

Dini’s, 60

Monte Carlo method, 175

multi-index, 287

multiplicity, 218

multiresolution analysis, 179

natural boundary conditions, 416

Navier-Stokes equations, 212

neighborhood, 17, 82

neighborhood base, 84

Nemitski operator, 392

nets, 85

Neumann boundary conditions, 250

Neumann series, 69

Neumann, von

mean ergodic theorem, 201

Newton’s method, 400

nilpotent

matrix, 122

operator, 221

Noether’s theorem, 414

nonlinear ODE, 52

nonnegative operator, 198

nonsingular linear map, 95

norm, 4

L
1, 4

L
∞, 5

equivalent, 101

Euclidean, 4

Hilbert-Schmidt, 230

maximum, 5

operator, 95

sum, 4

supremum, 36

uniform, 36, 95

normal matrix, 217

normal operator, 201

normal random variable, 321

null Lagrangian, 416

null space, 102

nullity, 102

odd function, 156

ODE

blowup, 52

existence and uniqueness, 73, 74

existence of solutions, 53

nonlinear, 52

uniqueness theorem, 57

open ball, 14

open cover, 24

open mapping theorem, 101

open set

metric spaces, 15

topological spaces, 81

operator

bounded, 95

bounded from below, 198

closable, 248

closed, 247

compact, 110

differential, 249

functions of, 232

Hilbert-Schmidt, 230

self-adjoint, 247

Sturm-Liouville, 252

symmetric, 247

topology, 109

trace class, 231

unitary, 199

orbit, 172

orthogonal, 199

complement, 130

direct sum, 133

projection, 188

set, 133

vectors, 130

orthonormal basis, 133, 139

oscillatory integral, 330

parallelogram law, 129

Parseval’s identity, 139

partial derivative of a map, 392

Payley-Weiner theorem, 310

Peano existence theorem, 58
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periodic boundary conditions, 250

Picard existence theorem, 58

pitchfork bifurcation, 399

Poincaré inequality, 184, 369, 370

point spectrum, 219

pointwise convergence, 343

pointwise-a.e. convergence, 343

Poisson distribution, 341

Poisson kernel, 169

Poisson summation formula, 319

polar decomposition, 217

polarization, 129

polynomial

Bernstein, 40

Hermite, 146

Legendre, 145, 272

Tchebyshev, 146

trigonometric, 150

polynomial growth, 294

population dynamics, 64

positive definite operator, 198

positive operator, 198

power set, 82

pre-Hilbert space, 125

precompact, 27

subset of Hilbert space, 228

principal value distribution, 293

probability density, 321

probability measure, 340

probability space, 340

product σ-algebra, 349

product measure, 349

projection, 187, 188

projection theorem, 130

pseudo-differential operator, 316

quasiperiodic, 134

quotient space, 211

random variable, 142, 320, 342

Gaussian, 321

random walk, 322

range, 102

rank, 102

reaction-diffusion equation, 406

reflection operator, 297

reflexive Banach space, 119

regular distribution, 292

regular domain, 365

regular point, 381

regular Sturm-Liouville problem, 271

regulated functions, 382

Rellich’s theorem, 266

Rellich-Kondrachov theorem, 368

residual spectrum, 219

of a self-adjoint operator, 224

resolvent equation, 239

resolvent operator, 219, 220

resolvent set, 218

resonance, 398

restriction of an operator, 246

Riemann integral, 382

Riemann-Lebesgue lemma, 308

Riesz Representation Theorem, 191

Riesz transform, 316

right shift, 240

rotation map, 172

sample space, 341

Schauder basis, 94

Schauder fixed point theorem, 62

Schwartz function, 288

Schwartz space, 287, 288

secant method, 78

second-order random variable, 143

self-adjoint

boundary conditions, 247, 251

boundary value problem, 251

operator, 197, 247

semicontinuous, 14

seminorm, 289

separable

L
p spaces, 354

Hilbert space, 133

metric space, 17

sequence

Cauchy, 7

convergent, 6

divergent, 6

sequentially compact

metric space, 23

series, 7, 33

uncountable, 136

sesquilinear, 126

shift operator, 103

spectrum, 240

sign function, 97

signed measure, 337

simple eigenvalue, 236

simple function, 343
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sinc function, 300, 308

sine-Gordon equation, 421

singular distribution, 292

singular integral operator, 316

skew-adjoint operator, 200

Sobolev conjugate, 366

Sobolev embedding theorem, 160, 266,

367, 368

Sobolev space, 93, 128, 158, 362, 363

spectral gap, 164

spectral mapping theorem, 234, 285

spectral radius, 97, 220

spectral theorem

compact operator, 225

for Sturm-Liouville operators, 268

spectrum, 218

approximate, 241

continuous, 219

of a linear operator, 218

of a matrix, 216

point, 219

residual, 219

spherical Bessel function, 279

spherical harmonics, 279

square root of an operator, 243

stability, 404

stable, 404

standard deviation, 321

stationary point, 410

stationary solution, 380

step function, 254

Strang splitting, 123

strictly convex function, 209

strong convergence, 111

strong operator topology, 111

structure theorem

for distributions, 295

Sturm-Liouville operator, 252

spectral theorem for, 268

Sturm-Liouville problem

regular, 271

singular, 271

subsequence, 6

subspace, 5

sum norm, 4

sum, unordered, 136

summable function, 345

support, 39

support line, 375

supremum, 9, 28, 29

essential, 340

symbol, 314

symmetric

form, 197

matrix, 197

operator, 247

Tchebyshev polynomials, 146

Tchebyshev’s inequality, 359

tempered distributions, 291

test function, 288, 362

theta function, 319

Toda lattice, 242

topological linear space, 86

topological space, 81

dual, 116

topology, 81

discrete, 82

indiscrete, 82

induced, 82

operator, 109

relative, 82

strong operator, 111

trivial, 82

uniform, 109

weak, 119, 204

weak-∗, 299

totally bounded

metric space, 24

trace class operator, 231

trace theorem for Sobolev functions, 369

trajectory, 172

translation invariant operator, 313

translation operator, 297

transonic small disturbance equation, 396

triangle inequality, 2, 4

for the L
p norm, 358

Tricomi equation, 397

trigonometric polynomials, 150

trivial topology, 82

Turing instability, 408

ultradistribution, 310

ultrametric, 3

unconditionally convergent, 136

uncorrelated random variables, 143

uncountable, 30

uniform boundedness theorem, 204

uniformly continuous group, 113

uniformly convex, 417
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unit ball, 4

unitary, 199

unstable, 404

upper bound, 9

upper semicontinuous, 14

Urysohn’s lemma, 32

variance, 321

variational derivative, 415

vector-valued measure, 337

Volterra integral operator, 104

von Neumann ergodic theorem, 201

wave

dispersive, 170

equation, 167

wavelets, 175

weak convergence

in L
p, 361

in Banach space, 119

in Hilbert space, 204

of operators, 112

of probability distributions, 324

weak derivative, 158, 295, 362

weak solution, 163, 370

weak topology, 119, 204

on L
p, 361

weak-∗ convergence, 119

weak-∗ topology, 299

Weierstrass approximation theorem, 40

weighted norm, 59

Weyl ergodic theorem, 173

Wiener process, 327

Wigner distribution, 333

Wronskian, 256

Young’s inequality, 154, 359

Zorn’s lemma, 140


