Math 118 Fall 2013

Homework 2 Solutions

1.3.1

e Applying Newton’s Law F = ma in both z- and y-directions. Refer to class notes for assump-
tions.

e For z-direction, no motion implies no resistance force. We still have as in class

T'(b,t)cos(6(b,t)) — T'(a,t)cos(f(a,t)) =0
= T'(b,t) —T(a,t) =0
= T ="Tjy = constant.

e For y-direction we have

T(b,t)sin(é(b,t)) — T(a,t)sin(f(a,t)) — /
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for arbitrary points a,b. Thus
T()uzx(x¢ t) — QU — poUtt = 0,
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e Resistance force is again the motion, so r > 0.

1.5.1
e Characteristic equation is 72 + 1 = 0 which has roots r = =i.
e General solution has the form u(z) = Acosz + Bsinx.
e Applying boundary condition u(0) = 0 leads to A = 0, and u(z) = Bsinz.
e Another boundary condition u(L) = 0 implies Bsin L = 0. There are two possibilities:

— if L # kw for k € Z, B has to be zero, and u(x) = 0 is the unique solution.
— if L = kx for k € Z, then u(z) = Bsin L are all solutions.



2.1.1
e The general solution is u(x,t) = f(z — ct) + g(x — ct).
e Applying the initial conditions lead to f(z) + g(z) = €%, and —cf’(z) + c¢¢'(z) = sinz.
e Solving for f and g, we obtain

flx) = %(e:” + %cosx), g(z) = %(ea’ - %cosx).

e Solution of the IVP is
1 1
u(z,t) = ie“(e_d + ) + 2—0(005(:1: — ct) — cos(z + ct))

1
= e” cosh(ct) + — sin(z) sin(ct).
c

2.1.5
o At t=ua/2c,
0 if |z > 32
u(w,a/2¢) = { 5:(% —|af) if § <z < F
o if 2] < §
e Att=ale,
0 if |z| > 2a
u(z,a/c) =
> (2a — |z]) if 2] < 2a
o At t = 3a/2c,
5
0if |z| > %
u(z,3a/2c) =< 5 (32 —|z)) if § < |z| <2
2if |z| < §
o At t=2a/c,
0 if |z| > 3a
u(z,2a/c) =< £(3a—|z|) if a < |z < 3a
2ifz] <a
o At t=5a/c,
0if |z| > 6a
u(z,5a/c) = £(6a—|z|) if 4a < |z] < 6a
2if |z| < 4a



e Note the pattern. The graph changes slopes at points x = +(a £ ¢t). Except the horizontal
lines, all slopes have magnitude 2%

2.1.6

max u(z,t) =
x

{ a/cfort>a/c

tfor0<t<ajc

2.2.2

e For part (a), differentiating e and p with respect to x and ¢, respectively. Then use the wave
equation uy — Uz, = 0 to show.

e For part (b), use the assumptions that the second-partial derivatives are continuous, i.e, ey =
€tx; Pzt = Ptx-



