Math 118: PDE
HW 7 Solutions
4.1.4

e Using the separated solution in the PDE, we get
FG = F'G —rFG.
Separation of variables gives

G*—H’G‘_F_”_
G F

where \ is a separation constant.

_)\’

e The eigenvalue problem for F(z) is
F" + \F =0, F(0) =0, F(l) = 0.

The eigenvalues and eigenfunctions are

2
Fn(m):sin<nlix), )\n:<n77r>7 n=123,....

e The ODE for G(t) is
G+ 7G4+ ANG = 0.

Its characteristic equation is w? + rw + ¢\ = 0, which has solutions

R = 7
g |

w =

Given that 0 < r < 27¢/l, we have r? < 4¢?\ for all n > 1. This means
the roots are complex. Let w, = a+if,, wherea = —£, 3, = —““323"’7"2.
The solution is given by

G(t) = e (A, cos But + B, sin Byut) .

e The separated solutions are therefore

u(zx,t) = sin (TLZE> e™ (A, cos B,t + B, sin B,t) .



e Taking a linear combination of the separated solutions, we get that the
genral solution of the PDE and BCs is

u(x,t) = Z sin (Zﬂ) e (a, cos Bt + by, sin Byut) .

n=1

e Imposition of the initial condition u(z,0) = ¢(z) gives

() = ian sin (#) :

n=1

S0 ay, is the nth Fourier coefficient of ¢(z),
9 [l
a, = —/ ¢(z) sin (@) dx.
A l

e Imposition of the initial condition u,(z,0) = ¥ (x) gives
= nmx
P(z) ,?:1 B, sin i

S0 b3, is the nth Fourier coefficient of ¢(x), and
2 [ . (NTT
b, = E/o Y(z) sin (T) dx.

4.2.1

e Using the separated solution in the PDE, we get
FG = kF"G.
Separation of variables gives

G' )k
WGoF TN

where A is a separation constant.



e The eigenvalue problem for F(x) is
F" + \F =0, F(0) =0, F'(l) = 0.

The eigenvalues and eigenfunctions are

1 1 2
Fn(x)zsin<w), An:(w>, n=1,23,. ...

e The ODE for G(t) is ‘
G+ kAG = 0.

Up to an arbitrary constant factor, the solution is

G(t) = e ™.

e The general solution is therefore
1 2
- o ((n+ D7z —k(7<"+?)”) ¢
t) = by, —z ’ .
u(z,t) ; sin ( l e
4.2.4
e Using the separated solution in the PDE, we get
FG = kF"G.
Separation of variables gives

G )k

kG~ F

where A is a separation constant.

Y

e The eigenvalue problem for F(x) is
F" + \F =0, F(~) = F(I), F'(~1) = F'(I).

— If A =0, then F”" = 0. The solution is F'(z) = Az+ B. Imposition
of the BCs gives A = 0. Therefore Fy = B, where B is an arbitrary
constant is a solution.



— If A > 0, the solution is F(z) = A cosv/Az+ Bsinv/Az. Since the
cos functions are even, imposition of the BCs implies Sin(\/Xl ) =0,
i.e., VAl = nr for integers n.

— Combining the two cases, the eigenvalues are \, = (nw/l)? for
n=20,1,2,3,....

The solution for F'(x) is therefore F'(x) = Acos “7* + B sin *7%.

e The ODE for G(¢) is
G+ kNG =0.
—kXt

Up to an arbitrary constant factor, the solution is G(t) = e **. If

A=0, G(t) =

e The general solution is therefore

nmT
= —A + (A cos —_— + B,, sin —) kM,
u(z, 0 Z I
5.1.4
e The Fourier cosine series is
) 1 )
|sinzx| = 40 + > aycosnz, —7m<x<pi,
where
2 /7r ) 4
ag = — sinz dr = —
T Jo T
and

1 [7 2 [T
an:—/ | sinz| - cosnx da::—/ sinx - cos nz dz,
m 7 Jo

—T
because |sin x| is even. Since
™ 1 ™
— —/ cos xsinnx dx
0

n

i 1
/ sinx - cosnx dr = —sinz sinnx
0

n 0

1 s
= ——/ cosz sinnx dx
0

n

1
= — COS T COSNIT
n2

™ ™
1 .
+—= sin x cos nx dx,
n=Jo

0



we have

™

1 T
(1-— —2) sinx - cosnr dr = —; cos T cosnx
0 n 0

1
= —ﬁ(cos nm+ 1)

- —% if n is even
] 0ifnisodd
It follows that
ﬁ if n is even
ap = . .
0if nis odd

e The Fourier cosine series of |sin z| is therefore

4 1
+;Z 1_n2(zosmc

neven

4 1
+%;WCOSQTLQT.

|sinz| =

2
7r
2
7T

e Plugging in « = 7 into the previous Fourier cosine series, we get
2 4 1
0=2-2%
[ et dn —1

and
o0

1 1
Z4n2—1:§'

n=1

s

into the found Fourier cosine series, we get

400
_;Z::

e Plugging in x =

TL

>1Il\3

and

i": Y
fedn? -1 2 4



5.1.5

e The Fourier sine series of ¢(z) = x is

A ()" o
QS(m)—;; S ——sin——.

e Integrating term by term, we get

2?2 28K (-1 nmx
?:Fn:l oS +C,

where C' is the constant of integration.

e The constant term in the cosine series is

2 12 2
o z/o 2 T3

Thus, C' = %ao =,
e Plugging x = 0 into the Fourier cosine series for %, we get

2 SN (1) 12
0="=— —
2 — n? + 6’

which gives
i (_1)n+1 B 71.2
2 — T .
~ n 12
5.2.4

e Sine is odd; Cosine is even.

e The product of two even (or odd) functions is even; the product of an
even function and an odd function is odd.

e The integral of an odd function over (—I,1) is zero.

5.2.11



e The complex Fourier series of e” is

where
I :
Cp = — ev . efmﬂ'x/l dr

2 ),
1 e(l—inw/l)x‘l
201 — inm /1) -t
_ 1 l—inm —l+inm
= 20— inn) [ e
B (_1)71 €l o e—l
Cl—inm 2
(=D +inm)
2422

sinh [.

e To get the real Fourier series of e*, we first rewrite the complex series

[e.e]

% — Z <_1) (l + Znﬂ-) Sinh(l)einﬂ’x/l

12 4+ n?n?

n=—oo

sinh / - (_1)n(l + Znﬂ-) : inmx/l = (_1)n(l — Znﬂ-) : —innx/l
== + Z 2 a2 sinh({)e 4 Zl 21 a2 sinh(l)e 1.

The real Fourier series of e* is

1 - nmwx nmwx
e’ = —ag+ (ancos——i—bnsin—),
2" ; l

l
where
2sinh(
ag = 5
{
, (=)™l +inm) (=1)"(l —inm) (—1)"2lsinh!
@n = sinhl ( 12+ n2n2 12 +n2n2 T +n2x2
and

(-1l +inT) (1) —inm)\ (—1)"*"12n7 sinh
[2 + n2m2 [2 + n2m2 -

a, = tsinh/ < — e



e Note that ag = 2co, a, = ¢ + ¢y, by = i(cp, —c_p) forn=1,2,3,....

6.2.4
e Using the separated solution u(x,y) = F(x)G(y) in the PDE, we get
F'G+ GG = 0.
Separation of variables gives

F" G
oo

e First, we solve the subproblem with BCs: u(x,0) = u(x,1) = 0,u,(0,y) =
0,u,(1,y) = y2. The eigenvalue problem for G(y) is

G+ \G =0, G(0) =G(1) = 0.
The eigenvalues and eigenfunctions are
Gn(y) =sinnry, M\, = (nm)?, n=1,23,....

The ODE for F(x) is
F" — )\, F =0,

with solutions
F,.(z) = a, coshnmz + b, sinhnrz.

Imposiition of the BC F'(0) = 0 gives B,, = 0. Thus, F(z) = a, coshnrz.
The general solution is

o0
uy(z,y) = E a, cosh nmz sin nmy,

n=1

where a,, must be chosen such that the solution satisfies the BC u,(1,y) =

2 .
ye, i.e.,

2

1
ay = ————— y?sinnry dx.
nmsinhnrx /,



e Next, we solve the subproblem with BCs: u(z,0) = x,u(x, 1) = 0,u,(0,y) =
u.(1,y) = 0. Using the same strategy, we find the general solution is

us(x,y) = %(y —-1)+ Zcos nra sinhnr(y — 1),

n=1

where
1
2
ag = —1, a, = —— rcosnmx dx.
sinhnm J

e Adding the solutions of the two subproblems, we get our final solution.

6.2.7

e Using the separated solution in the PDE, we get
FG+ F'G = 0.

Separation of variables gives

where ) is a separation constant.
e The eigenvalue problem for F(z) is
F"+ AF =0, F(0)=0,F(r) =0.
The eigenvalues and eigenfunctions are

F,(z) =sinnz, M\, =n* n=123 ...

e The ODE for G(y) is )
G—\G=0.

The solution is
G(y) = AeV™ 4 Be VA = Ae™ 4 Be ™.
Imposition of the BC lim, . G(y) = 0 gives A = 0, so
G(y) = Be™™.



e The general solution is
u(z,y) = Z b, sinnze ™.
n=1

e Setting y = 0 in the series above, we require that

h(z) = u(x,0) = Z b, sin nz,
n=1
which gives
2 7r
b, = —/ h(z)sinnzx dz.
T Jo

6.3.2

e The solution of the Laplace’s equation on the disk is

1 o0
u(r,0) = §A0 + Z r™ (A, cosnf + B, sinnf) .

n=1

e Setting r = a in the series above, we require that
. 1 - .
1+ 3sind = u(a,l) = 5Ao + Za” (A, cosnb + B, sinnb) ,
n=1

which gives

3
A(] == 2, B1 = -,
a
and all the other coefficients are zero.

e The solution of the BVP is therefore

u(r,0) =1+ B—Tsin&
a

6.3.4



e (Given ) )
a® —r

P(r,0) =
(r,0) a? — 2arcosf + r?’

we want to show

1 1
Prr+_Pr+_2P09:O-
T T

e We can do this by direct differentiation, and get

~ 2a((s*+r?) cos 0 — 2ar)

P, :
(a? — 2ar cos O + r?)?

4a(a® cos(20) — r(3a® + r?) cos 0 + 3ar?)

P, =
(a® — 2ar cos O + r2)3

Y

and

—2ar(a® — r*)((a* 4 r*) cos  + ar(cos(20) — 3)) .

Py =
v (a®> — 2ar cos O + r?)3

e OR we can first write P(r,0) in its series form

P(r,0) =1+ 22 (£>ncosn0,
n=1

and then integrate term by term.



