Problem Set 2: Solutions
Math 118B: Winter Quarter, 2018

6.3.1

e (e) The general solution obtained by a superposition of separable so-
lutions has the form

o0
u(r,@):ao+aologT+Zun(r,G) 1<r<2,
n=1

Un(1,0) = (anr™ + apr™™) cos(nb) + (bpr™ + Bpr™") sin(nb).

e Imposition of the boundary condition at r = 1 gives

ag + Z [(an + an) cos(nb) + (b, + B,) sin(nb)] = 0,

n=1

which implies that

ag = 0, an + an =0, bp+ 6, =0 for n € N.

e Imposition of the boundary condition at r = 2 then gives

aglog?2 =1, a1-2+ap-271 =3, bg2® + G278 = —17,
a2 + 27" =0, b, 2" + 5,27 " =0 otherwise.

e It follows that

1
o 10g27 ai ) aq )
17 17
b = — = —
8 28 + 9-8" 58 98 _ 98’

and ay, ay, by, B, = 0 otherwise.
e The solution is therefore

1
u(r,0) = 122; +2(r— 7"_1) cos ) —

17 (r8 — r*S)
28 _9-8

sin(80).



6.3.3

e (e) The general solution obtained by a superposition of separable so-
lutions that are continuous at 7 = 0 has the form

1 oo
u(r,0) = 500+ Z [anr™ cos(nb) + byr" sin(nh)].

n=1

e Imposition of the boundary condition at r = 2 gives
1+ 3cosf — 17sin(80) fao + Z "ay, cos(nf) 4+ 2"b,, sin(nh)] ,

which implies that

1 3 17
§a0:17 a1:§, 68:—¥7
and a,, b,,= 0 otherwise.

e The solution is therefore

1
u(r,0) =1+ gr cos ) — Q—ZTS sin(80).

e In this solution, we require that the solution is continuous at r = 0.
This is not required in Problem 6.3.1(e) because » = 0 is not in the

domain where we are solving Laplace’s equation; instead we impose a
boundary condition at r = 1.



6.3.8

e The function
u(r,0) = P(r,r3,0)

is harmonic inside the disc 0 < r < r3. It follows that for
0<ri <re<rs,

the values of uw on r = r; are given in terms of its values on r = ry by
the Poisson integral formula

1 2T
U(Tl, 0) = 27 P(Tla r2, 0— ¢)U(T2, ¢) d¢
T Jo
e In other words,
1 2
P(T17T370) - % P(T17T270_¢)P(T27T37¢)d¢‘
0



6.3.10

e The general solution of Laplace’s equation in the disc, expressed in
polar coordinates, has the real form

u(r,0) = %ao + Z [anr™ cos(nb) + Bpr" sin(nb)],

n=1
where the «,,, 8, are constants.

e Assuming that the series converges sufficiently rapidly, we can differ-
entiate it term-by-term to get

up(r,0) = Z [nanr™ ! cos(nf) + nB,r™ ! sin(nd)] .

n=1

e The boundary condition u,(rg,0) = f(#), where

f(0) = 1ao + i [anr" cos(nf) + b,r" sin(nd)],

2 n=1
implies that ag = 0 and
a b
an=—r7, PBn=—p7, nEN
nr nre

The solution is non-unique up to an arbitrary additive constant %Oé(].

e The condition ag = 0 is the compatibility condition

7 F(6)do =0
0

for the existence of a solution to the Neumann problem (as in Problems
6.1.7, 6.2.8).



6.3.12
e (a) Since —1 < cosf < 1, we have

2 — 2rrgcos@ + 12 = (rg — ) + 2rro(1 — cos ) > (ro — )2,

>
2 — 2rrgcos@ + 12 = (ro + )% — 2rro(1 4 cos ) < (rg +1)%

It follows that for 0 < r < rg

7“8—7“2 r%—r2 ro+ 7
13 —2rrgcos@+12 = (ro—1)2  ro—71’

2 .2 2 2

ré — 7 ré —r ro — 7T

0 < o _To

7‘(2]—27“7"00050—{—7‘2_ (ro+7)?2 ro+r

e (b) If u is harmonic in r < 7y and continuous on r < rq, then

27 2 _ .2
Y /0 i (ro, &) do

27 r% — 2rrgcos(f — @) + r2u

by the Poisson integral formula. If v > 0, then by using the previous
inequalities in this equation, followed by the mean value property of
harmonic functions, we get that

u(r9) < (7"0”) ! /O%u(m,ww: (’"0”) u(0),

ro—r) 2w ro—7T

ro—r\ 1 [*" rg—r
)= (B20) o [Tty do = (25 ) uto)

which shows that

<7"° - 7") w(0) < u(r,0) < (’"0 ”) u(0).

ro+7T T — T

e (c) Suppose u > 0 is harmonic on R2. Fix 7 > 0. Then for any ro > 7,

we have
] — ) — ] ) N

Taking the limit of this inequality as p — 07, we get that
u(0) < wu(r,0) < u(0),

for all (r,0), meaning that v = u(0) is constant.



The assumption that u > 0 is crucial here. For example,

22
u(z,y) =a" —y
. . . 2 ) .
is a nonconstant harmonic function on R, but it’s not nonnegative.

(d) Suppose that u is a harmonic function on R2. Let M € R be any
constant. If w < M on R?, meaning that u is bounded from above,
then v = M — u is a nonnegative harmonic function on R?, so it is
constant. Similarly, if m € R and v > m on R? meaning that u
is bounded from below, then v = u — m is a nonnegative harmonic
function, so it is constant.

In particular, if a harmonic function v is bounded on R?, meaning that
|u(z,y)| < M, then it must be constant.

If u: R? = R is continuous and u(zy1,y1) = c1, u(z2,y2) = co, then u
takes on all values between c; and cy along a continuous curve joining
(z1,y1) and (z2,y2) by the intermediate value theorem. Hence, if
c € R and u(x,y) # c for any (z,y) € R2, then the range of u must be
contained in either (—oo,¢) or (¢, 00).

If u : R? = R is a harmonic function that does not take the value c,
then the previous results imply that u is either bounded from above or
from below, so u is constant. It follows that a nonconstant harmonic
function on R? takes on all real values.



7.1.1

e (a) The nth complex Fourier coefficient of the function is given for

n # 0 by
Cn = i g mefinmn/L dr
"L ) .
L
— i . —inmz/L L2 —inmx/L
2L | inmw (inm)? I
_ i —inm mnm
2w (e te )
L
= cos(n)
L
= (1 n+1
nm'( )
and ¢y = 0, so
L A
r=— Z Lemmﬂ |z| < L.
i n
n#0
o (f) We have
0T cos(bx) _ 1 |:€(a+ib)x + e(a—ib)xi| _
2
For \ € C consider the Fourier coefficients of the complex-valued func-
tion e:
L (" apminmat L [" oinm/n)
- zo—mrx/L go. .~ —inm/L)z g
5T 7Le e Y / Le x
1 e()\finﬂ'/L)x L
2L | A— inm/L |
eALfinw _ ef)\LJriTwr
~ 2\ —inm)

Using this result with A = a 4+ ¢b and A = a — ib, we find that the nth
Fourier coefficient of e®* cos(bx) on [—L, L] is given by

1 [F Cinm
Cn = 57 . e cos(bx)e” "™/ L 4y
1 | eal—i(nm—bL) _ ,—aL+i(nw—bL) eal—i(nm+bL) _ ,—aLl+i(nm+bL)
! al —i(nm —bL) * al —i(nm + bL)



7.1.2

e (a) Collecting terms and using Euler’s formula, we have

n=N
Z einf — 1 4 (eia i e*w) i (em I 6721'0) NI (eiNG I e%NG)
n=—N

=1+ 2cosf + 2cos(20) + --- + 2cos(N¥).

e (b) We have

N N-1
. . Z_ZN—H
E z =z E z 5 =
1—2
n=1 n=0

It follows that

n=N N o\ N o\ T
Z ein@ =14 Z (eze) + <6—7,9>
n=—N n=1 n=1

i _ i(N+1)8 —if _ —i(N+1)8

e e
1— et 1—e ¥

_|_
0102 _ Gi(N+1/2)0  —i6/2 _ ,—i(N+1/2)6
e—i0/2 _ 4if]2 + ci0/2 _ o—i0/2
GI(N+1/2)0 _ ,—i(N+1/2)0
ei0/2 _ o—i0/2
sin (N 4+ 1/2)6)
sin(0/2)

=1+

e (c) From (a) and (b), we get

sin ((N + 1/2)9)'

14 2cosf +2cos(20) + -+ - + 2cos(NO) = sin(6/2)



