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The first of the above limits is lim, 0o —1/2In(1 + a?) = —oo while the second is
limp o 1/21In(1+b%) = co. Neither of these converges and so the improper integral
does not converge. However, the Cauchy principal value is

lim [ ———dz= lim 1/2(na—Ina)=0.
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Exercise Set 5.4

Supply the details for the proof of Theorem 5.4.3.

. Prove that In (%) =lna—Inb for all a,b € {0,4+00).

Finish the proof of Theorem 5.4.4 by showing that limz_o lnz = —oco. Hint:
This follows easily from lim,_, Inz = +oc and properties of In.

Prove part (b) of Theorem 5.4.7.

. Using Definition 5.4.8 and the properties of exp prove the laws of exponents:

a*t¥ =g%a¥ and a*¥ = (a”).

. Compute the derivative of a* for each a > 0.

. Find an antiderivative for a* for each a > 0.

Prove Theorem 5.4.9.
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For which values of p > 0 does the imprcper integral / s dx converge?
1

Justify your answer.

1
1
For which values of p > 0 does the improper integral / —;da: converge?
: o ¥

Justify your answer.
> sinz .
5 dx converges. Can you tell what it converges to?

Show that / P —
142

—-— 00
1
Does the improper integral / In z dx converge? If so, what does it converge
0
to?
Suppose that f and g are non-negative functions on R which are integrable

on each finite interval [a,b] and that f(z) < g(x) for all z € R. Show that if
the improper integral ffooo f(z) dz diverges, then so does the improper integral

f_oooo g(z)dz.

Prove that if f is integrable on every interval [a,b] on R and if f is an odd
function, then f has Cauchy principal value 0.
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15. Prove that the improper integral /

————dz does not converge but that
—o0 1 + 1‘2

it has Cauchy principal value 0.

16. Prove that if f is an integrable function on every interval [a,s) with s < b and
if f(x) > 0 on [a,b], then the function F(s) = / f(zx)dz is a non-decreasing

function on |[a, b).




