
Homework Problems: Set 7
Math 127C, Spring 2006

1. Define the one-form
ω = xdy − ydx

in R2. Let γ : [0, 2π] → R2 be the curve

γ(θ) = (cos θ, sin θ),

and φ : [0, 1]× [0, 2π] → R2 the surface

φ(r, θ) = (r cos θ, r sin θ).

Compute
∫

γ
ω and

∫
φ
dω and verify that they are equal.

2. Define the two-form

ζ =
xdy ∧ dz + ydz ∧ dx + zdx ∧ dy

r3

in R3 \ {0}, where r = (x2 + y2 + z2)1/2. Let

φ : [0, π]× [0, 2π] → R3

be the surface
φ(u, v) = (sin u cos v, sin u sin v, cos u).

(a) Prove that dζ = 0.

(b) Compute
∫

φ
ζ.

(c) Does there exist a one-form λ in R3 \ {0} such that ζ = dλ?

3. If ω is a k-form and λ is an m-form, prove that

ω ∧ λ = (−1)kmλ ∧ ω.

Show that if ω is a k-form and k is odd then ω ∧ ω = 0. What can you say
if k ≥ 2 is even?



4. Suppose

E = Exdx + Eydy + Ezdz, H = Hxdx + Hydy + Hzdz,

are one-forms in R3 with coordinates (x, y, z), where the subscripts denote
different components (not partial derivatives),

B = Bxdy ∧ dz −Bydx ∧ dz + Bzdx ∧ dy,

D = Dxdy ∧ dz −Dydx ∧ dz + Dzdx ∧ dy,

J = Jxdy ∧ dz − Jydx ∧ dz + Jzdx ∧ dy

are two-forms, and ρ is a zero-form (function). In R4 with coordinates
(x, y, z, t), we define two-forms

F = B + E ∧ dt, G = D −H ∧ dt

and a three-form
j = ρdx ∧ dy ∧ dz − J ∧ dt,

(a) Show that the equations

dF = 0, dG = 4πj

are equivalent to Maxwell’s equations (in units in which the speed of light is
equal to one):

∂ ~B

∂t
+ curl ~E = 0,

div ~B = 0,

−∂ ~D

∂t
+ curl ~H = 4π ~J,

div ~D = 4πρ.

Here, ~E = (Ex, Ey, Ez) is the electric field, ~B = (Bx, By, Bz) is the magnetic

induction, ~D = (Dx, Dy, Dz) is the electric displacement, ~H = (Hx, Hy, Hz)

is the magnetic field, ~J = (Jx, Jy, Jz) is the current density, and ρ is the
charge density.

(b) Deduce that (ρ, ~J) satisfy the equation of conservation of charge

∂ρ

∂t
+ div ~J = 0.


