SOLUTIONS: PROBLEM SET 3
Math 207B, Winter 2012

1. Suppose that u(z) is a solution of the Sturm-Liouville problem with non-
homogeneous ODE and BCs

— () +qu=f(z) a<z<b,
u(a) = A, u(b) = B.

u() :A(Zii) +B (Z:Z) + ()

and show that v satisfies a Sturm-Liouville problem of the form

Write

— () +qu=yg(z) a<z<b,
v(a) =0, v(b) =0

with homogeneous BCs.

Solution

e Write the ODE as

d d
Lu = L=—— — .
u=1 dz (pdx) ta

Let u(z) = up(x) + v(z). Then since L is linear Lu = Lug + Lv, and
therefore
Lv =g, g = f — Luy.

Moreover if ug(a) = A, ug(b) = B, then v(a) = v(b) = 0.
e Apply this result with the given wuy.
Remark. For a linear problem with nonhomogeneous boundary conditions,

we can subtract off any function that satisfies the boundary conditions and
transfer the nonhomogeneity to the ODE.



2. Consider the nonhomogeneous Sturm-Liouville problem

— (pu') 4+ qu = Mu+ f(x) a<z<b,
u(a) =0, u(b) = 0.

If X\ is an eigenvalue with eigenfunction ¢, show that the problem only has a

solution if f satisfies
b
/ fodr =0.

Under what conditions on f is the BVP
—u" = f(x) 0<x<l,
u'(0) =0, (1) =0
solvable? How about the BVP

—u" = f(x) 0<z<l,
u'(0) =0, u'(1) = 1.

Solution

e Write the ODE as
(L=X)u=f

and assume that there is a solution u. Taking the inner product of this
equation with ¢, we get

(L = Alu,¢) = (f,9).

Since L is self-adjoint, any eigenvalue A is real and (L — AI)* = L — Al
is self-adjoint. (If A € C is complex, then (L — AI)* = L — A\I.) Hence,
since u, ¢ satisfy self-adjoint BCs, we have

(f,0) = (u, (L — X)¢) = 0.

o If L = —d*/dz?, with Neumann BCs, then A\ = 0 is an eigenvalue with
eigenfunction ¢ = 1. If follows that the equation Lu = f, with BCs
u'(0) = /(1) = 0 is only solvable if (f,1) =0, or

/Olf(x)dx:O.



e We can verify this condition directly: if —u” = f(z) and v/(0) = /(1) =

0, then
1 1
/ f(z)dx = —/ v dr = [u']é = 0.
0 0

o If —u”" = f(z) and «/(0) =0, /(1) =1, let

u(z) = %xz + v(z).

Then
= 1= f@) 1, (0) =o/(1) = 0.

Hence the equation is only solvable if
1
/ [f(z)+1]dx=0
0

or

(Alfﬁﬁdx::—L

Alternatively, as a direct verification,

AV@@—-KW@—WK=¢

Remark. In general, a necessary condition for the solvability of a singular
linear equation Lu = f is that f is orthogonal to the right null space of the
adjoint L*.



3. Consider the weighted Sturm-Liouville eigenvalue problem

—(pu) +qu=Xu  a<xz<b,
u(a) =0, u(b) =0

where p(z), q(x), r(x) are given real-valued coefficient functions and r > 0.
Let L?(a,b) denote the space of functions f : [a,b] — C such that

b
/ r|fI? dv < oo

with weighted inner product

b
(f.9) = / rfgde.

(a) If ¢(z) is an eigenfunction with eigenvalue A € C, show that A € R is
real.

(b) If ¢(x), 1(x) are eigenfunctions with distinct eigenvalues A, p show that
they are orthogonal with respect to the weighted inner-product, meaning
that

b
/ ro dr = 0.
(c) Suppose that the eigenvalue problem has a complete set of eigenfunctions

{¢pp:n=1,2,3,...}. If f € L?(a,b), give an expression for the coefficients
¢, in the eigenfunction expansion

flx) =) catu().

Solution

e Suppose that
Lo= Mo, L=,  ¢(a)=0¢(b) =0, P(a) =v(b) =0

where A\, u € C and



Using the self-adjointness of L on L?(a,b) with Dirichlet BCs, we have

b b
A, 0), = / Ar 6T da = / (L6)D de

a

ab_ b—
- (ﬂLw>¢x=1/ ) di = T, V),

e (a) If =4 and A\ = p then, since (¢, ¢), > 0, we conclude that A = X
so A € R.

e (b) If A # u then
)\(Qb, 77Z})7‘ = M(¢7 w)r

so (¢, 1), = 0.

e (c) Taking the weighted inner product of the series for f, and using the
the orthogonality of the ¢,,, we find that

b b
/Tfad-tzcn/ T‘¢n|2d$,

f; rf o, dx
Y|l da

which gives



4. Use separation of variables to solve the following IBVP for u(z,t) for the
wave equation:

Ut = Uy 0<$<1,
u.(0,t) =0, u(1,t) =0,

Solution

e Look for separable solutions of the form

u(z,t) = X(x)T(t).

Then )
XT=X"T
SO .
T X//
—_— = — = —)\
T X

where A is a separation constant.
e Imposing the BCs on X, we get the Sturm-Liouville problem
- X" = \X, X'(0)=0, X(1)=0.

The eigenvalues and eigenfunctions are

(e l) . w s (ar 1))

forn=0,1,2,....

e The corresponding functions 7, satisfy

. 1\ 2
T, + m* <n+§) T,=0

whose solution is

10 = e o (D)) s fr (s )]



e Superposing these solutions, we get as a solution of the PDE
u(xt)—ia cos | n—i—1 t| cos |m n—i—1 x
e 2 2
—i—ib sin |7 n—i—1 t| cos | n—i—1 x
e~ 2 2 '

e By completeness of the eigenfunctions, the initial conditions are satis-
fied if

1= S e (1),

n=0
(x)—ib T n+1 cos | n+1 x
=2 2 2) |
e Using the orthogonality relations
! 1 1
/ cos |:7T <m + —) x} cos [7? (n—l— —> x} dz
: 2 2
1 [
_ 5/ {cos [ (m + 1+ 1) 2] + cos [ (m — n) 2]} da
0

)12 iftm=n
o iftm#n

we get

o= [ o e (s )] e
4

e [ e (o )]



