PROBLEM SET 5
Math 207B, Winter 2012
Due: Fri., Feb. 17

1. Consider the non-homogeneous regular Sturm-Liouville problem

— [p(x)u] + q(x)u = Au + f(x), a<x<b,

u(a) =0, u(b) =0, (1)

with eigenvalues A\ < Ay < -+ < A\, < ..., and (real-valued) orthonormal
eigenfunctions {¢y, ¢a,...,én,...}. Let P, : L*(a,b) — L?*(a,b) denote the
projection onto the orthogonal complement of the nth eigenspace, defined by

Euf(x) = f(x) = (f, &n) ¢u(2).

(a) Suppose that A = A\, in (1). If (f, ¢,) = 0, show that a solution of (1) is
given by

b
u(z) = / G € M) F(€) de
Gl gi2,) = 2 )
htn K

Is this solution unique?

(b) For arbitrary f € L?*(a,b) show that u(z) defined in (2) is the unique
solution of the following problem:

— [p(x)'] + q(x)u = Myu+ P, f(x), a<xz<b,
u(a) =0, u(b)=0, Pu=u.

(The function G is called the modified Green’s function.)
(c) Compute the modified Green’s function G(z,§; A,) for the problem

—u" =N Nu+ f(z), 0<z<l,
u'(0) =0, W'(1)=0

in terms of solutions of the homogeneous equation, where \, = n?n? for
n=0,1,2,....



2. Consider the functional J : X — R defined by

J(u) = /ab E(u”)2 + %un — ful| dz

where f,q : [a,b] — R are continuous functions and X = HZ(a,b) is the
Sobolev space

X ={u:u v € L*(a,b),u(a) = u'(a) = u(b) =u'(b) = 0}

Derive the Euler-Lagrange equation satisfied by a smooth minimizer u €
C*[a,b] of J. What is the variational derivative §J/du of J?

3. Consider the regular weighted Sturm-Liouville eigenvalue problem

— (pu') + qu = Mru a<x<b,
u(a) =0, u(b) =0

where p(x), q(z), r(z) are smooth real-valued functions and p,r > 0.
(a) If the eigenvalues are Ay < Ay < ..., A\, < ..., show that the minimum
eigenvalue \; is given by
b 2 2
u')? + qu®| dx
A= min R(u), R(u) = Ju ()" + av] :

b
ueH} (a,b) fa ru? dx

(b) Consider the (singular) Sturm-Liouville problem

—(zuv)Y =X zu  O<z<1
zu' — 0asz — 0, u(1l) =0
with Rayleigh quotient

R(u) = fo z(u')? dx

fol zude
Assuming the result in (a) holds for this singular problem, use a trial function
of the form
u(z) = (1 —z)(azx + b)
to obtain an upper bound for the minimum eigenvalue A\;. Compare your
answer with the numerical result Ay = 5.783....
Remark. After a rescaling, this ODE is the zeroth-order Bessel equation.

The eigenfunctions are Jy(v/A,z) where Jy(z) is the Bessel function of order
zero and v/, = jo, is the nth zero of Jy(z). The first zero is jo; ~ 2.4048.



