PROBLEM SET 7
Math 207B, Winter 2012
Due: Fri., Mar. 2

1. (a) Explain why the total birth rate B(t) of a population with constant
reproductive rate A per individual and exponential survival rate e ?* over
time ¢ satisfies the renewal equation

t
B(t) = Nohe Pt 4+ A / e P9 B(s) ds
0

where Ny is the total initial population at ¢ = 0. What are the dimensions
of Ny, A\, B, and B(t)?

(b) Solve this integral equation and discuss the behavior of B(t) as t — oo.
Does your answer make sense?

HINT. One approach is to show that B(t) satisfies the IVP

B=(O\-p8)B,  B(0)= Ny

2. (a) Consider the following Fredholm equation of the second kind

u(x) —A/O wyu(y)dy = f(z),  0<z<1

where A € C is a constant and f is a given (continuous) function. If A # 3,
show that this equation has a unique (continuous) solution for u(x) and find
the solution. If A = 3, determine for what functions f a solution exists and
find the solutions in that case.

(b) For what functions f is the following Fredholm equation of the first kind

/lxyu(y)dyzf(w), 0<a<1
0

solvable for u(z)? Describe the solutions in that case.

HinT. Note that these Fredholm equations are degenerate.



3. Show that the following IVP for a second-order scalar ODE for wu(t)

a(t) = f(tu(t)),
u(0) = ug, u(0) =g

is equivalent to the Volterra integral equation

u(t) = /0 (t— ) (5,u(s)) ds + o + vot.

4. Consider the following BVP for u(z) in 0 < z < 1:

=k [1 + eq(z)] u,

u(O) —0, (1) =0, (1)

Here k > 0 is a constant, € is a small parameter, and f(x), ¢(z) are given
(continuous) functions. Assume that k # nm for any integer n € N, so that
k? is not an eigenvalue of —d?/dx? with Dirichlet BCs.

(a) Find the Green’s function G(z,€) for (1) with € = 0, which satisfies

d2G

(075) =0, G(L¢=0.

(b) Use the Green’s function from (a) to reformulate (1) as a Fredholm inte-
gral equation for u(z) of the form

e /0 K@, €)u(e) de + 9(a).

(c) Write out the first few terms in the Neumann series (or Born approxima-
tion) for u as integrals involving g(z), ¢(x), and G(z,§).



