MIDTERM: SOLUTIONS
Math 207B, Winter 2016

1. Let p,q,7 : [a,b] — R be smooth functions with p,r > 0. Suppose that
u : [a,b] — R is a smooth extremal over all functions in C*([a,b]) of the

functional
/ {p(x)u”(z) + q(z)u*(z)} da

subject to the constraint K (u) = 1, where

b
K(u) = %/ r(z)u*(x) du.

Show that u is an eigenfunction of the weighted Sturm-Liouville eigenvalue
problem

—(pu) +qu=Xru  a<xz<b,
u'(a) =0, u'(b)=0.

Solution.

e Introduce a Lagrange multiplier A. Then u is an unconstrained ex-
tremal of
I(u, \) = J(u) — AK (u),

and (provided that 6 K/du # 0, which is the case since ru # 0)

iJ(u—i—eh)

d
7 —/\EK(queh)

=0  for every h € C*([a,b]).
e=0

e=0

e Using integration by parts, we get that

d b

d—J(u +eh)| = / {pu'h' + quh} dx

€ a

b
— lpuhll + [ {~(ou') + qu}

d ’ a
—K(u+ €h) :/ ruh dz.
de o a




It follows that

b
[pu'n)’ + / {=(pu') + qu — Mru} hdx =0 for every h € C*([a, b]).

First, considering compactly supported h with h(a) = 0, h(b) = 0, we
get that

b
/ {=(pu) 4+ qu— Aru} hdx =0 for every h € C2°([a, b]).

Since the integrand is a continuous function, the fundamental lemma
of the calculus of variations implies that

—(pu) +qu—Dru=0 a<z<b.

It then follows that
[pu'h]z =0  for every h € C*([a,b]).

Choosing h such that h(a) =1, h(b) =0 or h(a) = 0, h(b) = 1 we find

that u satisfies the natural boundary conditions



2. Solve the following IBVP for u(x,t) by the method of separation of vari-
ables:

utt—um—l—u:(), 0<$<1, t>0
uz(0,8) =0, wu,(1,t) =0,
u(z,0) = f(z), u(x,0) = 0.

Solution.

e Looking for separated solutions u(z,t) = F(z)G(t), we get that

G// F//
- pt1=0

Introducing a separation constant A\ = —F"/F| we find that F' satisfies
the eigenvalue problem

—F" = \F, F'(0)=0, F'(1)=0,
and G satisfies the ODE
G"+(A\+1)G=0.
e The eigenvalues and eigenfunctions are
A\ = n?n?, F(z) = cosnrx n=20,1,2,...
e The corresponding solution for G is
G(t) = Acosw,t + Bsinw,t w, = Vn2r? + 1.
Since u; = 0 at t = 0, we take B = 0.

e Superposing separated solutions, we get that

o0

u(z,t) = Z a, cos(wyt) cos(nmx).

n=0

where the coeflicients a,, are chosen so that
o0
flz) = Z a, cos(nmx).
n=0

e By orthogonality, it follows that

ap = /01 f(z)dx, ap = 2/01 f(z)cos(nmz)dx n > 1.



3. Suppose that f :[0,1] — R is a continuous function and the boundary-
value problem

—u" = 7?u+ f(z),
u(0) =0, wu(l)=0

has a solution u € C?([0,1]). Show that f must satisfy the solvability condi-
tion

/0 1 f(@)sin(rz) dz = 0.

Solution.
e Multiplying the ODE by sin(7x), integrating over [0, 1], and integrating
by parts, we get that

1 1
/ fsin(rz) de = —/ (u" + 72u) sin(7x) dx
0 0

1
= [mu cos(mz) — ' sin(nz)]; — / u{[sin(rz)])” + 7*sin(rz) } do
0
= 0.
The boundary terms vanish since both u and sin(rz) are zero at z =

0,1.

Remark. In general, if A is a self-adjoint operator on a Hilbert space with
eigenvalue A € R and eigenfunction ¢, then a necessary condition for the
equation Au = \u + f to have a solution for u is that f is orthogonal to ¢,
since

(£,6) = {(A = AD)u, 6) = (u, (A~ AI)g) = 0.



4. Let A: D(A) C L*(0,27) — L?*(0,27) be the operator

d
A=—i—
de+x’

with periodic boundary conditions
D(A) ={u:[0,27] - C:u e H'(0,2r), u(0) = u(2m)}

(a) Show that A is self-adjoint.

(b) Compute the eigenvalues and eigenfunctions of A.

Solution.

e (a) For u,v € D(A), we have
2T
(u, Av) :/ a(—i' + 2v)dr
0

2w
= —i [av]l" + / {it! + zu}vdx
0

27
= {—iu’ —i—xu}vdx
0

= (Au,v)

The boundary terms vanish since both u and v satisfy periodic bound-
ary conditions.

e (b) The eigenvalue problem for A is
—iu’ + zu = Au, w(0) = u(27).

Solving the ODE by separating varaibles, we get that

—i/d—sz/()\—x)dx

so logu = i(Az — 2?/2) + C, and a nonzero solution is

U<$> _ eiz()\f‘r/2) )



e This function satisfies the periodic boundary conditions if

2mi(A—)
’

l1=c¢
which means that A — 7 = n for some n € Z.

e [t follows that the eigenvalues A\ = A, and eigenfunctions v = u,, are
given by

Me=n4m, wg(e) =0 peg,



