PROBLEM SET 6: SOLUTIONS
Math 207B, Winter 2016

1. Suppose that uy,us : R — R are two solutions of the homogeneous
Sturm-Liouville equation

—(pu) +qu =0
where p,q : R — R are smooth functions and p > 0. If W = wju, — uguf is

the Wronskian of uy, us, show that p/W' = constant.

Solution.

e Using the ODE, we compute that

(PW)' = (w1 - puly — us - puy)
uy - (pug) + Ul - puy, — ug - (puy) — uh - puf
= U1 - qUz — Uz - qU1

=0

so pW is a constant.



2. Compute the Green’s function for the BVP
—u" +u=f(z) O<z<l
u(0) =0, u(1) = 0.
Write down the integral representation of the solution u in terms of f.
Solution.
e The Green’s function G(z,§) satisfies
— G +G=0(x—&) 0<zr<l1
G(0,&) =0, G(1,¢) =0.

e Solving the homogeneous ODE for 0 < z < £ and £ < = < 1 and
imposing the appropriate boundary conditions, we get that

~ JA(¢)sinhz ifo<z<¢
C {B(g) sinh(1 —z) ifé <z <1

e Imposition of the continuity of G(z, &) at x = £ and the jump-condition
—GL(E5,8) + G, =1,
gives the equations
A(€)sinh¢ — B(€) sinh(1 — &) =0,
A(€) cosh& + B(€) cosh(1 — &) = 1.
Using the addition formula
sinh € cosh(1 — &) 4 cosh € sinh(1 — &) = sinh 1,

we get the solution

sinh(1 — &) sinh &
A - = —
(&) sinh1l B(¢) sinh 1’
so the Green’s function is
inh inh(1 —
Gla.€) = sinh(z.)sinh(1 — z~)

sinh 1
where . = min(z, ), z-~ = max(z,§).

e The Green’s function representation is

u(z) = / G, €)(€) de.



3. Compute the Green’s function for the BVP

—u" = f(x) 0<z<l1
uw(0) +u(1) =0, u'(0) + /(1) = 0.

Write down the integral representation of the solution v in terms of f.
Solution.
e The Green’s function G(x, &) satisfies
= Gaw = 0(z =),
G(0,§) +G(LE =0,  Gu(0,8) + Ga(1,6) = 0.

e The boundary conditions are not separated, so we use general solutions
of the homogeneous equation in x < £ and x > £ to get

A(E) + B(&)x if0<z<é

G(x,§) = {0(5) +D(E)(1—x) ifE<z<1

The boundary conditions give
A+C =0, B—-D=0.
The continuity of G and the jump condition —[G,] = 1 give
A+B¢=C+D(1-¢), B+D=1.

e It follows that B =D = 1/2 and

A=-C=

£,

e
DO | —

SO

G(x,f):{1/4+(x_€)/2 fo<z<¢ 1 el

1
14+ (E—2)/2 ifé<z<l 4 2

e The Green’s function representation is

u(z) = / G, €)(€) de.



4. Compute the generalized Green’s function G(z, ) for the BVP

— " = 71*u+ f() 0<x<l
u(0) =0, u(l) =0.

State the equations that are satisfied by the function
1
ule) = [ Gof€) de
0

Solution.

e A normalized solution of the homogeneous problem, with L2-norm one,

is ¢(x) = V2sin(rx).
e The generalized Green’s function G(z, ) satisfies
— Gap — G = §(x — &) — 2sin(7€) sin(7x) 0<z<l1
G(0,6) =0,  G(1,£) =0,
/01 G(z,€&)sin(mz) dx = 0.

The right-hand side of the ODE is the projection of the J-function
onto the space orthogonal to ¢ to ensure that a solution exists, and the
condition G(+,€) L ¢ specifies a unique solution.

e Inxz < ¢ and x> ¢ we have

~Gop — G = —=2sin(n) sin(rz).

e A particular solution of the non-homogeneous ODE
—u" — 7*u = Csin(rz),

whose right-hand side is a solution of the homogeneous ODE, is

u(zr) = %x cos(mz),

so the general solution is

u(x) = Acos(mzx) + Bsin(mx) + ng cos(mz).
T



Imposing the appropriate boundary conditions on G, we get that
G(z,§&) = A(§) sin(mx) — %sin(w{)x cos(mx) f0<z<E
G(z,&) = B(¢) sin(mz) — %sin(ﬂf)x cos(mz)

+ % sin(m€) cos(mx) if ¢ <ax <1

The continuity of G at x = £ implies that

(A — B) = cos(7€).

One can verify directly that the jump condition —[G,] = 1 at x = ¢
gives the same equation, so it is also satisfied, and therefore

G(z,8) = B(§) sin(mz) — %sin(ﬂf)x cos(mz)
+ %cos(wf) sin(rz) f0<z<¢
Gz, €) = B(€) sin(rz) — %sin(w{)xcos(ﬂx)
+ %Sin(ﬂf) cos(mz) if&<ax <1,
The orthogonality condition G(+,€) L ¢ gives, after some algebra,
B = —15 cos(m§).
s
The generalized Green’s function can then be written as
G(z,€) = %cos(wag) sin(mz.)
- cos(mxs) sin(ra.) — —t< cos(mr.) sin(mxs)
where . = min(z,§), v~ = max(z,§).
The function u(z) satisfies
—u" = m*u+ f(r) — 2 (/1 f (&) sin(m€) dg) sin(7z),
u(0) =0, u(1l) =0, :

/O 1 u(z) sin(rz) dz = 0.



5. Consider the Sturm-Liouville equation
—(pu") + qu = Aru, a<w<b

where p, g, : [a,b] — R are smooth functions and p(x),r(z) > 0 for a < z <
b. Show that the change of variables

_xls)s o(t) = [r(z)p(x)] u(z
t_/G,/p@d, (t) = [r(@)p()] " u(z)

transforms this equation into a Sturm-Liouville equation with p = r = 1 of
the form
—v" 4+ Qv = v, 0<t<ec

What are ¢ and @ : [0,c] — R?
Solution.

e This is an exercise in the chain rule. One finds that

O=q— (Pr21/4 [p((prl)l/4>']/, C:/ab\/gds.

This transformation is called the Liouville transformation, and it shows
that every Sturm-Liouville equation can be transformed to a normal
form with p=r = 1.




