CALCULUS
Math 21A, Fall 2015
Sample Midterm 2: Solutions

1. [20%)] Compute the derivatives of the following functions. You do not
need to simplify your answer.

(a) 3V1+tanx — 2y/cosx (b) iij
(c) tan!(2%)sin®z. (d) (tan™'z)*sin(z?).
Solution.
* (a)
4 [3\/1 +tanx — 2\/cosx] 5. sec® z — L(— sin x)
dx 2y/1+ tanz 2\/cos

e (b)
d [ze*] (¥ +x-2e*)Inx — (1/x) - xe®
de [Inz | In®
e (c
4 [tan™"(27) sin® 2] = -2z -sin®x + tan ! (2?) - 2sinx - cos
dz 1424
e (d)
4 [(tan™" z)?sin(2?)] = 2tan™"' = L. sin(z?®) + (tan™' z)? - cos(z?) - 27
dx + a2



2. [15%] (a) State the definition of the derivative f’(c) of a function f(x) at
T =c

(b) Suppose that f(x) = 1//z. Compute f'(9) from the definition of the
derivative. (No credit for using differentiation rules.)

Solution.

:lhn1/v@TFﬁ-—1/v@

h—0 h

= lim VO V9T h
h=0/9-\/9+h-h

— lim B=vVI+h)(3+VI+h)
h=03v9+h-(34+vV9+h)-h

= lim —h
h=03y/9+h-(3++9+h)-h

— lim L
=039+ h- (349 + h)

1

~3-3-(3+3)
1
- 54

e This answer agrees with the power rule:

d 1
L Vo R 12
dx 2



3. [20%] At what point does the tangent line to the curve
20 +y* = 2° +¢?
at (x,y) = (2,1) intersect the x-axis?
Solution.
e Differentiating the equation of the curve with respect to x, we get that

d d
4o + 3y2—y =327 + 2y—y.
dz dx

e Evaluation of this equation at (z,y) = (2,1) gives

dy dy
8432 =12+2-"2
+ dx + dx’

so the slope of the tangent line is

dy _

4.
dx

e The equation of the tangent line is

y—1=4(x —2).

e The line intersect the z-axis when y = 0, so x = 7/4 and the point of
intersection is

(z,y) = (7/4,0).



4. [15%] Suppose that a particle moves a distance s after time ¢ where
s=t—22 + 1

(a) At what times is the velocity of the particle equal to zero?

(b) How far has the particle moved when its acceleration is zero?
Solution.

e The velocity of the particle is

d
d—j:1—4t+3t2:(1—3t)(1—t).

e The velocity is zero when t = 1/3 or t = 1.
e The acceleration of the particle is

d?s
= 446t
dt? + o

which is zero if ¢ = 2/3. The location of the particle at that time is

s =2/27.

e To answer the question as stated, the particle moves forward from
s=0tos=4/27for 0 <t < 1/3, when its velocity is positive, then it
moves backward from s = 4/27 to s = 2/27 for 1/3 < ¢ < 2/3, when
its velocity is negative. The total distance moved by the particle is

therefore
4 2 2

27+27_9'
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5. [10%] Suppose that a function f(z) has derivative f'(z) = e* and
o(x) = F(Venz).

Compute ¢'(x)

Solution.

e By the chain rule,
1

g'(x) = f'(Vsinz) -

- COS .
2v/sinx
e Using the expression for f’(x) we then get that
: 1
S - COS .

") =e
g( ) 2+/sin &



6. [20%] A conical tank of height 3m and radius 5m at its top is filled with
water at a rate of 0.2m3s™!. Find the rate at which the height of the water
is increasing when the height is 1 m.

HINT. The volume V of a cone with height A and radius r is V' = %mﬂh.
Solution.

o Let A(t) and r(t) be the height of the water and the radius of the surface
of the water at time ¢, respectively.

e By similarity r/h = 5/3, so r = 5h/3 and

2% .,
V_ﬁﬂ-h

e Differentiating this equation with respect to t, we get

av- 25 dh
2l
dt 9 dt
e Evaluating this equation at h = 1 and dV/dt = 1/5 and solving for
dh/dt, we get that
dh 9

dat 125n



