CaLcurLus: Math 21C, Fall 2010
Midterm 2: Solutions

1. [20%] Determine the interval of convergence (including the endpoints) for
the following power series. State for what values of x the series converges
absolutely, converges conditionally, or diverges. In each case, specify the
radius of convergence R and the center of the interval of convergence a.
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Solution.

e (a) Writing the nth term in the power series as a,,, we have
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By the ratio test, the series converges absolutely if |z + 1| < 1, or
—2 <z < 0, and it diverges if |x 4+ 1| > 1. The center of the interval

of convergence is a = —1 and the radius of convergence is R = 1.
e At the endpoints z = —2,0 the series are
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These both diverge by the nth term test (in fact the terms diverge to
00 as nm — 00).



e (b) We have
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By the ratio test, the series converges absolutely if |3z — 1| < 2, or
|z —1/3| < 2/3, or —1/3 < x < 1, and it diverges if |x — 1/3| > 2/3.
The center of he interval of convergence is @ = 1/3 and the radius of
convergence is R = 2/3.

e At the endpoints z = —1/3, 1 the series are
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These are both absolutely convergent p-series (p = 2).



2. [20%] (a) Write out the Taylor series at = 0 up to and including the
cubic terms (z?) for the functions: (i) sina; (i) 1/(1 + ). (You can state

the answer without proof if you know it.)

(b) Multiply the Taylor series you found in (a) to find the Taylor series at

x = 0 up to and including cubic terms for the function

sin x
1+z

fx) =

(c) Use your answer from (b) to find f”(0).

Solution.

e (a) The Taylor series are
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e (b) Multiplying these series, we get
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e (c) By Taylor’s theorem, the coefficient of the z3-term is f”(0)/3!, so
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and therefore
f///(o) -5



e Remark. This result agrees with what you would get by a (longer)
direct calculation:
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3. [20%] Find an equation for the plane through the points P(1,1,—1),
0(2,0,2) and R(0,~2,1).

Solution.
e Two sides of the triangle are
PQ=7i—j+3k  PR=—i—3j+2k.

The normal vector 77 of the plane is orthogonal to both these vectors,
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= 7i — 5] — 4k.
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e The equation of the plane is
n-(r—rg) =0

where 75 = O_P, for example, and 7= Ti+ y;'—l— 2k is the position vector
of an arbitrary point on the plane.

e The coordinate form of the equation is
Tx—1)=5@y—1)—4(z+1) =0,

or
Tr — by — 4z = 6.

e Remark. As a check, note that all three points do lie on this plane:

7-1-5-1—4-(=1) =6, 7-2-5:0-4-2=6, 7-0—5-(—2)—4.1=6.



4. [15%)] Let
@=2i+10j — 11k, T=24+2j+k.

Find: (a) || and |¢]; (b) the angle § between 4 and ¥; (c) the projection
proj; @ of 4 in the direction .

Solution.

e (a) We have

|if] = /22 + 102 + (—11)2 = v/225 = 15,
U] = V22 +22+12 =3.

(b) We have
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e (c) We have
projs; 4 = 217: — (2;+ 27 + E) .
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5. [15%] Compute the partial derivatives f,, f,, fiz, fuy, and fy, of the
function

flz.y) = exp (2%y°) .
You do NOT need to simplify your answers.

Solution.

e We have

fo=2ayPe” ",
fy = 3P

foo = 20%€ 4 2097 - 2035e”Y

fay =22 - 3y26I2y3 + 2297 - 3$2y2612y3,
fyy = 32%- 2yeg”’2y3 + 3a?y? - 3x2y26”’5293.



6. [10%)] If @, U are three-dimensional vectors, show that
(@ x¥) - (@x0) = (a-a)(7-7) — (@-7)°.
HiNT. Use the geometrical properties of the dot and cross product.

Solution.

e Using 4 - @ = |4]* and the geometrical formula for the magnitude of a
vector product, we get

(@ x ¥) - (@ x 0) = | x 0]

= (|a||v] sin §)*
= |@|*|5]? sin® 0
where 0 is the angle between @ and v.

e Using the geometrical formula for the dot product and the pythagorean
identity, we may write the right hand side of the equation as

(@- @) (3-0) — (@-0)* = |@|5]* — (|al[7] cos )

|
= |@]*|7]* (1 — cos” 0)
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So the two sides are equal.

e Remark. Written out in components, this identity says that

<u2U3 — U3U2)2 + (’LL3U1 - Ulvg)z + (U1U2 - u21)1>2

= (u} +u +u3) (v] +v3 +03) — (w1 + ugvs + usvs)?

which you can verify by multiplying out the terms and simplifying the
result. (The above geometrical argument is faster!) This result is called
Lagrange’s identity (in three dimensions). The two dimensional version

(U1U2 — U2U1)2 = (u% -+ U%) (’U% + U%) — (ulvl + U2U2)2

is in the works of the Greek mathematician Diophantus, who lived in
Alexandria around 200-300 A.D.



