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CHAPTER 8

Friedrich symmetric systems

In this chapter, we describe a theory due to Friedrich [13] for positive symmet-
ric systems, which gives the existence and uniqueness of weak solutions of boundary
value problems under appropriate positivity conditions on the PDE and the bound-
ary conditions. No assumptions about the type of the PDE are required, and the
theory applies equally well to hyperbolic, elliptic, and mixed-type systems.

8.1. A BVP for symmetric systems
Let Q be a domain in R™ with boundary 9€2. Consider a BVP for an m x m
system of PDEs for u : Q@ — R™ of the form
A'Qju+ Cu = f in Q,

8.1
(81) B_u=0 on 012,

where A%, C, B_ are m x m coefficient matrices, f : Q@ — R™, and we use the
summation convention. We assume throughout that A? is symmetric.
We define a boundary matrix on 92 by

(8.2) B =y A

where v is the outward unit normal to 9€2. We assume that the boundary is non-
characteristic and that (8] satisfies the following smoothness conditions.

DEFINITION 8.1. The BVP (&) is smooth if:

(1) The domain  is bounded and has C2-boundary.

(2) The symmetric matrices A : Q — R™*™ are continuously differentiable
on the closure Q, and C : @ — R™*™ is continuous on €.

(3) The boundary matrix B_ : 9Q — R™>*™ ig continuous on 0.

These assumptions can be relaxed, but our goal is to describe the theory in its
basic form with a minimum of technicalities.
Let L denote the operator in (81]) and L* its formal adjoint,

(8.3) L=A9;+C, L*=-A9;+CT-09A"

For brevity, we write spaces of continuously differentiable and square integrable
vector-valued functions as

C'(Q) =C'(:R™),  L*(Q) = L* (4 R™),
with a similar notation for matrix-valued functions.

PROPOSITION 8.2 (Green’s identity). If the smoothness assumptions in Defini-
tion [81] are satisfied and u,v € C*(Q), then

(8.4) /UTLud:v—/uTL*vd:vz/ vT Bu ds,
Q Q o9
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224 8. FRIEDRICH SYMMETRIC SYSTEMS

where B is defined in (82).

ProOF. Using the symmetry of A?, we have
v Lu=uTL*v + 0, (vTAiu) .
The result follows by integration and the use of Green’s theorem. O

The smoothness assumptions are sufficient to ensure that Green’s theorem ap-
plies, although it also holds under weaker assumptions.

PROPOSITION 8.3 (Energy identity). If the smoothness assumptions in Defini-
tion [8.1] are satisfied and u € C*(Q), then

(8.5) /QuT (C+CT — 0 A") udz + /

u? BudS = 2/ fruda
[519) Q

where B is defined in (82) and Lu = f.

PRrROOF. Taking the inner product of the equation Lu = f with u, adding the
transposed equation, and combining the derivatives of u, we get

9; (W' A'u) +u” (C+CT — 9;A )Y u=2f"u.
The result follows by integration and the use of Green’s theorem. O

To get energy estimates, we want to ensure that the volume integral in ([83)) is
positive, which leads to the following definition.

DEFINITION 8.4. The system in (8J) is a positive symmetric system if the
matrices A* are symmetric and there exists a constant ¢ > 0 such that

(8.6) C+CT —9;A" > 2cI.

8.2. Boundary conditions

We assume that the domain has non-characteristic boundary, meaning that
the boundary matrix B = ;A" is nonsingular on 9. The analysis extends to
characteristic boundaries with constant multiplicity, meaning that the rank of B is
constant on 0% [25], [34].

To get estimates, we need the boundary terms in (83) to be positive for all
u such that B_u = 0. Furthermore, to get estimates for the adjoint problem, we
need the adjoint boundary terms to be negative. This is the case if the boundary
conditions are maximally positive in the following sense [13].

DEFINITION 8.5. Let B = 1;A" be a nonsingular, symmetric boundary matrix.
A boundary condition B_u = 0 on 92 is maximally positive if there is a (not
necessarily symmetric) matrix function M : 9Q — R™*™ such that:
(1) B= By + B_ where By =B+ M, and B_ = B — M;
(2) M+ MT >0 (positivity);
(3) R™ = ker By ¢ ker B_ (maximality).

The adjoint boundary condition to B_u = 0 is Bf_v = 0, as can be seen from
the decomposition
vI'Bu = uTBIv +vTB_u.
If B_u =0 on 91, then
(8.7) u"Bu=u" (By —B_)u=u" (M+M")u>0,
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while if Bf_v =0 on 99, then
(8.8) v'Bv=v" (-By +B_)v=—v" (M+M")v<0.

The boundary condition B_u = 0 can also be formulated as: u € N, where
N, = ker B_ is a family of subspaces defined on 99Q. An equivalent way to state
Definition is that the subspace N is a maximally positive subspace for B,
meaning that B is positive (> 0) on Ay and not positive on any strictly larger
subspace of R™ that contains N.

The adjoint boundary condition BI’U = 0 may be written as v € N_ where
N_ = ker B:{ is a maximally negative subspace that complements Ay, and

R™ =N, ®N_, Np=(BN_)", N_= (BN .

We may consider R™ as a vector space with an indefinite inner product given
by (u,v) = u” Bv. It follows from standard results about indefinite inner product
spaces that if R™ = N, ® N_ where NV is a maximally positive subspace for (, ),
then V/_ is a maximally negative subspace. Moreover, the dimension of N is equal
to the number of positive eigenvalues of B, and the dimension of N_ is equal to
the number of negative eigenvalues of B. In particular, the dimensions of N1 are
constant on each connected component of 912 if B is continuous and non-singular.

8.3. Uniqueness of smooth solutions

Under the above positivity assumptions, we can estimate a smooth solution u
of BI)) by the right-hand side f. A similar result holds for the adjoint problem.
Let

(8.9) lu]l = (/Q |u|? dw) v , (u,v) = /Q ul'v dx

denote the standard L2-norm and inner product, where |u| denotes the Euclidean
norm of u € R™.

THEOREM 8.6. Let L, L* denote the operators in (83), and suppose that the
smoothness conditions in Definition [81] and the positivity conditions in Defini-
tion [87], Definition are satisfied. If u € CY(Q) and B_u = 0 on 0%, then
cllull < ||Lull. If v € CY(Q) and BLv =0 on 99, then c||v|| < ||[L*v].

PRrOOF. If B_u = 0, then the energy identity (8], the positivity conditions
®H)-@™), and the Cauchy-Schwartz inequality imply that

2¢||ul|* < / u® (C+ or — A" udx —|—/ u?' BudS
Q a0

< Z/UTLudaj
Q
< 2|lul| || Lull

so c|jul| < ||Lu||. Similarly, if Bfv = 0, then Green’s formula and (B.8) imply that
2c||v||* < 2/ v L*vdx —/ v BvdS = 2/ v L*vdx < 2||v| || L*v],
Q a0 Q

which proves the result for L*. (I
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COROLLARY 8.7. If the smoothness conditions in Definition[81] and the positiv-
ity conditions in Definition[8-4)] Definition[8.0 are satisfied, then a smooth solution

u € CYHQ) of (81) is unique.

PROOF. If uq, us are two solutions and u = u; —us, then Lu = 0 and B_u = 0,
so Theorem [8.6] implies that u = 0. O

8.4. Existence of weak solutions
We define weak solutions of (81 as follows.

DEFINITION 8.8. Let f € L?(Q). A function u € L?(Q2) is a weak solution of
ED if
/ wI'L'vde = | fTode for all v € D*,
Q Q

where L* is the operator defined in ([83]), the space of test functions v is
(8.10) D*={veC"(Q): Blv=00n00},
and By is the boundary matrix in Definition

It follows from Green’s theorem that a smooth function u € C1() is a weak
solution of (8]) if and only if it is a classical solution i.e., it satisfies (8] pointwise.
In general, a weak solution u is a distributional solution of Lu = f in © with
u, Lu € L?(Q). The boundary condition B_u = 0 is enforced weakly by the use
of test functions v that are not compactly supported in €2 and satisfy the adjoint
boundary condition BI’U =0.

In particular, functions u,v € H'(Q) satisfy the integration by parts formula

/ v Oude = —/ u? 0pv dx +/ vi(yo)T (yu) da’
Q Q 00

where the trace map

(8.11) v HY Q) — HY2(09Q)

is defined by the pointwise evaluation of smooth functions on 002 extended by
density and boundedness to H'(£2).The trace map is not, however, well-defined for
general u € L*(1).

It follows that if u € H'(Q) is a weak solution of Lu = f, satisfying Defini-
tion B8 then

/ vIyBuds' =0 for all v € D*,
Rn—1

which implies that yB_u = 0. A similar result holds in a distributional sense if
u, Lu € L?(Q), in which case yBu € H~'/2(0Q).

The existence of weak solutions follows immediately from the the Riesz repre-
sentation theorem and the estimate for the adjoint L* in Theorem

THEOREM 8.9. If the smoothness conditions in Definition [81] and the positiv-
ity conditions in Definition Definition are satisfied, then there is a weak
solution u € L*(Q) of (81) for every f € L*().

PrROOF. We write H = L?(f2), where H is equipped with its standard norm
and inner product given in (89]). Let

L*:D*CH—H
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where the domain D* of L* is given by (BI0), and denote the range of L* by
W = L*(D*) C H. From Theorem [B.6]

(8.12) cllvll < |IL*v|| for all v € D*,

which implies, in particular, that L* : D* — W is one-to-one.
Define a linear functional ¢ : W — R by

L(w) = (f,v) where L*v = w.

This functional is well-defined since L* is one-to-one. Furthermore, ¢ is bounded
on W since (812) implies that

€} < Il < <171 ol

By the Riesz representation theorem, there exists u € W C H such that (u,w) =
¢(w) for all w € W, which implies that

(u, L*v) = (f,v) for all v € D*.
This identity it just the statement that u is a weak solution of (&1]). O

8.5. Weak equals strong

A weak solution of [1]) does not satisfy the same boundary condition as a
test function in Definition B8 As a result, we cannot derive an energy equation
analogous to (81X directly from the weak formulation and use it to prove the
uniqueness of a weak solution.

To close the gap between the existence of weak solutions and the uniqueness of
smooth solutions, we use the fact that weak solutions are strong solutions, meaning
that they can be obtained as a limit of smooth solutions.

DEFINITION 8.10. Let f € L*(2). A function u € L*(Q) is a strong solution of
(BI) there exists a sequence of functions u,, € C*(Q) such that B_u, = 0 on 99
and u,, — u, Lu, — f in L?(Q) as n — oo.

In operator-theoretic terms, this definition says that u is a strong solution of
) if the pair (u, f) € L%(Q2) x L?(Q2) belongs to the closure of the graph of the
operator

L:DcC L*Q) — L*(9),
D={ueC"Q): B_u=0ondQ}.
If D is the domain of the closure, then
D> {uec H (Q):vB_u=0},

but, in general, it is difficult to give an explicit description of D.

We will prove that a weak solution is a strong solution by mollifying the weak
solution. In fact, Friedrichs [12] introduced mollifiers for exactly this purpose. The
proof depends on the following lemma regarding the commutator of the differential
operator L with a smoothing operator.

Let
ne(x) = in (E)

en €
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denote the standard mollifier (7 is a compactly supported, non-negative, radially
symmetric C*°-function with unit integral), and let

(8.13) Je: LA(R") — C*(R™) N L*(R™), Jou=n*u
denote the associated smoothing operator.

LEMMA 8.11 (Friedrich). Define J. : L?*(R") — L*(R") by (813) and L :
CHR™) — L?(R") by (83), where A® € CLR™) and C € C.(R"™). Then the

commutator
[Je, L) = J.L — LJ., [Je, L] : CHR™) — L*(R™)

extends to a bounded linear operator [J.,L] : L?*(R") — L?(R"™) whose norm is
uniformly bounded in €. Furthermore, for every u € L?(R™)

[Je,LJu— 0 in L*(R™) as e — 0.
PrOOF. For u € C}, we have
[Je, L] u = ne (Ai(?iu + Cu) — A0; (ne xu) — C (ne % u)
=1 * (Aiaiu) — A (e * O;u) + e x (Cu) — C (Ne * ).

By standard properties of mollifiers, if f € L? then n. * f — f in L? as e — 0T, so
[Je, LJu — 0 in L? when u € CL.
We may write the previous equation as

e Dute) = [ ne = ){[4'w) - 24'@)] Gy
+[C) — C@)uly) | dy.
and an integration by parts gives

[Je, L] u /8776 (x—y Az( ) — Ai(x)} u(y) dy

4 / ne(z — ) [Cly) — Cl) — A (y)] uly) dy.

The first term on the right-hand side of (8.14]) is bounded uniformly in € because
the large factor 9;n.(x — y) is balanced by the factor A%(y) — A%(x), which is small
on the support of n.(x —y). To estimate this term, we use the Lipschitz continuity
of A* — with Lipschitz constant K%, say — to get

\ [oca =) [46) - @) uiw dy'

(8.14)

<K' [ 10t~ w)llo = ollu(w)] dy

< K? [(|:108m€|) * |u|} ().
Young’s inequality implies that
| (lz0imel) * ul|| > < llzdimell 2 ull L2,
and the L'-norm

Ei = [|20inel 1 =

dx—/|x||617 )| dx

n+1
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is independent of e. It follows that
| [ante =) [40) - 4] utr)

where K = F; K*.
The second term on the right-hand side of (814 is straightforward to estimate:

} [ e =) [C) — C@) - 0.4 uty) dy

< K lull .

L2

< [ o= ) luto)] dy

< M (e * ul) (2)
where M = sup {2|C|+|9;A’|} is a bound for the coefficient matrices (with |- |
denoting the L?-matrix norm). Young’s inequality and the fact that |||, = 1
imply that

| o= 1ew - cor-axwl

< M e+ ful [ 2
< Mluf L2

L2

Thus, [Je, L] is bounded on the dense subset C} of L?, so it extends uniquely
to a linear operator on L? whose norm is bounded by K + M independently of e.
Furthermore, since [Je, Lju — 0 as € — 0T for all u in a dense subset of L2, it

follows that [J., Lju — 0 for all u € L?. O

¢

Next, we prove the “weak equals strong” theorem.

THEOREM 8.12. Suppose that the smoothness assumptions in Definition [8.1]
are satisfied, B = v; A" is nonsingular on 9, and f € L*(2). Then a function
u € L?(Q) is a weak solution of (81) if and only if it is a strong solution.

PROOF. Suppose u is a strong solution of (8], meaning that there is a se-
quence (u,) of smooth solutions such that w, — w and Lu, — f in L?(Q) as
n — oo. These solutions satisfy (u,, L*v) = (Luy,v) for all v € D*, and taking the
limit of this equation as n — oo, we get that (u, L*v) = (f,v) for all v € D*. This
means that v is a weak solution.

To prove that a weak solution is a strong solution, we use a partition of unity
to localize the problem and mollifiers to smooth the weak solution. In the interior
of the domain, we use a standard mollifier. On the boundary, we make a change of
coordinates to “flatten” the boundary and mollify only in the tangential directions
to preserve the boundary condition. The smoothness of the mollified solution in
the normal direction then follows from the PDE, since we can express the normal
derivative of a solution in terms of the tangential derivatives if the boundary is
non-characteristic.

In more detail, suppose that u € L?(Q) is a weak solution of (8], meaning
that (u, L*v) = (f,v) for all v € D*, where (-, -) denotes the standard inner product
on L?(Q) and D* is defined in (8I0).

Let {U;} be a finite open cover of Q by interior or boundary coordinate patches
U;. An interior patch is compactly contained in © and diffeomorphic to a ball
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{]z| < 1}; a boundary patch intersects €2 in a region that is diffeomorphic to a
half-ball {z1 > 0, |z| < 1}. Introduce a subordinate partition of unity {¢;} with
supp¢; C Uj and 3, ¢; =1 on Q, and let

U= E Uy, u; = Pju.
J

We claim that u € L?(2) is a weak solution of Lu = f, with the boundary
condition B_u = 0, if and only if each u; € L?() is a weak solution of

(8.15) Luj = ¢, f + [0:0,]A"u,

with the same boundary condition. The right-hand side of (8IH]) depends on u,
but it belongs to L?(£2) since it involves no derivatives of .

To verify this claim, suppose that Lu = f. Then, by use of the equations
(u, pv) = (¢du,v) and (u, L*v) = (f,u), we get for all v € D* that
(uj, L*v) = (u, ¢p; L™ v)

= (u, L*[¢;0]) + (u, [0;¢;]A"v)

= (£,0;0) + (u, [Bi6;]A")
which shows that u; is a weak solution of (8I5]). Conversely, suppose that u; a
weak solution of (8IH). Then by summing (8I6) over j and using the equation
>-;[0:¢;] = 0, we find that u = 7, u; is a weak solution of Lu = f. Thus, to
prove that a weak solution u is a strong solution it suffices to prove that each u;
is a strong solution. We may therefore assume without loss of generality that wu is
supported in an interior or boundary patch.

First, suppose that u is supported in an interior patch. Since u € L?()
is compactly supported in {2, we may extend u by zero on 2° and extend other
functions to compactly supported functions on R™. Then u, = Jou € C° is well-
defined and, by standard properties of mollifiers, u. — v in L? as e — 0F. We will
show that Lu. — Lu in L?, which proves that u is a strong solution.

Using the self-adjointness of .J., we have for all v € D* that

(e, L*v) = (u, JeL*v)
= (u, L*Jev) + (u, [Je, L*]v)
= (f, Jev) + (u, [Je, L*]v)
= (Jef,v) + (u,[Je, L) .
Lemma [RBIIl applied to L*, implies that [J., L*] is bounded on L2?. Moreover, a
density argument shows that its Hilbert-space adjoint is

[Je, L = —[Je, L]

(8.16)

Thus,
(ue, L*v) = (Jef — [Je, L]u, v) for all v € D*,

which means that wu. is a weak solution of

Lue:fea fE:JEf_[JEaL]u'
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Since u, is smooth, it is a classical solution that satisfies the boundary condition
B_u. = 0 pointwise.. Lemma [RI1] and the properties of mollifiers imply that
fe — fin L? as e = 0%, which proves that u is a strong solution.

Second, suppose that u is supported in a boundary patch QN U. ;. In this case,
we obtain a smooth approximation by mollifying u in the tangential directions. The
PDE then implies that « is smooth in the normal direction.

By making a C?-change of the independent variable, we may assume without
loss of generality that €2 is a half-space

R% = {z eR": 2! >0},

and u is compactly supported in EZ. We write

r = (24, '), o= (2%, 2") e R"TL
Since we assume that the boundary is non-characteristic, A' is nonsingular on
2! = 0, in which case it is non-singular in a neighborhood of the boundary by

continuity. Restricting the support of u appropriately, we may assume that A' is
nonsingular everywhere, and multiplication of the PDE by the inverse matrix puts
the equation Lu = f in the form

(8.17) ou+Lu=f L =A"0,+C inz'>0,

where the sum is taken over 2 < ¢/ < n, and the matrices AY (x',2") need not be
symmetric. The weak form of the equation transforms correspondingly under a
smooth change of independent variable.

We may regard u € L? (R?) equivalently as a vector-valued function of the
normal variable u € L? (Ry; L?) where u : z* — u(z!,-), and we abbreviate the
range space L2(R"~1) of functions of the tangential variable 2’ to L% If (-,-)’
denotes the L2-inner product with respect to ' € R"~!, then the inner product on
this space is the same as the L?(R™)-inner product:

(u,v) 2(r,;12) :/ (u,v) dz* = (u,v).
R

We denote other spaces similarly. For example, L? (R+; H 1) consists of functions
with square-integrable tangential derivatives, with inner product

(u,v) 2Ry 1Y) :/ {(u,v)/ + Z(@i/u,&/v)’} dzt;
R+ ,i/:2

and H' (R+; L2) consists of functions with square-integrable normal derivatives,
with inner product

(u, ) (R, 502) = / {(u,v)" + (Oyu, O1v)'} dx'.
Ry

In particular, H*(R") = L? (R+; Hl) NnH! (R+; L2).
Let 1. be the standard mollifier with respect to 2/ € R""!, and define the
associated tangential smoothing operator J! : u — u, by

uc(x!,2') = / 1 n(2' —y ) u(zt,y') dy'.
R

If w € L*(R), then u, € L? (R+; Hl). Fubini’s theorem and standard properties
of mollifiers imply that u — u in L*(R}) as e — 0.
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Mollifying the weak form of (8I7) in the tangential directions and using the
fact that J! commutes with 0;, we get — as in the interior case — that

(ue, L*v) = (ue, {—81 + L’*} v)
= (u,{=01 + L} Jlv) + (u, [J,,L""] v)
— (Jif =L u,v).

meaning that u. is a weak solution of

(8.18) e+ L'ue = fo, fe=Jf=1J, L'u.
Lemma [RIT] applied to the tangential commutator implies that
7 Dlu € L3(R .5 L)

and f. — f in L?*(R4; L?). Moreover, (8I8) shows that u, € H'(Ry; L?). Thus,
we have constructed u, € H*(R'}) such that

(8.19) ue —u, Luc— Lu  in L*(R}) ase — 07,

In view of 8IJ), we just need to show that weak H!'-solutions are strong
solutions[l By making a linear transformation of u, we can transform the boundary
condition B_u = 0 into

U =Ug =+ =1U =0,
where r is the dimension of ker B_. We decompose u = u+ + u~ where
ut = (ul,...,uT,O,...,O)T, u = (O,...,O,ur+1,...,un)T

)

in which case the boundary condition is u* = 0 on ' = 0, with u~ arbitrary.
Ifue Hl(RZﬁ) is a weak solution of Lu = f, then yu™ = 0, where « is the
trace map in ([8IT]). This condition implies that [9]

ute HRY),  H(RY) = CR(RD).
Consequently, there exist u} € C}(R%) such that vl — u™ in H'(R%) as n — oc.
Since ul has compact support in R, it satisfies the boundary condition pointwise.
Furthermore, by density, there exist u." € C! (Ei) such that u; — u~ in HY(R?).
Let ue = uf +u_. Then u, € C} (Ri), B_u, =0, and uc — u in H*(R"). Since
L: H'(R?) — L*(R%) is bounded, ue — u, Lue — Lu in L*(R"), which proves
that u is a strong solution. O

If the boundary is not smooth, or the boundary matrix B is singular and the
dimension of its null-space changes, then difficulties may arise with the tangential
mollification near the boundary; in that case weak solutions might not be strong
solutions e.g. see [30].

Note that Theorem B.12]is based entirely on mollification and does not depend
on any positivity or symmetry conditions

COROLLARY 8.13. Let f € L2*(Q). If the smoothness conditions in Defini-
tion[81] and the positivity conditions in Definition[8-4 Definition[83 are satisfied,
then a weak solution u € L*(Q) of (81) is unique and c|lu|| < | f]|.

11f we had defined strong solutions equivalently as the limit of H!-solutions instead of C1-
solutions, we wouldn’t need this step.
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PROOF. Let u € L?(Q2) be a weak solution of (81I)). By Theorem BI2 there is
a sequence (u,,) of smooth solutions u,, € C1(Q) of 8I) with Lu, = f, such that
up — wand f, — fin L?. Theorem B0 implies that c||u,| < || f.|| and, taking the
limit of this inequality as n — oo, we get c||ul| < | f||. In particular, f = 0 implies
that u = 0, so a weak solution is unique. ([

A further issue is the regularity of weak solutions, which follows from energy
estimates for their derivatives. As shown in Rauch [33] and the references cited
there, if the boundary is non-characteristic, then the solution is as regular as the
data allows: If A and 99 are Ck*T1, C is CF, and f € H*(Q), then u € H*(Q).
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