SOLUTIONS 2
ANALYSIS PRELIM WORKSHOP
Fall 2013

Problem 1. (Spring, 2013) Consider the Hilbert space L?(0,1) with inner
product (f,h) = fol fhdz. Let

1
V= {f € L*(0,1) :/ zf(z)de = 0}
0
and g(r) = 1. Find the closest element to g in V.

Solution. By the projection theorem, the closest element to g in V is
h = Pg where P : L?>(0,1) — L?(0,1) is the orthogonal projection onto V.
Moreover, the error g — h € V* is orthogonal to V.

Since V = (z)1, we have V+ = (z)t+ = (z). It follows that g — h = kx
for some constant k, so h(x) =1 — kxz. Then h € V if

/01 zh(z)dx = /Ol(x — ka?)dx =

so k = 3/2 and the closest element is

1
—k=0
3 )

N~

Problem 1. (Fall, 2012) Show that the space of continuous functions on
[0, 1] with the sup-norm || f|| = max |f(z)| is not a Hilbert space.

Solution. A norm || - || is derived from an inner product if and only if it
satisfies the parallelogram law

1f = gli® + 11f +gll* =2 (IF1* + llgll*) ,

but this fails for the sup-norm.

For example, consider f(z) =1, g(x) = 2. Then

Ifl=1, lgll=1, [[f-9gl=1, [f+gl=2
and

1F = gl* + 17 + gl # 2 (117 + llal®) -



Problem 4. (Fall, 2012) A bounded operator on a Hilbert space is normal
if it commutes with its adjoint. Define V : L?(0,1) — L?(0,1) by

x):/omf(t)dt

and S : (?(N) — (?(N) by S(z1,x2,23,...) = (0,21, 22,...). Are either of
V', S normal?

Solution. Neither V' nor S is normal.
To compute V*, we consider for f,g € L?(0,1)

VF.0) —/ (/ £t dt) d:v—/lf(t) (/tlgu)dx) dt = (1, V"g),

where

(V*g)(x) = / olt) d.

The exchange in the order of integration is justified by Fubini’s theorem,
since

[ ([ 1wt ra < ([ i) ([ oia) <isioelol

is finite. If f = 1, then
Vi@ = [rit=a Vi@ = [Cta=50-a2),
(V*f)(x):L Ldt=1—a, (VV*f)(a:)z/om(l—t)dtzx—%xz,

so VIV £ VV*,
To compute S*, we consider for x = (z;) and y = (y;) in £3(N)

(o)
(Sz,y) va 19 = Y @il = (x,57y),
=1

where S*y = (y2,¥s3,y4,-..). If 2 =(1,0,0,...), then

Sz =(0,1,0,0,...),  §*Sz=(1,0,0,...),
S*x =(0,0,0,...), 88"z =(0,0,0,...),

so S*S # 55*.



