MAT 201a Homework # 3
by Ricky Kwok

2.2 Let f, € C([a,b]) be a sequence of functions converging uniformly to a function f. Show that

n—oo

b b
lim / fa(z)dz = / f(z) dz
a a
Give a counterexample to show that the pointwise convergence of continuous functions fn to a continuous

function f does not imply the convergence of the corresponding integrals.

Solution. Suppose f, converges uniformly to f. Then we know Ve > 0 3 N € N such that » > N implies

€
b—a’

sup |fn(z) — f(2)] = [|fa - fll <
reX

Now we can use a well known property about Riemann integrals

b b
< [ - r@lar< [t o) S e

e b—a b—a

b
[ tata) - £(a) s

This shows the differences in their integrals converge to each other. That s,

/a (o) do / ' (@) da
b b

<€

Therefore, if f,, is a sequence of functions converges uniformly to f, then their integrals will converge to each
other as well.

To show a counter-example, let X = [0, 1]. Then we define a sequence of functions

0 0<z<1/n
n(nz—1) 1/n<z<2/n

fn(z) =<{n T=2/n
—n(nz-3) 2/n<z<3/n
0 3/n<r<1

In other words, the function connects the points: (0,0) to (1/n,0) to (2/n,n) to (3/n,0) to (1,0) (See figure).
The limit of f,, approaches f = 0 because the point z = 3/n goes to 0 as n goes to infinite. However, each the
integral of each function is given by

1 1 2

—bh==.2.p=1

2bh 5 M

for all n. The integral of f however, is 0. Clearly, 1 does not converge to 0, so the integral of the limits of f,, do
not converge to the integral of f. 0

2.3 Suppose that f : G — Risa uniformly continuous function defined on an open subset G of a metric space X.
Prove that f has a unique extension to a continuous function [+ G — R defined on the closure G of G. Show
that such an extension need not exist if f is continuous but not uniformly continuous on G.
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Solution. Since f is uniformly continuous from G C X to R, Ve > 0 3 § such that

d(z,y) <6, = |f(z) - fy)l < e

We want to continue the function to the boundary of G to define f : G — R. Let G \G = 0G. Since G is open,
G U OG = G. Since G is closed, there exists a sequence () converging to a point z € G. Since f is defined
everywhere already in G, let us take a sequence (zy) in G that converges to dG. Since the sequence (zy) is
convergent, it is also Cauchy (by homework 1). Then V§ > 0, 3 N € N such that

n,m>N = d(z,,2y) <
Since f is uniformly continuous, we have that
A(TnyTm) <6 = |f(zn) — flzm)l <e

A little technicality I should fix is this. Here, I choose an € first. That forces my ¢ to be dependent on it, so
I should write § = d(e). It is after I choose this value that I choose an N. So I should write N = N(e, d).
Therefore, f(z,) is a Cauchy sequence in R. Let z € G, with a sequence (xx) — . I define the extension of
the uniformly continuous function as follows

=y Jfl@)ifzeqG
J(z) = {limn_qoo flzy,) ifx € 8G.

To check this function is actually a function, let two sequences (zx) and (y;) both in G converge to the same
limit z in G. Then for any §/2 > 0, there are natural numbers N, Ny such thatif n > N, and m > Ny, then

d(Tp,2) < 8/2and d(z, ym) < §/2.
Set N = max{N,, Ny}. By the triangle inequality, we have
d(xn, Ym) < d(mn,z) +d(z, Ym) < 6/2 + 6/2=24.

Using the fact that these sequences both live in G, by uniform continuity we have for all ¢/3 > 0,

dum%»<6:uum—ﬂ%m<§.

Notice that the sequence f(xy) is Cauchy by the calculation above, and that f (y;) is Cauchy as well. Let the
limits of these Cauchy sequences be a and be, respectively. These live in R by completeness of R. Then for all
€/3 >0,

m—ﬂ%ﬂ<§wﬁﬂwﬁ—ﬂ<§

We can use these inequalities to conclude the limits of these two functions are equal

€ € €
a = bl < Jo = flza)l + 1f(@n) = Fum)| +|f@m) =Bl < S+ 5+ £ =
To show uniqueness, suppose there are two extensions of continuous functions, fand h. Let (z) converge to
alimitin z € G. Consider the function c(zx) = f(zx) — h(zx). Since both f and h are continuous, then c is
continuous as well. Then x;, — x implies c(xx) — ¢(z). Because both extensions are defined to be fifzeq,
we have

(@) = h(z) = c(z) = lim c(z) = kl_if{.lj(xk) = h(zk) = lim f(zx) - flax) =0.

Therefore, the extension of a uniformly continuous real-valued function defined on an open subset of a metric
space uniquely extends to its boundary.

To give a counter example, take f(x) = sin(1/z), the topologist’s sine curve. Let’s focus our attention on the
interval I = (0,1/7). The function is continuous on I because f is a composition of continuous functions
well-defined on I. However, near z = 0, the function oscillates infinitely often. Therefore, as it gets closer to
the y-axis, it has no limit. Thus, f cannot be extended to the left endpoint of T = [0, 1/7]. O
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Problem 2.4

Give a counterexample to show that fn— fin C([0,1]) and f, continuously differentiable does not imply that f is continuously
differentiable.

Consider the function

1 1 1 1
—@—g) - 0<z<g-d

fa(@) = 2(x - 12 i m<z<i+l
-3-2 I+l<z<i

Each fn(2) is continuous and differentiable everywhere on [0, 1].

This is true because each piece is continuous and differentiable,
and at the connection points the value of the functions are equ

al and the derivatives are equal. (fn) converges to f = |z — 1
which is continuous everywhere on [0,1] but is not differentiable at z = 1.
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Problem 2.5

Consider the space of continuously differentiable functions,

C'([a,b]) = {f : [a,b] > R|f, f' are continuous}

with the C'-norm,

IFll = sup |f(z)[+ sup |f'(z)]
alz<b a<z<b

| Prove that C*([a, b)) is a Banach space.

We will assume that C([a,d]) is a normed linear space and all we need to show is completeness, so let (f,) be a Cauchy
sequence in C*([a, b]) with respect to the | - llct norm defined in the problem statement. Then each fr , f; € C(la,b], || - |lsup)

. We know that C([a,b]) is complete and thus there exists f,9 € C([a,b]) such that f, — f, and fr. — g (uniformly ) with
respect to || - [|sup. If we let

Fa@) = [ hoat, P - [ rwa

Then F;, — F converges uniformly because :

||Fn - F”sup < sup / |fn(t) - f(t)ldt < ”fn - f”SUD <€
z€[a,b] Ja

From the fundamental theorem of calculus .
Falo) = fule) = [ (o &)
Since f;, — g uniformly, by Problem 2.2,
[ sty | st 2)
a a

Since we also know that f, — f uniformly, we put (1) and (2) together to get

$@) = 1(@) = [ gy

which by the fundamental theorem of calculus implies that f’ = g. So we now have that fn = f (uniformly) and fi—=g=7f

which means that f, — f € C([a, b]) with respect to |- [|c1 . So every Cauchy sequence in C'([a, b]) converges to a point inside
C*([a,b]) and thus we have shown that it is complete and thus a Banach space.
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Problem 2.6

E

how that the space C([a, b]) equipped with the L'-norm || - ||; defined by

b
1111 = / |F(a)lde

is incomplete. Show that if f,, — f with respect to the sup-norm |||/« , then f,, — f with respect to |-Il1 . Give a counterexample
to show that the converse statement is false.

1.

Show that || f||; is incomplete. We need to find a Cauchy sequence that does not converge with respect to | - |3
0 T € [a, b—gﬂ) 0 e b—a)
z € la, Ly
Let fn(z) = {nz —nb3e ze[b39 b=a 4 1y | This converges to the step function flz) = {1 . [b_azb] which is not
X B
1 z€{~—b5“+%,b] 2

continuous. If we look at the sequence | f,, — f||; then this is a Cauchy sequence but it converges to a function outside of
C(la,b]). So (C([a,b],| - |l1) is incomplete.

- Show that if f,, — f with respect to the sup-norm || - llsup , then f, — f with respect to || - ||1:

1£n(2) = f(@)lsup = lim sup [fu(z) - f(z)|

X z€[a,b}
Now if we look at

b
(@) = £@)] = / (@) — f(z)] da

We know that continuous functions will reach their maximum and minimum on a closed interval and since f,(z) and f(z)
are both continuous, their difference is also continuous and therefore will reach its maximum and minimum. By definition
this is (| fn(2) — f(z)||sup and we can use this to bound the integral. Since, by assumption, we can make | f,,(z)— f(z) llsup < €

b
/ Fal@) = F(@)dz < (b )]l fal2) - F(@)lsap < €

But this then implies that || fn(z) — f(z)|1 converges to 0 and that f, — f with respect to || - ||; .

Give a counterexample to show that the converse statement is false.

We can look at the sequence (f,,(z)) where f,(z) = z™ on the interval [0,1]. Each f,(z) is continuous on the entire interval.

Then f,(x) goes towards 0 on [0,1) and f,(1) = 1. We would like f(z) to be continuous so we set f(z) = 0 for z € [0,1].
Then our integral

1 1
|| )= @t = [ @i
is well defined everywhere on z € [0, 1] because f, is bounded on the interval. We have that

gl 1

1
n+1’o:n+1

(@) = F@)] = /0 () de =

<€

Where the last inequality is because we can always find an n > N to sastify it for any € > 0. Thus lim,_o || fu(z)—f(z)||1 =
0 and thus f, — f with respect to || - ||; .




Brian Alger Math 201A Homework 3 10/16/09

Now we look at

| fu(z) — F(@)lsup = nler;o sup [fn(z) — f(z)|

This does not converge because || f,(z) — f(z)|lsup = 1 a5 n — 0o because f(1) =0 and each f,(1) =1. So f, does not

converge to f with respect to || - ||sup-



