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Abstract

Suppose M is a compact orientable 3-manifold and Q M a properly embedded
orientable boundary incompressible essetial surface. Denote the completions of the
componerts of M Q with respect to the path metric by M*;:::;MX. Denote the
smallestpossiblegerus of a Heegaardsplitting of M, or M1 respectively, for which @ ,
or @1 respectively, is contained in onecompressionbody by g(M; @), org(Mi; @)
respectively. Denote the maximal number of non parallel essetial annuli that can be
simultaneously embeddedin M/ by n;. Then
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Heegaardsplittings have long beenusedin the study of 3-manifolds. One reasonfor
their continued importancein this study is that the Heegaardgerus of a compact 3-manifold
has proven to capture the topology of the 3-manifold more accurately than many other
invariants. In particular, it providesan upper bound for the rank of the fundamertal group
of the 3-manifold, and this upper bound neednot be sharp, asseenin the examplesprovided
by M. Boileau and H. Ziesdang in [1].

We here prove the following: Let M be a compact orientable 3-manifold and Q M
an orientable boundary incompressibleessetial surface. Denote the completions of the

possible gerus of a Heegaardsplitting of M, or M1 respectively, for which @, or @
respectively, is cortained in onecompressionbody by g(M; @) or g(M I ; @1 1) respectively.
Here g(M; @M ) is called the relative gerus of M. Denote the maximal number of non
parallel essetial annuli that can be simultaneously embeddedin M1 by n;. Then
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A stronger inequality is obtained in the casein which M and the manifolds M | are acylin-
drical.

The formula derived in this paper provides a topological analogue to the algebraic
formula provided by R. Weidmann for the rank, i.e., the minimal number of generators, of
a group (see[18]). He provesthat if G = A ¢ B is a proper amalgamated product with
malnormal amalgam C, then

rank G %(rankA + rankB 2rankC + 5)

The group C < G is malnormal if gCg 1\ C = filgfor all g G. Supposethat M
is a 3-manifold cortaining a separating incompressiblesurface Q and Q cuts M into two



acylindrical 3-manifoldsM 1t M 2. Then Weidmann's formula tells us that the fundamertal
groups 1(M); 1(M?1); 1(M?); 1(Q) satisfy the following inequality:

(M) S+ r(aM?) 2( 1(Q) + )

The correspondencebetweenthe two results makesthe formula derived here particularly
interesting, sinceit shaws that the rank of the fundamenal group and the gerus of a 3-
manifold satisfy a similar linear inequality. The construction and techniques used here are
a generalization of those in joint work with M. Scharlemann [14]. The complexity here is
considerably more substartial.

In his book [7], K. Johannsonderivesa variant of the Heegaardgerus formula derived
here for the special casein which M is closedand M! is acylindrical (i.e., it corntains no
essetial annuli or tori) forj = 1;:::;k:
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Which is equivalert to the following:
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See[7, Proposition 23.40]. The inequality derived here appliesin greater generality. In

particular, Johannson'sformula doesnot apply to the interesting caseof a surface bundle
over the circle.

Section 2 of this paper showvs how the generalized Heegaard splitting of M induces
generalizedHeegaard splittings of the submanifolds M1. This construction provides the
generalized Heegaard splittings, but gives little cortrol over their complexity. Section 3
provides more speci cs on the construction in Section 2 that provide suc cortrol. Section
4 provesthe Main Theorem. This proof consistsentirely of adding up and subtracting the
appropriate numbers from Sections2 and 3.
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stage of this work was carried out and Professor Tsuyoshi Kobayashi for inviting me to
RIMS. | would also like to thank ProfessorMarty Sdarlemann for helpful conversations.
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1 Preliminaries

For standard de nitions concerning3-manifolds, see[5] or [6].

De nition 1.1. For L a properly emiedded submanifold of M, we denote an open regular
neightorhood of L in M by (L) and a closel regular neightorhood of L by N(L). If L is
an orientable surface properly emtedded in M, then N (L) is homeomorphicto L [ 1;1]
In this case we denote the subsetsof N(L) correspndingto L [ 1;0]andL [0; 1] by
N;(L) and N, (L) respctively. We think of L itself as correspndingto L  f0g.

De nition  1.2. A compressionbody is a 3-manifold W obtained from a closal orientable
surface S by attaching 2-handlesto S f 1g S | andcappingo any resulting 2-sphee
boundary components with 3-handles. We denoteS flghy@W and @V @W by@ W.




Dually, a compression body is an orientable 3-manifold obtained from a closal orientable
surface @W | or a3 ball or a union of the two by attaching 1-handles.

In the case whee @W = ; (i.e., in the casewher a 3 ball was usea in the dual
construction of W), we alsocall W a handlelody. In the casewhee W = @W |, wecall
W a trivial compression body.

In the case of a compression body that is not connected, we further require that all but
one component of the compression body be a trivial compression body. The component of
the compression body that is non trivial is called the active component.

In the following, we use the convention that (;) = 0. Dene the index of W by
JWw)= (@w) (@Ww).

The index will usually be a positive integer, but the index of a 3-ball is -2 and the index
of a solid torus or of a trivial compressionbody is 0.

De nition  1.3. A disk D that is properly emledded in a compressionbody W is essential
if @ is an essentialcurvein @ W.

De nition  1.4. An annulus A in a compressionbody W is a spanning annulusif A is iso-
topic to an annulus of the form (simpl e closedcurve) | in the subsetof W homemorphic
to@W |I.

De nition  1.5. A setof de ning disksfor a compressionbody W is a setof disksfD 1;:::;Dng

properly emiedded in W with @; @W for i = 1, :::;n suchthat the result of cutting
W alongD; [ [ D, is homemorphicto @ W | along with a collection of 3-halls.

De nition  1.6. A Heegaad splitting of a 3-manifold M is a decomposition M = V[ s W
in which V, W are compression bodies suchthat VA W = @V = @QW = S. We call S
the splitting surface or Heegaard surface.

If M is closal, the genusof M, denotal by g(M ), is the smallest possiblegenusof the
splitting surface of a Heegaad splitting for M. If @M 6 ;, then the relative genusof M,
denota by g(M; @), is the smallest possiblegenusof the splitting surface of a Heegaad
splitting for which @/ is entirely contained in one of the compression bodies.

De nition  1.7. A Heegaad splitting M = V [ s W is reducible if there are essentialdisks
D1 VandD, W, suchthat @1= @3,. A Heegaad splitting which is not reducibleis
irr educible

A Heegaad splitting M = V[ sW is weakly reducibleif there are essentialdisksD1 V
andD, W, suchthat @1\ @3, = ;. A Heegaad splitting which is not weakly reducible
is strongly irr educible

Denition 1.8. LetM = V[ sW be a Heegaad splitting. A Heegaard splitting is stabilized
if there are disksD V;E W suchthat @ \ @|= 1. A destabilizationof M = V[ sW
is a Heegaa splitting obtained from M = V[ sW by cutting along the cocore of a 1-handle.
(E.g.,, if D V;E W is a stabilizing pair of disks, then D is the cocore of a 1-handle of
V and the existen® of E guarantees that the result of cutting along D resultsin a Heegaad
splitting.) We say that a Heegaard splitting M = X [ 1Y is a stabilization of M = V[ sW,
if there is a sequen@ of Heegaad splittings M = X[ 11 YL ::o;M = X! [ Y! with
X1=X;¥l=vY;X'=Vv;Y'=W and X" [ 1+ Y' is obtained from X" [+ 1 Y" L bya
destabilization.

The notion of strong irreducibilit y, due to Cassonand Gordon in [3], prompted the
following de nition dueto Scharlemann and Thompson.

3



De nition  1.9. A generlized Heegaad splitting of a compact orientable 3-manifold M is
a decomposition M = (Vi[ s, Wi) [, (Vo[ s, W2) [ F, [ R 1 (Vin [ sn Wm). Eachof the
V; and W; is a compressionbody, @V, = S; = @QW,;, (i.e., Vi[ s; W; is a Heegaard splitting
of a submanifoldof M) and @W; = F; = @ Vi;+1. We say that a genenlized Heegaad
splitting is strongly irr educible if each Heegaard splitting V; [ s; W; is strongly irr educible
and each F; is incompressiblein M. We will denote[ ;F; by F and [ ;S; by S. The surfaces
in F are called the thin levelsand the surfacesin S the thick levels

Let M = V[ s W be an irreducible Heegaard splitting. We may think of M as heing
obtainad from @V | by attaching all 1-handles in V followel by all 2-handles in W,
followed, perhaps, by 3-handles. An untelesopingof M = V[ sW is a rearrangementof the
order in which the 1-handles of V and the 2-handles of W are attached. This rearrangement
yields a generlized Heegaad splitting. If the untelesoping is strongly irr educible, then it
is called a weak reduction of M = V[ s W. Here @V; = @V. For conveniene, we will
occasionally denote @ V; by Fg and @ W, by Fj.

The Main Theorem in [11] together with the calculation [13, Lemma 2] implies the
following:

Theorem 1.10. SupmseM is an irr educible compact 3-manifold. Then M possessesn
unstabilized genusg Heegaard splitting

M=V[sW
if and only if M has a strongly irr educible generlized Heegaad splitting

M:(Vl[Sl\Nl)[Fl(VZ[SzWZ)[Fz [Fm 1(Vm[Sme)
with @ V1 = @ V suchthat

xn
JM)=29 2+ (@V):
i=1

The details can be found in [10]. Roughly speaking, one implication comesfrom taking
a weak reduction of a given Heegaardsplitting of gerus g, the other from thinking of a
given generalizedHeegaardsplitting as a weak reduction of someHeegaardsplitting. The
latter processis called the amalgamation (for details see[15]) of the generalizedHeegaard
splitting.

A strongly irreducible Heegaardsplitting can be isotoped so that its splitting surface,
S, intersectsan incompressiblesurface,P, only in curvesessetial in both S and P. This is
a deepfact and is proven, for instance, in [16, Lemma 6]. This fact, together with the fact
that incompressiblesurfacescan be isotoped to meet only in essetial curves, establishes
the following:

Lemma 1.11. Let P be a properly embkedded incompressiblesurface in an irr educible 3-
manifold M andletM = (Vi[5 W1)[ e [Fy 2 (V[ s, Wm) be a strongly irr educible
geneanlized Heegaard splitting of M. Then F [ S can be isotoped to intersect P only in
curvesthat are essentialin both P and F [ S.

2 The Construction

In this section, we supposethat M is a compact orientable 3-manifold with generalized
Heegaardsplitting M = (V1[ s, W1)[r, [F, 1 (Vn[ s, Wn) and Q a compact orientable
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surfacein M with @ @1 = @V = @ V1. Assuming that Q can be isotoped sothat all
componerts of Q\ (S[ F) are essetial in both Q and S| F, we describe a construction for
generalizedHeegaardsplittings of the completion of the componeris of M Q with respect
to the path metric.

In simpler contexts, a more concreteapproad to this sort of construction hasbeenused.
A rough sketch is as follows: Consider a Heegaardsplitting M = V [ s W. Make V very
thin, soit intersectsQ in a collar of @ along with disks. Then cut along Q and consider
the completion of a componert C of M Q. Add a collar of the copiesof componerts of
Q in the boundary of C to V\ C. It is a nontrivial fact that this would indeed yield a
Heegaardsplitting of C and is the basisfor the construction in [7]. Howewer, the approadc
there, though simpler at the outset, requiresfar more work to gain corntrol over the number
of componerts in V\ Q. Thus, although the construction in this sectionappearsto be more
complicated than required, it will becomeevidert in the following sectionsthat it allows
for more satisfactory cortrol over the sum of indices of the resulting generalizedHeegaard
splittings.

In the following, we will abuse notation slightly and considerQ [ 1;1] to be lying
in M with Q= Q f0Og via the homeomorphisnwith N (Q). We will further assumethat
FAN(Q [ L1D= (F\ Q) [ 1;1]andsimilarly for S;, for all i. Denotethe completions of
the componerts of M Q with respect to the path metric, i.e., the 3-manifolds into which
QcutsM, by M1;:::;MK. Notethat M1t t MKishomeomorphictoM (Q ( 1;1)).

Denition  2.1. A properly emledded surface Q in a 3-manifold M is essential if it is
incompressibleand not boundary parallel.

Remark 2.2. An essentialsurface can be boundary compressible. Recall that if a surface
Q in a 3-manifold M is boundary compressible, then there is a disk D in M such that
inter ior(D)\ Q = ; and such that boundary @ = a[ b with a;b connected arcs and
a Qandb @. Supmsingthat Q is boundary compressiblein M, then D provides
instructions for modifying Q. Speci c ally, replae a small collar of a in Q by two parallel
copies of D. This madi c ation is called a boundary compressionof Q alongD. Here D is
called a boundary compressingdisk for Q.

De nition  2.3. The two copiesof Q in @M 't t MX) are called the remnants of Q.

De nition 2.4. Let F be a closal orientable surface. A generlized compressionbody is an
orientable 3-manifold W obtained from F | or a 3-ball or a union of the two by attaching
1-handes. If attached to F |, the 1-handes must be attached to F  f 1g.

We denoteF f 1gby@W. Wedenote@ | by@W and@V (@W [ QW) by
@QW.

A setof de ning disksfor W is a setof disksD with boundary in @ W that cut W into
@W | togetherwith a collection of 3-balls.

Lemma 2.5. Supmsethat W is a generlized compressionbody and Q W is a properly
emleddead connected incompressiblesurface disjoint from @W . Supposefurther that Q meets
@W and that (Q) 0. Then either Q is a spanning annulus, or there is a boundary
compressingdisk D for Q suchthat@\ @v @ W.

Proof. Let D be a set of de ning disks for W. Since Q is incompressible,an innermost
disk argumert shaows that Q can be isotoped sothat it intersectsthe componerts of D in
arcs. Furthermore, an outermost arc argumert shows that, after isotopy, any such arc of
intersection is essetial in Q. Now if there are arcs of intersection, then we chooseone that



is outermost in D and seethat the outermost disk it cuts o is a boundary compressing
disk for Q.

If there are no suc arcs of intersection, then we cut along D to obtain a 3-manifold
homeomorphicto @ W I. It is well known that an incompressibleand boundary incom-
pressible surfacein a product is either horizontal or vertical. Here the horizontal caseis
ruled out becauseQ doesnot meet @W. Thus Q is either a spanning annulus or boundary
compressible.

Now supposethat Q is boundary compressiblevia a disk D' such that @\ @V
@ W . Then since @ meets@ W there is a dual boundary compressingdisk D sud that

@\ a@av @W, asrequired. O

Remark 2.6. The construction here is relevantin the casein which for each component
Qcof Q, Qc\ (F[ S) 6 ;. If, on the other hand, there is a component Q. of Q for which
Qc\ (F [ S)=;, then wemay treat this component sefrately. As it lies entirely in one of

If components of Q are parallel into components of F, then a much simpler construction
yields a stronger result, see Proposition 4.1.

Lemma 2.7. SupwseM = (Vi[ s, W1))[r [ F, 1 (Wn[ s, Wn) is a genenlized Heegaar
splitting and suppseQ M is an essentialboundary incompressiblesurface. Also supmse
that no component of Q is parallel into F. Suppmse furthermore that Q has been isotoped
so that all components of Q\ (S[ F) are essentialin both Q and S| F and so that the
numker of components in this intersection is minimal subject to this condition. Then for
each i, each component of the completion of V; Q and W; Q with respect to the path
metric is a genealized compression body.

Proof. Note that under the above assumptionsthere will be no componernt of Q\ V; that does
not meet @ V;, for such a component would be parallel into @ V;. Thus ead component of
Q\ V; satis es the hypothesesof Lemma 2.5. Similarly for Q\ W;.

Let Q@ be a componert of Q\ V;. Sinceeat componert of G\ @QVi Q\ @V is
essetial in @V, and in Q, Q is not a disk. If Q is a spanning annulus, then we may cut
along this spanning annulus and obtain a generalizedcompressionbody. If @ is boundary
compressiblevia a boundary compressingdisk that meets @ V;, then we may perform the
boundary compressionalong this disk to obtain Q,. The componerts of the completion
of Vi @ with respect to the path metric can be obtained from the componens of the
completion of V;  Qp with respect to the path metric by attaching a 1-handle with cocore
the boundary compressingdisk.

We prove the lemma by induction on  (Q\ V;). This is accomplishedby repeated
application of the argument above. The sameholds for Q\ W;. O

De nition  2.8. For a submanifoldN M, we will denoteN \ M! by N/. E.g., S =
Ss\ ML, W2=Ws\ M2, Q =Q\ M.

Note that S! and F} will typically not be closedsurfaces.Also, V;' and W} will typically
not be compressionbodies, only generalizedcompressionbodies. The following construction
appearsto be a fairly natural way of \capping o " the componerts of @V, and @W/ with
appropriate ((punctured surface) 1)'s. This is the rst stepin constructing generalized
Heegaardsplittings on the submanifolds M J. The dicult y liesin \capping o " @V, and
@W] in away that is consisten.



Figure 1: The surfaceQ in the generalizedHeegaardsplitting

Construction 2.9. (The Main Construction) Let M be a compact possiblyclosal orientable
irr educible 3-manifold. Let

Mz(vl[slwl)[Fl [Fn 1(Vn[San)

ke a strongly irr educible genenlized Heegaard splitting of M. Let Q be a compact possible
closal orientable essentialboundary incompressiblenot necessarily connected surface prop-
erly emiedded in M. Denote@ V, by @M and @W, by@M. Then@ = @M [ @M.
Supsethat @ @ M. Supmse further that no component of Q is parallel to a com-
ponent of F and that S| F has been isotoped so that all components of Q\ (S| F) are
essentialin both Q and S| F and so that the numbker of such components of intersection
is minimal.

Denote the completions of the components of M Q with respect to the path metric
byM?®::::: MK, We construct generlized Heegaar splittings for M 1::::: MK, respectively,
from

M=MIssW)lrn  [r o (Vnls, Wh)
We call thesegenenlized Heegaard splittings the induced Heegaard splittings of M 1;:::; M X,
resgectively.

Leth:M ! [0O;1] bea Morsefunction correspondingto M = (Vi[ s, W1)[Fr, [F, ,
(Wnl s, Wn) with S. = h 1(s.) and F; = h 1(f;) for appropriate sl;::"sn andfq;:::;fh 1.

Setq = Q\ h 1(t) and Q[tl;t2 = Q\ h ([ty;t2]). Hereq[ will consist of a collection
of circles (at least for regular values of hjq) and Q,.,; will be a subsurfaceof Q with
@t,:,] = % [ &, Considerabicollar Q [ 1;1]of Qin M. If g2 (Q\ S[ F), then we
assumethat h(g;t) = h(q) forallt2 1.

For all i, set
Qu=( [ L 1+=2D[ Qe f 1+ =0
S qsi ’ 2' [Si;l] 2' g
+ 1 1
Qg = (o [1 5;1])[ Qg f1 59)

Forall 0< i < n, set

Q=@ [ L 1+ 7Dl Quuy 1+ 57170
Q=@ [ 5l Quay 1 5140
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Figure 2: A collection of arcs ; that cuts Qys; ,.;) into a spanning annulus

Recallthat Fop= @V; and F, = @ W,,. Set

_ 1 1
Qo=@ [ L 5[ Q@ f 750

Qf= @ [geg I (Q 10
Qf, =
For all i, set
F=F ENYQ [ 1))l Q;'i [ Q,
and

S=(S S\ (@Q [ L1 Qs Qs

Then for all i, Fj and S; are closedsurfaces.Note in particular that sinceF, doesnot meet

Wi be the cobordism betweenS; and F; for i = 1;:::;n. Here neither \7‘iJ nor WiJ needbe
a compressionbody.

Let ; be a union of properly embeddedarcsin Qy, .. disjoint from ¢, , that cut

Qrf; .:s] Into disks and spanning annuli, seeFigure 2. l.e., Qf, s i Is homeomorphic
to (o , I)[ (disks). Analogously choose ; in Qs ;. Do this in such a way that
@i\ @i = ;. Then,setV/ = (¢ ((i f 19)[ ((;i f 1g) and W =

(W (i f 2)[((; f 1g)).

Consider the construction of . Since ead componert of Q\ (S[ F) is essetial in
both Q and S| F and sincethe number of such componerts is minimal, Qr; ,.51= Q\ Vi
is an essetial surface. Note that Qs ,.5;) might be boundary compressible,but that the
minimality assumption on the number of componerts of Q\ (S[ F) guaranteesthat the
hypothesesof Lemma 2.7 are met. Hence ViJ is a generalizedcompressionbody. Here
V! is obtained from V! by adjoining a 3-manifold homeomorphicto Qy, ,.3; | along a
subsurfacehomeomorphicto Q, .- Furthermore ¢ is obtained from V! by adjoining
the same3-manifold but along @V = (¢, f 1g) | ‘and disks and attaching 1-handles.

The result is thus a compressionbody. Similarly for W,/ .

Se_tS% = @\_l-rj = @\Alij and F_rJ = @\Nij = @\l-rj+1 for all i; j. Further setF_tj) = @\llJ
and EA = @Wj} for all j. The generalizedHeegaard splitting induced on M1 is M} =
M IgW) e [e (VL WA).
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Strictly speaking, the compressionbodies may have to be relabelled. For recall that if
a compressionbody is not connected,then it has exactly one active componert. Suppose,
for instance, that \4! is not connectedand that more than one componert is non trivial.
(Note that it follows that W.{ is alsonot connected. For j\4'j = j@ \4j = j@ W.{j = jW{j.)
We then insert trivial compressionbodies and relabel as necessary

Remark 2.11. Despite the possibleinsertion of trivial compressionbodies and relatelling,
we maintain the notation M} = (\ [ sl wi) [ ST (M [ s W}). This helpsus
to keep track of the relation to the original generlized Heegaad splitting on M. This is
esyecially helpful in the computations below.

Lemma 2.12. (Preliminary Count) For the construction alove,

X . X
J() = QM+ 2 Q) 40 i+ )

j i i

Proof: Consider the Euler characteristigs of the surfacesin the construction agove. Since

the Euler characteristic of a circle is 0, j (Si’) = (Sj), fori=1;:::;nand b (Fij) =

(Fi), fqri:O;:::;n 1. Furthermore,‘ j (s)) = i (Sij)+2 (Qpsi;y) and j (I'—”ij)z
o1 (F)*+2 Q) Thus | (S) = (S)+2 (Qeuw) 4 i 4 i and
i (F) = i (F!)+ 2 (Qyf,;1p)- Hence
X X .
I =
i
X X

SEPENCHE

i

X . .
CCFE D SN+ 20Qp aa) Q)+ 4G i+ D) =

P

X

X
| ((Fi1) (S)+2Qp s *+40i+]i)=

X
| M)+ 2 (Q, s+ 40 i+ 1)

3 How many arcs do we need?

In order to perform the required calculations we must court the number of arcs required
for j; ; in the Main Construction. To do so,we de ne ;; ; more systematically.

Lemma 3.1. In the Main Construction wemay chase ; sothat the numbker of components
of ; is equalto (Qrf; 1:s7) * di, where d; is the number of components of Qys, .5, that
do not meet Fj 1.

Proof. Recall that we are assumingthat S| F hasbeenisotoped sothat all componerts of
Q\ (S| F) areessetial in both Q and S| F and sothat the number of such componerts
of intersection is minimal.



Figure 4. The construction of Wé

We proceedby induction on  (Qy; ,.5). If (Qrf; 1:s7) = 0, then Qys, .51 consists
of annuli. If acomponert A of Qt, .5 is not aspanningannulus, then the above minimality
assumption implies that its boundary liesin @ V;. Thus Lemma 2.5 locates a boundary
compressingdisk D for A such that @ = a[ bwitha Aandb @V. In this case ;
consistsof the arcs a for ead such annulus. Take © to be the set of such spanning arcs.

Suppose  (Qpf; ,:57) > Oandlet Q beacomponernt of Q, ,.;; for which  (Q) > 0.
Again, Lemma 2.5 locatesa boundary compressingdisk D for Q such that @ = a[ bwith
a Qandb @V. Set "= a.

Consider the surface Q' obtained from Q, ,.s,; by a boundary compressionalong D.

Then (QH = (Qrr; ;51 1. By inductive hypothesisthere is a collection of arcs
O.:::; ™ 1suc that the complemert of °[ [ " lin Q! consistsof spanningannuli
and disks. Now take ; to bethe collection 9;:::; "

The fact that the number of componerts of jisequalto  (Qy, ,.)+ di follows from
our choiceof  asa subcollection of the arcsin 3 that cuts Q, ;. into spanningannuli
and disks and that hasthe minimal number of componerts among all such subcollections.

]

The same strategy could be used to locate a collection of arcs ;. But there is a
crucial di erence betweenQys, .51 and Qqg,r;;- This asymmetry in our construction may
be exploited to shaw that in fact all arcsin ; are super uous. SeeFigures 3 and 4.
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Figure 5: A boundary compressingdisk intersecting Qs,.t,;) | Q |

bx1l

&

Figure 6: A destabilizing disk for the componert b of

Lemma 3.2. In the Main Construction, we may choose, = ;.

Proof: Consider a collection of arcs  in Qs ;f;; constructed via the argumert in Lemma
3.1. Obsene that ead arc found in Lemma 3.1 was part of the boundary of a boundary
compressingdisk D'. Here @ = b[ cwith b2 Qg f,; and c2 @ W;. Denote the collection
of boundary compressingdisks corresponding to the componerts of ; by D ;. We may
chooseD , sothat its componerts are pairwise disjoint. Note however, that a componert
of D, may have to intersect Qs £,1 in its interior.

Let D be a componert of D ; and considerhow D meetsF [ S. SeeFigure 5 for the
casei = 2. Then the corresponding arc, call it b 1, in ; is parallel to Sf via the disk
sketched in Figure 6. Extending D into the other side of Qs 1, allows us to locate another
sud disk for b 1.

The cocore of the 1-handle attached along the arc and a truncated version of this disk
de ne a destabilizing pair. In this way, ead componert of ; isin fact super uous. O

The proceduresabove shaw that the number of componerts of Qys, ,.s;; that do not meet
o, , plays arole in the complexities of the generalizedHeegaardsplittings constructed. It
is of particular importance to cortrol the cortribution arising from annular componerts of
this type.

De nition  3.3. An annulus A in a compressionbody W is called a dipping annulus if it
is essentialand @A @ W.

11



Figure 7: Isotopic dipping annuli

Lemma 3.4. SupmseB is a collection of essentialannuli in a compression body W and
that A is the sulxollection consisting of dipping annuli. Denote the numbker of annular
componentsof @W B by|l. If no two components of A are isotopic, then

. |
JAj J(W)+§

Proof: This is [14, Lemma 7.3]. O

Corollary 3.5. Supmse B is a collection of essential surfaces in a compression body W
and that A is the sulxollection consisting of dipping annuli. Denote the number of annular
componentsof @W B that meet dipping annuli by |. Then

. |
JA] J(W)+§

Proof: First note that the conclusiondependsonly on A, sowe may ignore B A in the
proof. The proof is by induction on the number of parallel dipping annuli. If this number
is 0, then the conclusion follows from Lemma 3.4. To verify the inductive step, obsene
that deleting a dipping annulus that is parallel to another decreaseshe number of annular
componerts of @W B by two. O

De nition  3.6. Denote by n; the maximal number of pairwise non isotopic annuli that can
be simultaneously emtedded in M.

Recall alsothat d; is the number of componerts of Qy¢, ,.5;) that do not meetF; ;.

Lemma 3.7. In the counting argumentsbelow, we may assumethat in Lemma 3.1

X X X
di ( Qf s+ IMV)+2  n
i i i

Proof: Recall that d; is the number of componerts of Qy, ;.7 that do not meet @ V;.
Denote the number of componerts of Qy;, .. that are dipping annuli by a;. Then

d a  (Qn .s1)

12



Figure 9: The annuli L and A

Corollary 3.5 providesa bound on a;, but this bound dependson the number of annular
componerts of S;  Q that meet dipping annuli. Seefor instance Figure 7. This num-
ber is potentially unbounded, but we will shov below that corresponding to ead annular
componert in S;  Q there is a destabilization of \ [ s Wi

Soconsideran annulus L in [;S; Q that meetsat least one dipping annulus. See
Figure 8.

Casel: L is isotopic into @M.

In this casethere is an annulus A in @11 aspictured in Figure 9.

SincelL is boundary parallel, M/ is in fact homeomorphicto one of the two componerts
C or C,, sa& Ci, obtained by taking the completion with respect to th_e path metric
of M! L. There is thus a simpler generalizedHeegaardsplitting for M! than the one
currently under consideration. This is the generalizedHeegaardsplitting obtained from the
oneunder considerationby deleting all componerts of | i(SJr [ F_r-‘) in C, and cappingo any
componerts of | i(Sﬁ [ E-rj) with annuli. SeeFigure 10. The upshotis that corresponding to
eadt dipping annulus adjacen to L there is a destabilization of \11‘ [ s W{. Note that this
is alsotrue for any other annular componerts of [ {S; Q that meetdipping annuli and are
cortained in Co.

Casell: L is not isotopic into @i,

Denote by max (L) the maximal product neighborhood of L in M Q that is boundedby
annular componerts of [ |S; Q. SeeFigures 11 and 12. Then a simpler Heegaardsplitting
may be constructed by replacing the portion of \11’ [ s \AL{ in max(L) by onecorresponding
to a simpler stchematic. SeeFigures 13 and 14.

The e ect of this \straigh tening” of\llJ [ Sjlwi in max (L) neara pair of parallel dipping
annuli abutting max(L) is pictured in Figures 15 and 16.

The upshot is that with the exception of at most one such pair of dipping annuli, eat
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Figure 10: A simpler Heegaardsplitting

NSNS

Figure 11: Schematic for max(L)

72N

NSNS

Figure 12: Schematic for max(L)



Figure 13:. Schematic for a simpler generalizedHeegaardsplitting near max(L)

Figure 14. Schematic for a simpler generalizedHeegaardsplitting near max(L)

Figure 15: Before the \straigh tening"

Figure 16: After the \straightening"
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Figure 17: Cutting along a subsetof F

annular componert of [ {S; Q abutting dipping annuli corresponds to a destabilization.
By Corollary 3.5, this meansthat we may assumethat

X X
JA] JMVi)+2
[ j
And hencethat

X X X X
di ( (Q; 1s7) * &) ( Qf s+ IMV)+2 n

i i i i

4 Putting it all together

By performing the construction, cournting indices, subtracting amounts corresponding to
performing destabilizations and gerus reductions, we arrive at two propositions that imply
the Main Theorem.

Prop osition 4.1. Let M be a compact possiblyclosel orientable irr educible 3-manifold. Let
M=MNMI[IssWi1))[r, [F, 1 (Wnls, Wn) bea strongly irr educible generlized Heegaad
splitting. Let Q be a closal essential surface isotopic to a subsurfa@ of F. Then for

] = 1;:::;k suchthat X X X .
J(Vi) = J(AD)
i o

Proof: Isotope Q to coincide with a subsetof F. Then let M/ be the completion of a

componert of M Q and let Vi,;:::; Vi, Wi,;:::;W;, be the compressionbodies among
Vi Vai Wy W, that meet M. SetA{ =V, ifi fig;:::;igand A{ = ; otherwise,
B/ = Wi, if i fiy;:::;ijgand B/ = ; otherwise, G| = S if i fiy;:::;ijgand G = ;
otherwise, and Pij = Fifi fiq;:::;ijgand Pij = ; otherwise. SeeFigure 17. O
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Prop osition 4.2. Let M be a compact orientable irr educible 3-manifold. LetM = (Vi[ s,
Wi)[r  [rF, 1 (Vnls, Wn) bea strongly irr educible genealized Heegaad splitting. Let
Q be a compact boundary incompressibleessential surface in M.

Suppse that @ @ V. Supmse further that no component of Q is parallel to a
component of F. Denote the completions of the compnents of M Q with respect to the

can be emkedded simultaneously in M1 by n;.

Then there are genealized Heegaard splittings M/ = (\llj [ s W{)[ 3] [ g (VFJ; [ sk

1

1 X X . X
JM) - gl JM)+6(Q 8 )
i joo j
Proof: SinceM = (Vi[s;W1)[ e, [ E, ;5 (Vn[ s, Wn) is strongly irreducible Q may be
isotoped sothat ead componert of Q\ (F [ S) is essetial in both Q and F [ S and sothat
the number of componerts of Q\ (F [ S) is minimal. By Lemma2.12,the Main Construction
givesgeneralizedHeegaardsplittings M1 = (\ [ Sjlwi)[ S 1(\l.;{ [g W) for which

X . X
JMDY = QM)+ 2 Qg s+ 4G i+ D)
i i
By Lemma 3.1 we may choose ; sothat
X X
b= (Qp 1s7) * di)

and by Lemma 3.2 we may choose ; = ;. Thus
X
jij=0

By Lemma 3.7, we may assumethat

X X X
di ( (Q[fi 1;Si]) + ‘](\/I)) + 2 nj
i i i
Thus X X
| a4 ij+j i) 4 | ( (Q; 157 * di)
Y ' X

4 ( 2 (Q[fi 1;Si]) + ‘J(\/I)) +8 nj
[ j

Thus
X . X X
- ‘ ‘](\lrj) - (‘] (\/l) + 2 (Q[fi 1;Si]) 8 (Q[fi 1;Si]) + 4'J(\/I)) + 8 ‘ nj =
oo i « « j
(BJ(Vi) 6 (Q[fi 1;Si])) +8 n;j
[ j
Whence X

. X
JV)+6(Q 8 ny

i j

J(M)

lX
50
J
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Theorem 4.3. (The Main Theorem) Let M be a compact orientable irr educible 3-manifold.
LetM = (Vi[ s;W1)[ e, [ Ey 1 (Wn[ s, Wn) be astrongly irr educible genealized Heegaard
splitting. Let Q be a compact boundary incompressibleessential surface in M.

Supmsethat @ @ V. Denote the completions of the components of M Q with

isotopic annuli that can be embedded simultaneously in M1 by n;.
Then there are genealized Heegaard splittings M1 = (Ajl[ G,‘1le)[ pl [ pi 1(Aj”[ Gl BL)

X X X X

s 3¢ T aah+s @ 8 m)
i j i j

Proof: By Lemma1.11,Q may beisotopedsothat ead componernt of Q\ (F [ S) is essetial
in both Q and F [ S. We may assumethat the number of componerts of Q\ (F [ S) is
minimal subject to this condition.

Partition Q into QPt Q", where QP consistsof those componerts of Q that are parallel
to a componert of F and Q" consistsof those componerts of Q that are not parallel to any
componert of F. Then proceed rst asin Proposition 4.1 using QP instead of all of Q. This
yields an equality. In ead of the resulting 3-manifolds proceedasin Proposition 4.2 using
the appropriate subsetof Q" instead of all of Q. This yields the required inequality. O

Theorem 4.4. Let M be a compact orientable irr educible 3-manifold. Let Q be a boundary
incompressibleessentialsurface in M . Denote the completions of the componentsof M Q

isotopic annuli that can be emtedded simultaneously in M1 by n;j.
Then

X : . X
oM;@1) g aMii@1) M Qi+5 2 (@V)+4 (@ 4 )

i i

Proof: Let M = V [ s W be a Heegaard splitting that realizesg(M;@1). Let M =
M[s; W) [r, [ry, 1 (Wn[s, Wn) beaweakreductionof M = V[ s W. Then

JM)=29 2+ (@V)
i=1
Now apply Theorem4.3to M = (Vl_ [s, W;) [F =S (Vr_] [ s, WF‘)' This yields
generalizedHeegaardsplittings M/ = (A} [ o BY) [ pi [ pi  (Ah[ g Bh) for which
1 1 n 1 n
X 1 X X J. X
JM) gl J(A7)+6 (Q 8 nj
i i j
Amalgamating M1 = (Ajl[ Gl le) [ Pl [ pi . (Ajn [ Gl B#}) yields Heegaardsplittings
Mi = Vi[ g W with
X J. . .
J(A) =29(8) 2+ (@V')
i

Hence

18



X
29(8) 2+ (@V)= J(V)

1 X X . X
g( JAD+6(Q 8 nj)=
i j
1 X ) ) X
g( (29(8’) 2+ (@V!))+6 (Q) 8 nj)
j j
Here
(@Vvh)= (@V)+2 (Q
j
Therefore

X _ X
29(S) 2+ (@V) :—5L( 98") 2+ (@V)+8(Q 8 nj)
i i

Hence

1 X : X
298) ¢( (298) 2+10 4 (@V)+8(Q 8 nj
i i

Whence

X . . X
oM;@) g aMii@1) M Qi+5 2 (@V)+4 (@ 4 )
i i

O

Finally, we considertwo interesting casesencompassedy this construction. In [4], M.
Eudave-Muroz constructs a family of tunnel number 1 knots whose complemerts cortain
incompressiblesurfacesof arbitrarily high gerus. For elemenary de nitions pertaining to
knot theory, seefor instance [2] or [8].

Remark 4.5. Let K be a tunnel number one knot whosecomplementC(K) = S8 (K)
contains a closel incompressiblesurface F of genusg. Let M *; M 2 be the manifolds obtained
by cutting C(K) along F. (Here M1, say, is the complementof an open regular neightor-
hood of the toroidal graph in the construction of Eudave-Muroz and M 2 is the component
containing @ (K).) In the examplesof Eudave-Muroz the genusis g(F) + 1 for both M 1
and M2, ie.,

gM ™) + g(M?) = 29(F) + 2

This number is signi c antly lower than the upper bound derived here. This leads one to
kelieve that the bound suggestd is too high. However, the constructions in this paper show
that the upper bound in the inequality would be obtained if the splitting surface of a minimal
genusHeegaard splitting had to intersect the incompressiblesurface many times. The ex-
amplesof Eudave-Muwoz are very well behavel in this resgect, as the splitting surface of the
genus?2 Heegaard splitting may be isotoped to intersect the incompressiblesurface in only
one curve inessential in F or two curves essentialin F.
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Remark 4.6. Consider R | for R a closal connected orientable surface. The genusof
R | is g(R). On the other hand, the genusof the manifold M obtained by identifying
R fOgtoR flgis 2for asuitably chosengluing homeomorphism. For details on chaosing
sucha gluing homeomorphism, see [17]. Here the right hand sidein Theorem 4.4 is negative
unlessR is a torus. This is disconcerting, but merely means that the result is automatically
true. Again, the genus2 Heegaad splitting in this exampleis well behavel with respect to
its intersection with R; it too may be isotopad so that it intersects R either in one curve
inessentialin R or two curves essentialin R.

Recall that in the appendix to [14], A. Cassonprovided a class of 3-manifolds eah
having a strongly irreducible generalizedHeegaardsplitting and ead containing an essetial
annulus sud that the number of dipping annuli can be arbitrarily large. These examples
provide one reasonto believe the upper bound provided hereis not larger than necessary
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