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0. INTRODUCTION

Irreducible 3-manifolds are divided into Haken manifolds and non-Haken manifolds.
Much is known about the Haken manifolds and this knowledge has been obtained by
using the fact that they contain incompressible surfaces. On the other hand, little is
known about non-Haken manifolds. As we cannot make use of incompressible surfaces
we are forced to consider other methods for studying these manifolds. For example,
exploiting the structure of their Heegaard splittings. This approach is enhanced by the
result of Casson and Gordon [6] that irreducible Heegaard splittings are either strongly
irreducible (see Definition 1.2) or the manifold is Haken. Hence, the study of Heegaard
splittings as a mean of understanding 3-manifolds, whether they are Haken or not, takes on
a new significance.

Let M be an orientable Seifert fibered space with m exceptional fibres and an orientable
base space of genus g,. These manifolds were known to have “vertical” (see Definition 2.1)
Heegaard splittings of genus 2g, + m — 1. These Heegaard splittings were classified by
Lustig and Moriah in [12] and [25], unless g, = 0 and 0 < m < 4. Heegaard splittings of
manifolds of genus 2 (i.e.. go = 0 and m = 3)in this class were classified by Boileau et al. [1]
and separately by Moriah [14] using the work of Boileau and Otal in [3]. In this case there
are manifolds which have “horizontal” Heegaard splittings (see Definition 3.1). Schultens
[17] classified Heegaard splittings of manifolds which are (orientable surfaces) x §' and
showed that these are all vertical. More recently, she showed [20] that all irreducible
Heegaard splittings of orientable Seifert fibered spaces over an orientable base space with
nonempty boundary are vertical. It should be mentioned that Waldhausen [24] classified
Heegaard splittings for S°, Bonahon and Otal [5] for Lens spaces and Boileau and Otal [2]
did so for T2,

The main result of this paper is the following theorem.

THEOREM 0.1. Let M be an orientable Seifert fibered space over an orientable base space
S. Then every irreducible Heegaard splitting of M is either vertical or horizontal.

As a consequence of the proof we also have:
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THEOREM 0.2. Let M be an orientable Seifert fibered space with an orientable base space
and let L be a Heegaard splitting surface for M. Then there is an isotopy of M taking a fiber
onto the surface.

Let M be an orientable Seifert fibered space with an orientable based space S of genus
go. m exceptional fibers and Euler number ey, i.e, M = {go, eo| (%1, By), .. , (%m, Bm)}, Where
g.c.d.(x; B;) = 1 and B;is normalized so that 0 < f§; < «;. The numbers (x;, §;) are the Seifert
gluing invariants of the jth exceptional fiber and e, is the rational Euler number. For further
details see [22]. Note that if g = 0 and m < 2 then M is a Lens space. Set

Ao = 1 and /}[) =b= — €y — Z ,Bj//aj
Jj=1

Let of=lemfx), j=0,..,m j#i Let s,t; be two integers such that
si(Y7=0.j 2B /%) + t;af = 0 and |s;| is minimal.

Horizontal Heegaard splittings arise in a very special way, described in Section 3. In
particular, not every Seifert fibered space possesses horizontal Heegaard splittings. Each
horizontal splitting corresponds either to one of the singular fibers f; (i = 1, ... ,m) or to
a regular fiber which we denote by f,. We associate the invariants («o, f,) with f,. Whether
a Seifert fibered space possesses a horizontal Heegaard splitting can be determined from its
Seifert invariants. The precise conditions are given in the following theorem:

TueoreM 0.3. Let M = {go, eq|(21, f1), ... ,(%m Bm)} be an orientable Seifert fibered
space with an orientable base space S. The manifold M has a horizontal Heegaard splitting
corresponding to the fiber f; if and only if f; is null-homologous in M. In particular if and
only if

(@) s; = o' and

(b) There are a pair of integers u;, v; such that sp, — tu; =1 and the equation
{0fi} = {ns; + u, nt; + v;} (where nt; + v, is considered mod(ns; + u;)) holds for some
neZ.

Theorem 0.1 tells us that given an irreducible Heegaard splitting of one of the Seifert
fibered spaces under consideration, one of two situations occurs: Either the handlebodies of
the Heegaard splitting contain the singular fibers as cores or there is a fiber f which is
isotopic into the splitting surface X and £ — N(f) is incompressible in M — N( f), where
N(f) 1s a regular neighborhood of the fiber. Recent work of Moriah and Rubinstein [15]
shows that irreducible Heegaard splittings of hyperbolic manifolds have similar structural
features.

We will call a Seifert fibered space exceptional if it has S as base space, three exceptional
fibers and rational Euler number 0. The following two results are consequences of
Theorems 0.1 and 0.3:

CoroLLarY 0.4. Let M be an orientable Seifert fibered space over an orientable base space
S. Assume that M has rational Euler number 0. Then every irreducible Heegaard splitting of
M is vertical.

CoroLLARY 0.5. An orientable circle bundle over an orientable surface has, up to homeo-
morphism, a unique irreducible Heegaard splitting. This Heegaard splitting is horizontal if and
only if the Euler number is + 1. If the Euler number is not +1 the Heegaard splitting is
unique up to isotopy.
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A priori it is possible for horizontal and vertical Heegaard splittings to be isotopic and,
in fact there are some cases in which this is known to happen. For example, when gy = 0
and m = 3 (see [3]). However, this is not a common phenomena as can be seen from
Proposition 5.1 and Theorem 5.2. If either g, > 0 or m > 3, then the vertical Heegaard
splittings contain disjoint compressing disks on both sides of the surface and hence are
weakly reducible (see Definition 1.2). So in order to show that horizontal and vertical
Heegaard splittings are not isotopic it would be sufficient to show that the horizontal
Heegaard splittings are strongly irreducible. Theorem 5.2 establishes the strong irreducibil-
ity of most horizontal Heegaard splittings using a result of Casson and Gordon which is
proven in the appendix. For more background about Seifert fibered spaces see [16, 22, 23].

Remark 0.6. Theorems 0.1 and 0.3 generalize Theorem 1.1(1) of [4] and resolve the
undecided cases there. The manifolds M = {0, eo]|(2,1), ...,(2,1), (%, Bn)} with
a, = 24 4+ 1, m = 6 and even, have horizontal Heegaard splittings of genus m — 2 if and
only if f,, = + (A + 1) mod a,,. This is a minimal genus Heegaard splitting as the rank of
(M) is m — 2. Otherwise g{M) =m — L.

1. PUSHING FIBERS ONTO HEEGAARD SURFACES

In this section we prove a generalization of Proposition 1.1 in [3].

Definition 1.1. A compression body W is a 3-manifold obtained by adding 2-handles to
a (surface)x I along simple closed curves on (surface) x {0} and capping off resulting
2-shperes. The component (surface) x {1} is denoted by ¢ . W, and ¢W — 0. W, which might
be disconnected, is denoted by ¢ W. Note that if _W = J, then W is a handlebody. Recall
that a Heegaard splitting for a 3-manifold M with boundary is a decomposition of M into
two compression bodies so that M = W, W, and X = WinW, =0, W, =0, W, We
call £ the splitting surface.

Definition 1.2. A Heegaard splitting surface X is reducible (weakly reducible) if there is
a compressing disk D; for £ in W, and a compressing disk D, for Z in W, so that
|Dy~D,| =1 (|DnD,| =0). If the manifold is not weakly reducible then we say it is
strongly irreducible.

PropositTioN 1.3. Either a Heegaard splitting surface T is weakly reducible or there is an
isotopy of M pushing some fiber onto Z.

We prove this proposition at the end of the section.

Let M be a Seifert fibered space with base space S an orientable surface of genus go, with
m exceptional fibers and Euler number e, i.e, M = {go. eo| (%1, f1), .. ,(Cm, Bm)}, Where
g.cd.a; ;) = 1 and B;is normalized so that 0 < f§; < ;. Remove small open disk neighbor-
hoods Z,, ... ,%,, of the points x, , ... , x,, on § corresponding to the exceptional fibers, to
get a surface S*. Choose a point p on $* corresponding to a regular fiber and a cutting
system of curves a,, by, ... ,a,, b, for §* based at p as indicated in Fig. 1.

In addition, choose a system of simple closed curves ¢y, ... , ¢, also based at p which are
pairwise disjoint and so that each ¢; goes once around the disk Z; (see Fig. 1). There is an
embedding of $* in M and a projection of M-{regular neighborhood of exceptional fibers}
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Fig. 1.

onto S$*. The preimage of the curves ay, by, ... ,a,,. b,,c1, ... ,c,n under this projection is
a collection of annuli A, By, ... ,4,,,B,,C,, ... ,C,, in M.

Now, M — N((UA)(UB)AUCY) = Vy,,u -0 ¥V, UV where V; is a regular neigh-
borhood of the singular fiber f;, 1 <j <m, and V is a regularly fibered solid torus. Notice
that 6V, = C;,1 <j<m,and ¢V = (UCHU(UATYAYAT)O(UBT)U((B]), where A, and
A7 (B{" and B;") are parallel copies of 4; (B;).

Let X be a Heegaard splitting surface for M. A Heegaard surface determines a Morse
function h on M so that its splitting surface I is a level surface which lies between the
critical levels of index 0,1 and those of index 2,3 (for details see [17, section 3]). Let
& denote the link f;u -+ Uf,,Uf, in M. By general position we can push the link . into
a collar £ x I = M and after a small isotopy we can arrange that h| % is a Morse function

(see [13]).
Let h be a Morse function on M such that h|.% has critical levels ug, ... ,u, on
& distinct from the critical levels on M. Let ry, ... ,r, be regular values for h so that

Ui—y <r;<u;. Then h™'(r) is a level surface F,. Let |F;n.#| denote the number of
intersection points of F;n.%.

Definition 1.4. A link & in thin position within its isotopy class if it minimizes the sum
overalliof |F;nZ|.

In what follows, we shall assume that ¢ is in thin position with respect to the Morse
function h induced by the Heegaard splitting with Heegaard surface Z. For the proof of
Proposition 1.3 we require the following two lemmas.

LEMMA 1.5. If no fiber in M can be isotoped onto the surface X, then after an isotopy the
transverse intersection of ZnA; < A;, ZnB; = B;, ENnC; < Cj, contains, for each annulus
Ai, B, Cj, 1 1< go, 1 <j < m,at least one essential arc, no non-essential arcs, and perhaps
some null-homotopic curves.

Proof. This follows from the proof of Lemma 3.3 in [17]. O

It follows from Lemma 1.5 that if we cannot isotope any fiber onto the surface X, then
0Vy,, 0V, contain simple closed curves that are either null homotopic curves in the annuli
At AT ,Bf, B, C ; or are simple closed curves that are the union of essential arcs on these
annuli.
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LEMMA 1.6. Ifno fiber in M can be isotoped onto the surface Z. Then the essential simple
closed curves on 0V and 0V (i.e., those comprised of the essential arcs in the annuli above) are
meridians bounding disks in the solid tori V, V,, 1 <j<m.

Proof. Let y denote such a simple closed curve. If y is not a meridian of, say, V then it
must follow around the core of some torus V at least once. There is a singular annulus
between the core of the torus V and the curve y. A singular annulus is the image of a map
a(A) — V of a regular annulus 4. We can choose a level surface isotopic to X (also denoted
by %) whose intersection with o(int A) is not empty. When we consider the intersection
pattern of T and a(A4) on 4 ie, ¢ " !(g(4)nX), we see a collection of level arcs with end
points on exactly one of the boundary components of A, namely the one which s mapped to
the fiber. These arcs must intersect in a configuration as indicated in Fig. 2.

Consider the arcs (yo, y;) and (y,, y3) on 6A, there are two possibilities. If the images,
o(¥o, ¥1), and a(y2, ya) of the two arcs are distinct, then the disks D, and D, or D, and D; are
an upper and lower disk pair. They are disjoint from the other components of the link . as
they are contained inside a regular neighborhood of one of the fibers away from the
boundary. Hence, we can reduce the number of intersections with the level curves. This
contradicts the fact that the link .& is in thin position (see also [3,9]). If a(yo,y{) and
o(y2, y3) coincide, then a(yy,y3) is a copy of the fiber. As o(A4) is an embedding on the
interior of A, the union of the disks D, and D, or D, and D3 is an embedded disk which
describes an isotopy of the core of V onto X, contrary to the assumption that this is
impossible. Hence, these simple closed curves must be meridians of each of the solid tori V,
Ve, 1<j<m. O

Proof of Proposition 1.3. Let us assume that there is no isotopy pushing a fiber onto the
Heegaard surface X . Then by Lemmas 1.5 and 1.6 the intersection curves of £ and the tori
oVy, @V, 1 <j<m are either null homotopic or meridians for the solid tori V, Ve,
1 <j < m. Hence, there is a set of compressing disks for the surface X so that Z compresses
along them to a surface which is the union of the meridians disks in V, U --- UV, UV, Itis
thus transverse to all fibers and hence is a horizontal incompressible surface. Since
handlebodies do not contain closed incompressible surfaces the compressions cannot have
been only to one side of the surface X. This implies that X is weakly reducible. 0

Note that in particular an orientable Seifert fibered space M contains a horizontal
incompressible surface if and only if e, = 0 or, equivalently, if and only if M fibers as a circle
bundle over S*.
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2. VERTICAL HEEGAARD SPLITTINGS

It follows from [17] that irreducible Heegaard splittings which are weakly reducible are
obtained by a process called amalgamation. We will use this fact to prove that irreducible
but weakly reducible Heegaard splittings of M are vertical whenever M is an orientable
Seifert fibered space over an orientable base space, but is not exceptional.

Definition 2.1. We call a Heegaard splitting vertical if it is isotopic to one obtained by
the following construction: Let M be an orientable Seifert fibered space with an orientable
base space S, m exceptional fibers f; , ... ,f, and d boundary components é, ..., ¢, (where
d could be 0). Let p, ay, by, ... .a,. b,. %y, ..., %y, ¢y, ....C,, be as in Section 1.
Furthermore, choose a collection of arcs ¢;, with one end point at p and the other at x;,
j=1,...,m, a system of simple arcs p; connecting pto d;,i =1, ... .d, and a system of
simple closed curves d, . ... ,d; based at p, so that d; goes once around the i-th boundary
component ¢;. These curves can be chosen so that they are all disjoint and so that S, cut
alonga,, by, ...,a,,b,.d,.....d4, ¢y, ..., c,is adisk. Now in the case where d # 0 (case
1), choose two subsets of indices {j;, ... .j.} = {1.....m} and {i;. ... i} = {2, ... .d} at
least one of which is not empty. In the case where d = 0 and m > 1 (case 2) choose one
nonempty subset of indices (j;, ... ,j,} = {2, ... ,m}. In the case where d =0 and m < 1
(case 3), we denote by f either the unique singular fiber or, if it does not exist, a regular fiber.
Incase 1let {k;, ... .kn-,}and {I;, ... ,1;_,—} be the complementary sets and in case 2, let
{ky, ... ,ky—,~1} be the complementary set. In case | denote by I'(j;, ... .j,, iy, ... , i) the
graph embedded in M which is the union of the curves:

ayby, osag by, G fi O i G G By by

In case 2 denote by I'(j, ... ,Jj,. i, ... .i;) (s = 0) the graph embedded in M which is the
union of the curves:
ay by, by ai fis T L G G

and in case 3 denote by I' (jy. ... .jJ,. i1, ..., i} (r <1, s =0) the graph embedded in
M which is the union of the curves:

ay, by....o.a,, b, f

* Y02

Set Wi = N(L(y . oovvdpeiys oon nigU(@ x SYU U@ x ST)) and W, = closure (M — W)
(see Fig. 3). Clearly W, is a compression body. For the proof that W, is a compression body

Fig. 3.
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and that (W, W,) is well defined, see [4,12,20]. Note that if d =0 then W, W, are
handlebodies.

The following defines the process of amalgamation of Heegaard splittings. This process
produces a Heegaard splittings for M from Heegaard splittings of submanifolds of M.

Definition 2.2. Let R be a closed surface contained in the boundary of a 3-manifold M.
Let U, U, be a pair of compression bodies defining a Heegaard splitting for M, and assume
that R < 8U,. Note that there is some component R’ = dU; (R’ can be empty) so that
U, = N(RUR')u{1-handles}. Let h be a homeomorphism N(R) - RxI and p:RxI - R
the projection onto the first factor.

Let M, M, be two manifolds each with non-empty boundary and with Heegaard
splittings (U, U,), (V, V) respectively. Let R;, R, be two homeomorphic surfaces such
that R; c ¢U; < M, and R, =« 0V, < éM, and let h,p; i = 1,2, be the corresponding
functions, respectively.

Define an equivalence relation ~ on M; UM, as follows:

(1) If x;, y; are points such that x;, y;e N(R;) and p;h;(x;) = p;h:(y;) then x; ~ y..
(2) If xe Ry, ye R, and g(x) = y, where g: R; — R, is the homeomorphism between the
surfaces. then x ~ y.

Furthermore, we can arrange that the attaching disks on R, x I (R, x 1) for the one handles
in U, (V) respectively, have disjoint images in R, (R,) and hence they do not get identified
to each other. Now set

M =(M,;uM,)/ ~, Wi =(U,uV,)/ ~, W, =(U,ulVy)f ~.

Note that W, = V,UN(R})u(1-handles) and W, = U, UN(R5)u(1-handles) (The 1-handles
connect ¢, V, to dN(R}) (6., U, to ON(R}), respectively)) so that W, W, are compression
bodies defining a Heegaard splitting (W, W) for M (see also [17]).

The Heegaard splitting (W, W,) of M is called the amalgamation of the Heegaard
splittings (U,, U,) of M, and (V,, V;) of M, along R, R,.

A weakly reducible Heegaard splitting surface £ in M compresses to both sides along
a maximal system of disjoint non-parallel compressing disks A. The result is a possibly
disconnected surface. We denote by £* = a(Z, A) the surface obtained from £ by doing
2-surgery along the curves dA and deleting the 2-sphere components. If ¥ is irreducible
then Z* # J (see [6]). We will assume that A minimizes the geometric intersection of *
with X,

The next two lemmas are proved in [ 17]. We include the proof of Lemma 2.3, because it
illustrates how the Heegaard splitting of M naturally yields a Heegaard splitting for certain
submanifolds of M. In particular, it defines the induced Heegaard splitting for N as in the
lemma.

Lemma 2.3. Let (W, W,) be a Heegaard splitting of M with splitting surface £ . Assume
that X is weakly reducible and let A be as above. Let N denote the closure of a component of
M — X*. Then the Heegaard splitting (W, W,) induces a Heegaard splitting (U, U,) of N.
Moreover, ON — M is contained either entirely in 6 U, or entirely in 0_U ,.

Proof. We can assume that N <« W, UN(A,) where A = A;UA, and A, is the subcollec-
tion of A consisting of compression disks for £ in W,. Set U; = W, n N. We can obtain
N from U, by attaching 2-handles and hence one can obtain U, from N by removing
2-handles (i.e., by drilling out tunnels), thus U, is connected. So U is a single component of
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W, — N(A,) and hence is a compression body. Now, U, = N — U, is obtained from
a collar of NnX* by attaching 1-handles. It is connected because ¢.U, = é,U, and
therefore is also compression body. Thus, (U;, U,) is a Heegaard splitting for N. It is called
the induced Heegaard splitting on N. Note that 6N — 0M is contained either entirely in
¢_U,; or entirely in ¢_U,. O

LemMmA 2.4. Let (W, W,) be a Heegaard splitting of M with splitting surface L . Assume
that I is weakly reducible and denote by A the pairwise disjoint collection of compressing disks
on both sides of £. Let Ny, ... ,N, be the closure of the components of M — I* and let
(U, Uyhys oo o (Uy, Us), be the induced Heegaard splittings on Ny, ... ,N,. Then (W, W,)
is the amalgamation of (U, Uy)y, ... .(Uy, U,), along T# = (| JON;) — oM.

Proof. See proof of Proposition 2.8 in [17]. |

The following theorem is due to the second author. For the excluded case, the excep-
tional manifolds, the question remains as to whether or not a Heegaard splitting which is
obtained as the amalgamation of two Heegaard splittings of (closed orientable surface) x I is
isotopic to a vertical Heegaard splitting.

Remark 2.5. Recall that a connected incompressible surface S in an orientable Seifert
fibered space over an orientable base space is either a vertical annulus or torus, or is
a horizontal surface which is also a fiber in fibrations over S'. If S is the boundary of
a twisted I-bundle over a surface F then S is a connected 2-fold cover of F. Thus F must be
non-orientable. This is a contradiction as F intersects every fiber transversally and hence is
a non-orientable cover of the orientable base space. This argument also holds if F has
boundary and S is the boundary of a twisted I-bundle over F less the annuli which are the
restriction of the bundle to the boundary components (see [ 11, VI.34]). Hence S cannot be
the boundary of a twisted I-bundle over a surface F.

THEOREM 2.6. A weakly reducible Heegaard splitting of an orientable Seifert fibered
space M with orientable base space is either reducible or isotopic to a vertical Heegaard
splitting.

Proof. Assume first that M is not an exceptional space and that the splitting is
irreducible. Let A be a maximal set of compressing disks for £ as above. Compressing
% along A, suppose we obtain an incompressible horizontal surface X* . Note that if M is to
contain a horizontal incompressible surface of positive genus, then either the base space of
M has positive genus or M has at least three exceptional fibers. This fact together with the
assumption that M is not exceptional guarantees that M has saturated essential tori. Let
Y ¥ be a component of £*, hence M is a T} fiber bundle over S* as in Remark 2.5. If we cut
M along T ¥ we obtain a manifold homeomorphic to X ¥ x I. By case 1 of Theorem 10.3 of
[10] all components X of £* are isotopic. The surface £* is homologous to X ; hence, it
must be separating and so has an even number of components. Let T be a saturated
incompressible torus in M. Consider a component ¢ of £*n T and note that ¢ is essential in
both £* and T as both surfaces are incompressible. Let N, N, be the components of
M — Z* whose boundary contains ¢. It follows that N; =X ¥ x [,i = 1,2. Asin Lemma 2.3,
Y induces a Heegaard splittingon N, =Z*x /[, i=1,2.

Heegaard splittings of X } x I are standard by a result of Scharlemann and Thompson
(see [21]). It follows that the induced Heegaard splitting is defined by two copies of the
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Fig. 4.

surface ¥ together with the boundary of a regular neighborhood of a spanning arc (in the
terminology of [21] it is standard of type II). Note that the Heegaard splitting is indepen-
dent of the choice of the arc.

Therefore, we can choose the spanning arcs 2,,%, to be straight arcs on the annular
components 4,, A, of NynT, N,nT (see Fig. 4).

By slightly pushing the disks A; — a; and 4, — a; to opposite sides of T we obtain two
disjoint disks, one in each handlebody, such that when we compress along these disks, we
obtain a surface which intersects T two fewer times than did Z*. If this new surface is
compressible, we may compress it further to obtain an incompressible surface of lower
genus than £*. Thus, it is possible to choose a collection of compressing disks A’ satisfying
all the conditions that A does, but such that either ¢(X;A’) has lower genus than Z* or
|6(Z;A)NT| < |6(Z;A)nT| — 2. When we choose a collection A that minimizes (ge-
nus(o(Z;A'),|6(X;A)nT|), the intersection must be empty. Hence, £* is a collection of
vertical tori, contradicting our assumption that £* is a horizontal surface.

If on the other hand T compresses to a vertical incompressible surface then it must be
a collection of saturated incompressible tori. In other words the Heegaard splitting (W,
W,) determined by X is an amalgamation of Heegaard splittings of Seifert fibered spaces
with boundary. Theorem 4.2 of [20] states that all irreducible Heegaard splittings of
fiberwise orientable Seifert manifolds with non-empty boundary are vertical. Proposition
1.3 of [20] states that a Heegaard splitting of Seifert fibered manifolds which is the
amalgamation of vertical Heegaard splittings along vertical tori is itself vertical.

If M is an exceptional Seifert fiber space then any weakly reducible Heegaard splitting is
reducible by Theorem 1 of [18]. Hence the claim follows. O

3. HORIZONTAL HEEGAARD SPLITTINGS

Not all Seifert fibered spaces have horizontal Heegaard splittings. We begin by describ-
ing a method to construct horizontal Heegaard splittings in the Seifert fibered spaces which






