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ABSTRACT. We consider a family of approximations of a Hecke L-function L(s) attached
to a holomorphic cusp form f of positive integral weight k& with respect to the full modular
group. These families are of the form

Lf(X;s) = Z M + (_1)k/2(27r)—(1—2~9)r (% - 8) Z a(n)

k—1 1—s’
ns (2= + n
n<X ( 2 3) n<X

where s = o + it is a complex variable and a(n) is a normalized Fourier coeflient of f. From
an approximate functional equation one sees that L;(X;s) is a good approximation to Ly (s)
when X = t/27w. We obtain vertical strips where most of the zeros of L¢(X; s) lie. We study
the distribution of zeros of L;(X;s) when X is independent of t. For X = 1 and 2 we prove
that all the complex zeros of Ly(X;s) lie on the critical line o = 1/2. We also show that as
T — oo and X = T°M | 100% of the complex zeros of Ls(X;s) up to height T lie on the
critical line. Here by 100% we mean that the ratio between the number of simple zeros on
the critical line and the total number of zeros up to height T" approaches 1 as T — oo.

1. INTRODUCTION

Let N > 1 be an integer. Define
Fy(s)i= 3 n~* and C(s) i= Fy(s) + x(s)Fu(1 — ),

n<N

where x(s) = 72D ((1 — s)/2)/T'(s/2). Spira [I8, [19] appears to be the first author who
considered the functions (n(s) and investigated the zeros of these functions. The behavior
of the functions (x(s) is not completely unknown. From an approximate functional equation
we have

C(s) = Cn(s) +O(E7/2),

where s = o +it, |t| > 1, |0 —1/2| < 1/2, and N = /|t|/27 (see Titchmarsh[20]). In [I§],
Spira proved that all the complex zeros of (1(s) and (2(s) lie on the line o = 1/2. In [19],
he presented a numerical computation which suggests that infinitely many zeros are off the
line 0 = 1/2 for N > 3. In the same paper, based on numerical evidence, he suggested the
following:

The zeros within the critical strip appear to lie outside the ¢ range v2meN <
t < 2mweN for each N. There is also a second, less obvious, ¢ range free
of zeros, corresponding to where the Riemann- Siegel formula is used, N <
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(t/2m)'/? < N 4 1. In this second region, gn(s) approximates ¢(s), while in
the first region, gn(s) is approximately 2((s). ..

Here (n(s) = gn(s). Since then very few related results have appeared in the literature.
Very recently, Gonek and Montgomery [10] studied thoroughly the zero distribution of (x(s).
First they provided a proof of Spira’s aforementioned claim. In the same paper, Gonek
and Montgomery found a zero free region for {y(s) and also obtained further results on the
numbers of zeros of {n(s). They proved the striking result that 100% of the complex zeros
of (n(s) lie on the critical line, provided N is not too large with respect to the height 7'. We
will discuss this fact later.

Gonek and Ledoan [9], Langer [13], and Wilder [23] proved asymptotic results for the
number of zeros of F(s). If Np(T) is the number of zeros of Fy(T') up to height 7', then
they found that

Ne(T) = 2 log X + O(X).
2

This result is an indispensable ingredient to obtain good lower bound for the number of zeros
of {n(s) on the critical line. In fact the growth rate of the error term offers a comparison
between the growth rate of the number of zeros on the critical line up to height 7" and the
total number of zeros of (x(s) up to height 7. It is worthy to mention that, in [I4], Ledoan
and last two authors presented some instances where the error term can be improved.

Let I' = SL(2,7Z) be the full modular group. Let f € Si(I') be a holomorphic cusp form
of even integral weight &k > 0 for I'; with Fourier series given by

1) =Y apmee.
n=1

We also assume that f is a normalized primitive Hecke form with a;(1) = 1. Let a(n) :=
ap(n)nt=*)/2 and let L;(s) be the L-function associated to f, defined by

Ly(s) = Za(n)n_s, (1.1)

n=1

for Res > 1.

In [12], Knopp, Kohnen, and Pribitkin studied the sign changes of the Fourier coefficients
a(n) of a cusp form f for SL(2,R). They showed that these coefficients a(n) change sign
infinitely often. For more about the coefficients a(n), one may consult the monograph of
Berndt and Knopp [4].

Next, we consider the partial sums

Let N(X;T) denote the number of complex zeros of ), - a(n)n™* up to height 7. Then as
a special case of Theorem 3 in [13], one obtains the following result.

Proposition 1.1. Let M be the largest integer less than or equal to X such that a(M) # 0.
Then we have

T
N(X:T) = 5 log M + Of(X).
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From Deligne’s proof [6, [7] of the Ramanujan-Peterson conjecture, which is a consequence
of the Riemann Hypothesis for varieties over finite fields, the coefficients a(n) satisfy the
bound

la(n)| < d(n), (1.2)
where d(n) is the divisor function. In particular
la(p)| < 2, (1.3)
for all primes p. The divisor function satisfies [II, p. 296]
d(n) < csn® < n, (1.4)

for any 6 > 0, and moreover by a result of Wigert [22],

log2logn logn
log(d < O
og(d(n)) < loglogn ((log logn)?

The L-function Ly(s) has an analytic continuation throughout the complex plane as an entire
function, by

k—
(271)__2F(s+k1Lf / f(iy) s+2_dy,

and it satisfies the functional equation
Ly(s) = xs(s)Ls(1 = s), (1.5)

where

—~
ol o
N NoH
— —
w
SN— | —"

xf(s) == (1)k/2(2ﬂ_)—(1—2s)£(

A straightforward computation shows that

xr(s)xr(l—s)=1. (1.7)
The Euler product representation of L(s) is

Lis) = [ (@ —ap—+p7) ", (18)
P
where Res > 1. The non-trivial zeros of Ly(s) lie within the critical strip 0 < Res < 1,
symmetrically with respect to the real axis and the critical line Res = 1/2. The Riemann
hypothesis for Ly(s) states that, all the non-trivial zeros of L¢(s) lie on the critical line
Res = 1/2.
Let Ny(T) denote the number of non-trivial zeros p of L¢(s) for which 0 < Imp < T, for
T not equal to any Im p; otherwise we put

Ny (T) = lim L {NS(T + ) + Ny(T o)}

Then one can show that [15]
T T T
N¢(T) = —log — — — + O(logT).
m 2 0w
An approximate functional equation of L¢(s) (see Apostol and Sklar [2], Chandrasekharan

and Narasimhan [5], and Good [I1]) is given by

L) = Y0 i 3 A o, (1.9

n<X n<X
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fore > 0,[t| > 1,0 —1/2] <1/2 and X = % Let us define

Li(N5s):= Y “72") +xs(s) Y ZYf) (1.10)

n<N n<N

From (1.6) and (|1.10)), we have the following functional equation,
Ly(N;s) = xs(s)Ly(N;1 = s). (1.11)

Since f € Si(I') is a primitive Hecke form, then all a(n) € R. Therefore L(IN;s) is real for
all real values of 5. So the zeros of L(IV;s) are symmetric with respect to the real axis. Also
from the functional equation we find that the zeros of L¢(INV;s) are symmetric with
respect to the critical line o = 1/2. By a generalization of Descartes’s Rule of Signs (see Pélya
and Szego [16], Part V, Chapter 1, No. 77), > -y a(n)n™° has at most finitely many real
roots for real values of s. Also from , X7(s) has simple poles at all half-integers greater
than or equal to (k + 1)/2. Therefore there exists a real number «, so that all half-integers
greater than « are simple poles of Lf(N;s). Hence L;(N;s) is analytic everywhere except
possibly for simple poles at half-integers.

. . 2]
From (1.9) and (L.11)), we observe that Ly(N;s) approximates Ly(s) for N < oo < N +1,
except possibly at the critical line. From [2, Theorem 2] we have

Li(s)=>_ aln) O(N/4=7), (1.12)

s
n<N

uniformly for o > o1 > —1/4, provided N > B (ﬁ)2 for some B > 1. From Stirling’s formula
we know that in vertical strips,

Ixr(s)| = <2‘tﬂ‘e>1_% <1 + Oy (,;)) , (1.13)

|t| — oo (see for a proof). From (1.10), (1.12), (1.7), and (1.13)) we find that
Ly(N;s) = 2Ls(s) + O(NY4=7) 4 O([t|' "2 N —3/4), (1.14)

uniformly for min(o,1 — o) > o1 > —1/4, provided N > B (ﬁ)Q for some B > 1. Since
t| < V/N, the error terms in (I.14) are < [t|~ ™(1/2:20-1/2) "yniformly for 1/4 < o < 3/4.
Hence

Ly(N;s) = 2L(s) + O(|t|~mn(1/20-1/4)) (1.15)

uniformly for 1/4 < ¢ < 3/4 and |t| < v/N. This shows that L;(N;s) approximates 2L ;(s)

near the critical line for sufficiently large ¢ in the range |t| < v N.
For Re s > 1, let

ns’

LT(S) _ Z T(n)
n=1

where 7(n) is the Ramanujan 7-function. In [3], Berndt obtained the inequality
|L-(12 = 8)[ > L+ (s)],

for |t| > 6.8 and when L.(s) # 0. In [I7], Spira proved the same inequality but improved the
bound to |¢| > 4.35. Very recently in [21], Trudgian improved this bound for ¢ to |¢| > 3.8085.
In this article, we show that a similar inequality also holds for L;(N;s). We have the following
theorem.
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Theorem 1.2. Let N be a positive integer. Then the inequality |Lf(N;1 —s)| > |L§(N;s)|
holds for all s with t > t, and 1/2 < o < 1, if and only if all the zeros 4 iy of L§(N;s)
with B € (0,1) and v > ty lie on the critical line. Here ty, is a real number depending on the
weight k of the cusp form f. In particular, t1o = 3.8027, t14 = 1.8477, and t, = 0 for k > 16.

As with the results in [I8], one can prove that the non-trivial zeros of L¢(1;s) and Lf(2;s)
lie on the critical line. In the case of primitive Hecke forms the coefficients could be as big as
the divisor function d(n), and we will prove our theorem for some restricted primitive Hecke
forms.

Theorem 1.3. All the zeros of L¢(1;s) with |t| > max(k,e'%) lie on the critical line. More-
over, if |a(2)| < 1 then all the zeros of L§(2;s) with |t| > max(k, e'%) also lie on the critical
line.

Remark: Numerical computation shows that a(2) = 7(2)27'1/2 = —.53033, thus the
L-function attached to the Ramanujan 7-function satisfies the above theorem.

We are interested to see whether for N > 3, the non-trivial zeros of L(N;s) lie on the
critical line or not. Although it is not clear whether all the non-trivial zeros of L¢(N;s) for
N > 3 lie on the critical line or not, one can prove that a positive proportion of the non-trivial
zeros of L¢(N;s) lie on the critical line, provided N is not too large relative to the height T
of the ordinates of the non-trivial zeros.

In the following theorem we obtain a ‘critical’ strip for L¢(IN;s). More precisely,

Theorem 1.4. Let A > 1/2. There exists a constant Ny such that if N > Ny and 8 + iy is
a zero of Ly(N;s) with |y| > 2meN?, then
Aloglog N -
(5 PR, f1/2<a<1

—1/2] < {
18 /‘—{ 3+l ifA> 1.

(1.16)

One also obtains a critical strip for N < Ny, provided that the ordinates of the zeros are
sufficiently large. We have

Theorem 1.5. There exists a constant Ty such that if N > 1 and -+ is a zero of Ly(N; s)
with |y| > max(2weN,Ty), then

|3 —1/2| <3.

Next we will estimate the number of zeros of L(NN;s) where the ordinates of the zeros lie
in an interval of the form (7,7 4 U]. We define

N(T)=#{p=B+iv:0<~<Tand L;(N;p) =0}
and
NOT) = #{p=1/2+i7:0 <y < T and L§(N; p) = 0}.
We have the following theorem.

Theorem 1.6. Let A\ > 1/2. There exists a constant Ny such that if N > Ny, T > 2re N
and U > 2, then

NYT+U) - N%T)> N(T+U) - N(T)+ O;(Ulog N) + Oy (N)

3
+ Oy ((2)\)\_ 1> log(T + U)) . (117

Furthermore there exists a constant Ty such that if N > 1 and T > max(2weN,Ty) then
(L.17) holds with the last error term replaced by Of(log(T + U)).
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We end the introduction with the following result.

Theorem 1.7. As T — 0o and N = T°1) | 100% of the non-trivial zeros of L¢(N;s) up to
height T are simple and lie on the critical line.

A natural question that we pose to interested readers would be to find an appropriate
axiomatic context where one can treat the problems discussed above (which may or may not
be the same for each of the above theorems). In what follows we restrict ourselves to the
context presented in this introduction and derive the very concrete results stated above.

2. PRELIMINARY RESULTS

The following lemmas which may be of independent interest are instrumental in the proof
of the theorems.

Lemma 2.1. For o > 1 we have

(";1)2 < |Ls(s)] < (Uil)Q. (21)

Proof. Let o > 1. From (1.1)) and (1.2)) we have

e S S0 (S LY < (14 [Fma) = ()

n=1

For the other inequality in (2.1) we use the Euler product (1.8). From (|1.2]) we have
_ 98\ (— .
L) =[1 (@ =atp*+p ) " = [ (L +dp)p 7 +p 7).
P P

2 o 4 —2
) (L)
n=1
()
> )
o
where in the ultimate step we used the last three inequalities in (2.2). This completes the
proof of the lemma. O

Since d(p) = 2, we find that

L= [T+ 2 +p ) =[T0+0) = (7

p

Lemma 2.2. Foro > 1,

5 o

n>N

<N (g N2 ) o (-2 (2.3)
o1\ e JN) '

For 0 <0 we have the following:

3 M < N'"7(log N + 2y — 1) + O(N~°+1/2), (2.4)
n
n<N

Proof. Let o > 1. From (1.2)) and by partial summation we have

5 o

n>N

40) _ [ Do at — NN
gngvng = /N D(t)t™ 177 dt — D(N)N—°, (2.5)
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where

Z d(n) = t(logt + 2y — 1) + O(V/1). (2.6)

n<t

Combining ([2.5) and (2.6)) we obtain the bound in (2.3).

For the second part of the lemma, let o < 0. We have

a(n) d(n)
< .
> S e 27)
n<N n<N
By using ([2.6]) one sees that
Z < N7 d(n) = N'""7(log N + 2y — 1) + O(N~7F1/2), (2.8)

n<N n<N

where in the penultimate step we use the fact that 77 is increasing for ¢ < 0. One finishes
the proof of the lemma by combining (2.7)) and ( . O

Lemma 2.3. If |t| >k and 1/2 < o < (k—1)/2 then

w (o2 )
— | log > 2log [t| — 3.7.
50 \" 8 ;)] g

Proof. By Stirling’s formula [§], we have

1 1 o0 Pg(l‘)
logF(s):(5—1/2)logs—s+210g27r+1252/0 Gta) dx, (2.9)
where Ps(x) is a function of period 1 and given by
Ps(x) = 12(2.7} —3z+1),
for z € [0,1]. A straightforward computation shows that
V3
P: — 2.1
6Py < 2. (2.10)

for x € [0,1]. Since

0 1 0 0

— | 1 = — —1 = — —1

%<%WMO Re (g loexs(9) == Re (g 1oers)),
then from ) and . we find

E lo L = Re [ — L — ! + 1 — !
90 B G)) 2s+k—1 3(k+2s—1)2  2s—k—1 3(k—2s+1)2
k—1 k+1
+ log (2 + S) + log <; — s) — 2log(2)

e Ps(x) > Py(z)
+6/0 (s+(k—1)/2+x)4d$+6/0 ((k:+1)/2s+x)4dj>')
2.11

From the hypothesis we have t > k and 1/2 < 0 < (k —1)/2. Then from (2.11]) we derive

0 1 k3«
— [ log ——— 21 t| — 2log 2w — 2log [t] —
aa<°g|><f<s>|>> ogf| —2log2m =35 — 7o > 2logltl =37
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Here we use the fact that £ > 12. This proves the lemma.

U
Lemma 2.4. If |t| > 20 and 0 > 1/2 then
() <oz (220)
Xt ' 2me '
Proof. From [I8], 17], we have
ID(s)| = (2m)"/2e77 5|71/ 27 28 5 exp(Ry (s) + 1/(12s))], (2.12)
where Ri(s) < 1/(6]s|). Hence by (1.6) and (2.12) we find
1-20
s
s = (5 ) explo(ans((h+ 1)/2 = 5) + arg((k ~ 1/2-+ 5)
k/2—c
|1 - &t lexp(Ri((k+1)/2 =) +1/12((k +1)/2 = 5))| (2.13)
‘1 4 %‘(k—Q)/%‘U lexp(R1(((k—1)/2+s)) +1/12((k —1)/2+ s))| '
Next we set
k—1 E+1 1 1
z:R1<+s>—R1<—s>+ — — :
2 2 25+ 125 =)
Therefore
2] < 1 n 1 n 1 n 1 < i < i
S T2t sl T I2[E o] 65t e] B[ s < 2 S 40
Since |z| <1/40 < 1, we have
1
le*| > 1 —|z] (1 ‘ ‘> > 38/39. (2.14)
— |z

Clearly

(o (S5 ) e (s 550)) <0 15

Combining (2.13)), (2.14), and ([2.15]), we obtain
|S| 1-20
1.02 ( —
ol <oz (g )

which proves the lemma. O

3. PROOF OF THEOREM [1.2]
We first prove the following theorem.
Theorem 3.1. There exists a number ty, such that for 1/2 < o <1 and |t| > t; we have
[Lf(N;1=s)| > |[Lg(N;s)],

whenever L(N;s) # 0. Moreover the above holds with ti1o = 3.8027, t14 = 1.8477 and tj, = 0
fort > 16.
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Proof. From ([1.11]) we have
Ly(N;1—s)=g(s)Ly(N;s), (3.1)

where g(s) = 1/xy(s). From (1.6) one can see that g(s) is analytic for all s with ¢t # 0 and

hence continuous for such s. Define h(s) := log |g(s)|. It suffices to prove that h(s) > 0 for
1/2 < o < 1 provided |t| > t;. We have

oI (52
h(S) — log (27-‘-)_(25_1_2”)M

(5 —9)

:—(20—1)log27r+log‘F (@4—8) log‘l“ k“ )‘

=—(20 )log27r+log‘F k 1+U+zt)‘—log‘I‘(%1—a+it)’
0 .
—(20 — 1) log 27w + (20 — 1)% log |T' (0 +it)|[ g, 5 (3.2)
for some o7 between k2 nd k“ Thus it suffices to prove that

0 .
o log |T" (o + it)]]

for all % <o < % Now from ([2.9)) we have

—log2m > 0,

o=01

0 ,
o log [T (0 + it)| =

do

0 .
= Re %logf(a—kzt)

= Re % logT' (s)

1 1 > Pg(l’)
- logs — - — d
Re (ogs 9 1252+6/O (54 2)] x)
2 _ 42
1 i o o
BV T ey T 1202 4 2)°
N 6/00 Ps(x)((0 +2)* — 6(0 + )%t2 + t4)
0

(0 +27+ t2)4

2
Using (2.10)) in combination with the inequality (o +z)* —6(0 +x)*? +1* < ((0’ +a)? + tz)
and (3.3]), we derive

2 42 00
—log|F(0+zt|>log\/02+t2 5 02 t22—£ de 5
+t) 12002+ 22 36 ((U+x)2+t2>
=:G(o) — I(0), (3.4)

where I (o) is the last term and G(o) is the first three terms of (3.4]). Here I(o) is a decreasing
function of o and hence

V3 dx V3 _ (k—1)
e (<x+%)2+tz)2 2 (o (75) - wha )

Re logT (o + it)

dx. (3.3)
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Next
(o) 0® (602 + 30 + 1) + 30 (40% — 1) t* + (60 — 3)t*
g)= s
6 (o2 + 12)°

thus G(o) is increasing on % <o < % for k£ > 12. Hence

9, _ k—1 V3 2t 2t(k — 1)
—_ — > IR I S — —
50 log [T (0 +it)| —log2m > G 5 > =13 (tan (k: — 1) JrE — log 27
4(4 —3k)t2 — (k- 123k —-2) 1 <1 ) 2)
> + -1 —(k—1)"+t
- 3((k —1)2 + 4¢2)2 plog (k=1
V3 2 2t(k — 1)
_72t3(tan (k:—1>_4t2+(k—1)2>_10g27r
=: H(t, k). (3.5)

Let us fix ¢ > 0 and consider k as a real variable for a moment. Then

2
D gy, < 2B =2 (= D+ 42)7 4 2 00k~ )k £ VB 18) (6= 1) 48%) + 24k 1)
9((k—1)2+4¢?)

ok
(3.6)

for k > 12. Hence for every fixed ¢ > 0, H(t, k) is monotonically increasing with respect to
the variable k. Next let £ > 12 be a fixed number and vary . Let

M(tk) 0
e aH(z&, k)
 384(3(k — 1)k — 1)t° +16(k — 1) (9%((k — 1)k +1) — 5v/3 - 9) t*
a 363 ((k — 1)2 4 412)°
32v3(k — 132 +3v3(k — 1) —2304t% 63 [ 2t
_ 366 (5 1) 4 42)° T tan () . (3.7)

k—1

One finds that

o)
5 M(t.k)
_ 4t* (48 (33k? — 60k + 25) t* 4 4(k — 1) (3k (39k? — 81k + 25) + 8v/3 + 51) £7)
- 9((k—1)? + 42"

LAk = 1)° (45K((k — Dk + 1) + 8v/3 — 45) + 17281°)

9((k—1)2+42)*

>0, (3.8)

for all ¢ > 0. Therefore combining , and the fact that M(0,k) = 0, we conclude
that H(t, k) is monotonically increasing with respect to ¢ for ¢ > 0 and fixed £ > 12. One
can check that H(3.8027,12) > 0, H(1.8477,14) > 0 and H(t,16) > 0 for all t > 0, which
completes the proof of Theorem

O

By the functional equation (L.11)), L¢(N;s) and Ly(N;1 — s) have the same zeros for
0 < o < 1. Hence Theorem [3.1] implies Theorem
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4. PROOF OF THEOREM [[.3]

The proof follows closely the approach from [18]. For the sake of completeness we provide
the details below. From (1.10) we have

Ly(1;s) =1+ xy(s). (4.1)

Now from the proof of Theorem we have for ¢ > 3.8027 and o > 1/2
()] < 1. (4.2)

Therefore from and we find that for ¢ > 3.8027 and o > 1/2,
Lp(18)] > 1= [xs(s)] > 0. (4.3)

From Theorem and Theorem we conclude that, all the complex zeros of L¢(1;s) lie
on the line o = 1/2 for ¢ > 3.8027.

Again from ([1.10)) we see that

a(2 a(2
Lyl = [1+ 2 - i+ 52 (4.4
So it suffices to prove that for large enough ¢ and o > 1/2,
1+ a(2)§
V(o) > | (45)
Let
1+ 232
g()_Xf()1+a(2) (4.6)
Then |g1(1/2 + it)| = 1. Define
91(s)
I(s) =log | ————|. 4.7
(5) = tog | 0] (47)
Proceeding as in the proof of Theorem one can derive that
1\ o 1 1+ 332
I(s :<O'—> log — log , 4.8
) o < X (s)] 1+ ( 2 1) |, o, 9
for some o in [1/2,1]. We want to show that
a(2)
0 ( 1 ) 0 1+ 5 21 s
— | log > — | log , 4.9
90 \ 7 Ixs() ) pmo, ~ 00 < 12|/ (9

for some o1 € (1/2,1). We distinguish two cases according as to when 1/2 < o < 3/4 and,
respectively, when 3/4 < o < 1. We have

0 0 1
% (log > Re % <log1

a(2) +2571 4 27¢
(1+a(2)2s-H)(1+ a(2)2—5)>

1+ 42

1442

(4.10)
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Then for 1/2 < o < 3/4, using (1.3) we have

5 1+ 42 142771 427°
N < . .
5 (log - aQ(E) < log2 ((1 “ 9Ty = 20) <27 (4.11)

Therefore for 1/2 < ¢ < 3/4, by Lemma[2.3|and (4.11)) we find that the inequality (4.9) holds
when 2log |[t| > 27 + 3.7. In particular one can take t > e'9. Now consider the case when
3/4 < o < 1. One can see by (1.3]) that

1+ 52| 1420t 142
< . .
e | <[Ta < o <P (4.12)
Then from (4.12)) and Lemma it is enough to show that
‘S‘ 20—1
98| — >5 4.13
<27re> ( )

in order to prove the inequality (4.5). Here (4.13]) holds true for ¢ > 445. For o > 1,
1+2°71 <29 and ({@.13)) transforms to

’S‘ 20—1 \/§
.98 _ 4.14
<2\/§ﬂ'e ” 1—2-3/4 ( )

Numerical computation shows that ¢ > 86 satisfies (4.14]) for & > 1. This completes the proof
of the theorem.

5. PROOF oF THEOREMS [[.4] AND [[.5]

Let py = By +iyn be a complex zero of L(N;s) with [yn| > 2reN*. We will show that
L¢(N;s) never vanishes for

g

S A 1 4loglog N
NooN—1 logN )’

when 1/2 < A <1 and is nonzero for

4loglog N
14 o5t
v >1+ logN ’

when A > 1. Then one concludes the proof of the theorem by using the functional equation
(T.11)). Let s be such that |t| > 2reN* with A > 1/2 and

Ate cloglog N
1, — 14— 1
U>max(’2A—1>(+ log N ) (5-1)

where € > 0 is arbitrary and c is a positive constant which will be determined later. From
(1.10) we have

L) > | 3 ) |3 A (5.2)

ns
n<N n<N
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Consider the right-hand side of (5.2]). We will obtain an upper bound for the first sum and
a lower bound for the second sum. By Lemmas [2.1] and [2.2] we see that

S s - |y A

n<N n>N

> <0;1>2—i\ﬂ_i <logN+27+1>+O<\/>> (5.3)

Since by (5.1) we always have

cloglog N

1
Z logN '

then from ([5.3) we have
Z a(n) S cloglog N 2
ns log N + cloglog N

n<N
1 log N log N 1
- log N + 2 —_ —- -
log® N (cloglogN) <og Ty cloglogN> +O<\/N>

Therefore for ¢ = 4 one finds that

3 aT(:Z) N <10i§ifN>2’ (5.4)

n<N

for sufficiently large N. Now by Lemmas for [t| > 2meN?, and [t| > 20, we find that

1—20
() |y ZE”) <1. 02< 1 > N° (logN+2v— 1+O(N*1/2)). (5.5)

n<N

Then from (5.5)), for a fixed € > 0 and large N we may write

1—-20
() D Z@ <2 04( il ) N < 204N N1 720)+ote, (5.6)
n<N

If 1/2 < XA <1+ ¢, then by (5.1 the exponent of N in (5.6 can be written as

loglog N loglog N
AMl—=20)+0+e=A+e—0c(2XA—1)< —c()\—l—e)% —C(1+26)%.
If A > 1+ ¢, then the exponent of N in (5.6) is
loglog N
AM1—20)+0+e<(1+e)1-20)+o+e=(1-0)(1+2)< —C(1+26)%.
By combining the above two cases and using (5.6)), we derive
Xf nl—s logC/Q N ’

n<N
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Finally choose ¢ = 4. Then from ([5.4) and (5.7)) we have

loglog N 2 2.04
L¢(N; —_ | - .
’ f( 78)‘ > ( IOgN ) 10g2N >O’ (5 8)

for N large enough. Therefore there exists a Ng > 0 such that when NV > Ny, then L¢(N;s) #
0 in the region

a>max<1 >\+e> <1 4loglog N

t| > 2meN?
20 -1 log N >’ 8] 2 2meN”,

for A > 1/2 and any number € > 0. Which completes the proof of Theorem

We now prove Theorem It is enough to consider the case N > 2. Suppose T > Tj for
some large constant Ty. Let o > 2 and |t| > max(2weN, Tp). From and using the trivial
bound d(n) < n we have

[Ly(N5s)| = [Ly(s)| =

|ana

n>N n<N
—1 2 N2—0 1-20 Nlto
> (2 _ oo (5L N+
o o—2 2me 1+o0
o—1 2 22—0 21+U
> — —1.02(2) 2% ( 2° 5.9
(7) - 25 1o (24 20, (5.9)

where in the penultimate step we used Lemma 2.4, We assume in what follows that Ty > 20.
A numerical computation shows that the right-hand side of is positive when o > 3.5.
Thus Ly(N;s) # 0 for 0 > 3.5 and |t| > max(2meN,Tp). Also by the functional equation we
see that Ly(N;s) # 0 when o < —2.5, which concludes the proof of the theorem.

6. PROOF OF THEOREMS AND

Let T" > 0 be a large number. Then by Theorem we conclude that the zeros of L¢(N;s)
with ordinates T' < vy < T + U, for some positive constant U, must lie in a rectangle with
width 2d — 1, where d = max(1,A/(2A — 1)). The following theorems will are the main
ingredients in the proof of Theorem

Theorem 6.1. Let A\ > 1/2. There exists a constant Ny such that for N > Ng, T > 2meN?,
and U > 2, we have

N(T+U) -~ N(T) = log ~log———

T 2T T 2

T+U. T+U T. T U AP
+ Oy ((2)\_1> 10g(T+U)>.
(6.1)

Furthermore there exists a constant Ty such that (6.1) holds with A = 1 for all N > 1 and
T > max(2meN, Tp).

Proof. Let A > 1/2 and w = max (3, ST

vertices w+ 4T, w+i(T+U), l —w+i(T+U) and 1 —w+iT. From Theorem [1.4] we observe
that the complex zeros will be inside the rectangle R for sufficiently large N. Without loss
of generality we assume that the edges of the rectangle do not pass through any zeros of

). Let R be a positively oriented rectangle with
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Lf(N;s). Then by Littlewood’s lemma [20, Section 9.9] we have

T+U
27 Z(ﬁN —1+w)= / (log |Lf(N;1 —w+it)| —log |Ls(N;w 4+ it)|) dt
pER T
+/ (arg Ly(N;o +i(T'+U))d —arg Ly(N;o +iT))do, (6.2)
1—w

where the argument of L;(N;s) is obtained by continuation of log L;(N; s) leftward from the
value 0 at o = co. From ([1.10) we have

a(n a(n)
L{(N;s)=1+ Z 7(15) + x7(s) Z ng_s.
2<n<N 1<n<N

Then from (|1.2)) we may write

Li(N;s) - 1)< Y dﬁ?ﬂms)\ 3 ja(n)|
2<n<N 1<n<N

Since T > 2weN?, applying (1.4)) and (5.6) we find that

Ly(N3s) =1 < nglfl + O(NM20)+ote)

2<n<N

< 1 +/N 1 dw+O(NA(1_20)+a+e)
—20—1 9 I'U_l

g AN1—20)40+e
ST + O(NM120)tote)
4

for ¢ > w and large N. Therefore from (6.3, log L¢(IN; s) is analytic and non-zero for o > w.
Then by Cauchy’s theorem,

o

T+U 00
/ logLf(N;w—i-it)dt:/ logLf(N;a—i-z'T)da—/ log Li(N;o+i(T +U))do.
T w w
(6.4)

Again from (/6.3]), the integrals on the right-hand side of (6.4) are bounded. Therefore

T+U T+U
—/ log [Lf(N;w +it)|dt = — Re / log L¢(N;w +it)dt = O(1). (6.5)
T T
Using the functional equation (|1.11]) we may write
T+U T+U T+U
/ 10g|Lf(N;1—w—|—it)|dt:/ log|Lf(N;w+it)|dt—/ log |x ¢(w + it)| dt.
T T T

(6.6)

Recall Stirling’s formula in the form

1 1 1
logT'(s) = <s — 2> logs — s+ 3 log 27 + O <||> , (6.7)
s
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as |s| — oo and |arg s| < m — e. Then from ([1.6)) and (6.7)) we have

1 —1
log x¢(s) = (2s — 1) log2m + log T’ <k; - s> —logT <k2 +s>

k , k+1 1 k+1
—(25—1)log27r+<2—8) (logs—ZW—%+O<W>>—<2—s>
k k—1 1 k—1 1
B | 1 A i A il

(5 1e0) (e 55 w0 () ) + (557 49) o ()

) 1
= (1-2s)log — — Z(k—2s)+ 25+ Oy [ — (6.8)
2r 2 |s]
Note that
T+U T+U w+i(T+U)
/ log |x¢(w +it)|dt = Re / log x f(w +it) dt = Im / log xf(s)ds.
T T w1
(6.9)
Also for t — o0
o? T o o3
Re (logs) =logt+ O <t2> and Im (logs) = (5 - ?> +0 <t3> . (6.10)
Therefore from , , (6.10)), a straightforward computation shows that

T+U

T+U T
/ log |x¢(w +it)| dt = (1 —2w)(T + U)log —(1—2w)T10g2—
T us

— (1 =2w)U + Oy (w?log(T +U)).  (6.11)
Hence from (6.5)), and (6.11)) we find that
T+U T T
/ log |Lf(N;1—w+it)|dt = (2w —1)(T 4+ U) log%U — (2w — l)TlogQ—
T s Y

— (2w — 1)U + Oy (w’log(T +U)).  (6.12)

Next we consider the change in arg L;(NN;s) along the bottom edge of R. Let ¢ be the
number of zeros of Re (L¢(N;o +iT')) on the interval (1 —w,w). Then there are at most
q + 1 subintervals of (1 — w,w) in each of which Re (Ly(N;o + ¢T')) is of constant sign.
Therefore the variation of arg L¢(N;o +4T) is at most 7 in each subinterval. So we have

arg Ly(N;o +iT)[Y_, < (¢+ 1)7. (6.13)
To estimate ¢, first we define
9(2) := Ly(N;2+4T) + Ly(N; 2 +1iT). (6.14)
If z = o is a real number then we have
g(o) = Re (Ly(N;o +iT)). (6.15)

Let R = 2(2w — 1) and consider the disk |z — w| < R centered at w. Choose T large so that
Im (z +iT) >T — R > 0.

Thus, Ly(N;z +4T), and hence also g(z), are analytic in the disk |z — w| < R. Let n(r) be

the number of zeros of ¢g(z) in the disk |z — w| < r and R; = R/2. Then we have

n(r) R dr

R
/ —dr > n(Rl)/ — =n(Ry)log2. (6.16)
0

T er
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By Jensen’s theorem,

R 27 10
1 1
/ n(r) i — log lg(w + Re )’dez
0o T 27 Jo lg(w)] s

27
/ log |g(w + R629)| df — log |g(w)|.
0
(6.17)

From (6.3)) we have
1
| Re (Lf(N;w+1dT))| > 5
and hence from (6.15)) we find
1
> —.
o(w)] >
From the definition ([1.10)) we have

DI - R NAT S 8

n<N n<N

By Lemma we have
xs(s) <[54,
One can show ( similar to Lemma that
Z d(n) < { Nl;“logN ?fo #1
o log® N ifo=1

n<N
Thus,
|L;(N;s+iT)| < log N(N'™ +log N + T'"27N7).
Therefore from , we have
19(s)| < |Ly(N;s+4T)| +|Ls(N;s —iT)| < log N(N*™° +log N + T*"2N?).  (6.18)
Since |s — w| < R = 2(2w — 1), then 2 — 3w < ¢ < 5w — 2. Also T' > 2meN* for A > 1/2. So
the expression on the right-hand side of is largest when o = 3 — 2w. Therefore
l9(s)| < log N(N3*~! 4+ 1log N + TN ZA-DBw=2)
< log T(T®w=D/A 4 PIHEA-)Ew=2)/)
< 1% (6.19)
Finally
lg(w + Re®)| < T,

Hence from and (6.17)), it follows that n(R;) < wlogT. Now, the zeros of Ly(N;o+iT')
for 1 —w < o < w correspond to, and their number equals the number of, the zeros of g(o)
in the same interval. Since the interval (1 —w,w) is contained in the disk |s — w| < Ry, then
g <n(Ry). Since

B L 2\ 6\
TR T T T
then from (6.13)) we conclude that
/ arg L(N;o +iT) do < <2)\ 1) logT. (6.20)
1—w -
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Similarly,

w 3
/ arg Ly(N;o+i(T+U))do < ( > log(T'+ U). (6.21)
1

—w

22 —1
For smaller values of N one can obtain similar results as (6.3) to (6.21) by choosing the

rectangular contour R = [3.5 + 1,35+ (T + U),-25+ (T +U),—25+iT| and T >

max(2meN,Ty). Here T is the same as in Theorem Combining (6.2), (6.5, (6.12)),
(6.20)), and (6.21]), we have the following result.

Theorem 6.2. For A >1/2, N > Ny, and T > 2reN?, we have

2> (B — 1+ w) = (2w — 1)(T+U)1og% — (2w — 1)Tlog% — (2w —-1)U

PER

3
+ Oy ((2)\);1) 10g(T+U)>. (6.22)

Furthermore there exists a constant Ty such that (6.22)) holds with X =1 for all N > 1 and
T > max(2meN, Tp).

Now increasing w to w + 1 in Theorem and subtracting (6.22)) from the corresponding
relation where w is replaced by w -+ 1 gives the conclusion of Theorem
O

Theorem 6.3. There exists a constant Ty such that if N > 1, T > max(2weN,Ty), and
U > 2, then

T+U T+U T T U
0 0

— > — — — — .
N°(T+U)—- N°(T) > - log27r - 7T10g27T - 7T+Of(N)’ (6.23)

where 0 < a < 1 is such that the number of zeros of ), . a(n)n=?

greater than 1/2 is

with real parts strictly

aTl
< —log M N).
< 5 - log M +0;(N)

Also, the right-hand side of (6.23) is a lower bound for the number of distinct zeros of L (N s)
on the critical line with T <t <T + U. Here M is defined in Proposition [1.1].

Proof. First of all we introduce some notation to simplify the proof. Rewrite (1.10) in the
form

L9 = Fo) (10 5 ) = P20, (6.24)
where
OB
n<N
and
F(1—-s)
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Define
Np(T)=4#{p: F(p) =0and 0 < Im p < T},
Nz(T)=4{p: Z(p) =0and 0 < Im p < T},
NXUT)=#{p: F(p) =0, Rep=1/2and 0 < Im p < T},
NUT)=#{p:Z(p) =0, Rep=1/2and 0 < ITm p < T},
NE(T)=#{p: F(p) =0, Re p>1/2and 0 < Im p < T},
and

NI(T)=#{p:Z(p)=0, Re p>1/2and 0 < Im p < T}.
Clearly N(X;T) = Np(T) for X = N. Also N(T) = NX(T) + N(T). From (6.24) we see
that Ly(N;3 +it) = 0 if and only if F(3 +it) =0 or Z( +it) = 0. If 1/2 +ig is a zero of
F(s) then we write

Z(1/2+1ig) = 1+ x;(1/2 + ig) lim w

Our next goal is to provide a lower bound for N)(T + u) — N2(T'), or equivalently, obtain a
lower bound for the umber of solutions of

L F(1/2 —it)
1/2 t)———— = -1
X1/ +2)F(1/2+it) )
for T <t <T+U. Note that if
LF(1/2 —it)
1/2 t)———r—F~=-1
xs(1/ +Z)F(1/2+it) ’
then
L F(1/2 —1dt)
1/24+it) —L—~ ) = (2 1
arg(’“(/ +Z)F(1/2+it)> (2m + 1)m
and hence

arg x¢(1/2 +it) — 2arg F(1/2 +it) = (2m + )7
for some integer m. Let
G(s) :=argxs(s) — 2arg F(s).

Fix € > 0. Construct a continuous curve L(e) from 1/2 + T to 1/2 + (T + U) directed
upward, which is the union of line segments belonging to the same vertical line and any two
consecutive segments joint by a small semicircle of radius € as follows. The semi circles have
the same radius € > 0, are centered exactly at the zeros 1/2 + ig of F(s), and lie to the right
of the critical line. Here we chose € small enough so that the semicircles do not overlap. Next
consider a straight line segment of L(€) between two consecutive zeros of F(s), excluding
the semicircle part. Each time the image under G(s) of this straight line segment crosses
the horizontal lines y = (2m + 1)7 for m € Z, it gives rise to a distinct zero of Z(1/2 + it).
Furthermore, by the argument principle, as € — 07 the image of the small semicircle under
G(s) is a vertical line segment of length mm(g), where m(g) is the multiplicity of the zero
1/2+1ig of F(s). In the limit, the function G(s) has a jump discontinuity at each zero 1/2+ig
of F(s) with jump mm(g).
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Consider a rectangle of height H with horizontal grid lines, such that the distance between
any two consecutive lines is equal to 27. If a continuous curve intersects all the horizontal grid
lines then the minimum number of points of intersection is H/27. Using this geometrical fact,
we see that the number of zeros of Z(s) arising from the image of the straight line segment
of L(e) crossing the lines y = (2m + 1)7 is at least

) 1
T A arg x(5) — 28 F(s)| + O(1).
In particular, if J is the total number of crossings of the set of jumps by the lines y = (2m-+1)x
then

1
lim Az (argxy(s) — 2arg F'(s)] — J 4+ O(1) (6.25)

e—0+ 27

gives a lower bound for the number of distinct zeros of Z(1/2+it) with T <t < T+ U. We
take this quantity as a lower bound for N3(T +u) — N9(T'). Since any vertical line of length
mm(g) crosses the lines y = (2m + 1) at most m(g) times then we have

J < Z m(g).
T<g<T+U
Hence
J<NYT +U) — NX(T). (6.26)
To estimate A, arg F'(s), we will consider a clockwise oriented contour C/(e) from by L(e)

and the line segments (3 +4(T'+U),3.5+i(T+U)|, [3.5+iT,3.5+i(T+U)], and (3 +i(T+
U),3.5 4+ ¢T]. We have

Ac arg F(s) = =2 (N (T + U) — N (T)).
From the definition of F'(s) and an argument similar to (6.3]) we find

|F(s) — 1] < 1.
Hence
arg F'(3.5 +it) ?FU = O(1).
Note that () sin( )
) a(n)sin(T logn
Im (F 7)) =— .
m (F(o+iT)) == —

n<N
By a generalization of Descartes’s Rule of Signs (see Pélya and Szegé [16], Part V, Chapter
1, No. 77), the number of real zeros of Im (F(o + ¢T)) in the interval 1/2 < o < 3.5 is less
than or equal to the number of sign changes in the sequence a(n)sin(7T'logn), 1 < n < N,
which in turn is less than or equal to the number of nonzero coefficients of a(n)sin(7 logn).
Therefore

arg (o +4T)[}); = Of(N).
Similarly
arg Flo +i(T + U))[ = Of(N).
Thus
Aparg F(s) = =2n(Nj (T +U) — N (T)) + Of(N). (6.27)
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Again by ,
N\ THU
Ao arg xr(s) = —arg xr(1/2 + it) T+ + O¢(1)

T
=—-2(T+U)log

T
v +2T10g?+2U+Of(1). (6.28)
77

Finally combining (6.25)), (6.26]), (6.27), and (6.28) we obtain

NY(T +u) = NY(T) > T P hog T8 T 5_%_2<N+(T+U) ()

T 27 27r
— (NR(T +U) = Np(T)) + Of(N).

Now by Proposition there exists a positive number a with 0 < a < 1 such that

NA(T+U)— NA(T) < ag log M + Of(N).
s
Thus

NYT +U) = NUT) = Ny(T +u) — Ny(T) + N&(T +U) — Nx(T)

T+U T U T T U U
> + log + 1 g————a—logM—i—Of( N), (6.29)
T 2 2t 0w T

which proves Theorem [6.3]
O

For A > 1/2, one derives from (6.1]) that
T+U 1 T+U T T U

NO(T — NYT) > = - = N
( +U) ( )7 T 0g27reM“ T OgQﬂeM“ +Of( )
T+U. T+U T. T U
i log o 771 727T*;+Of(U].OgN)+Of(N)

3
_ N(T +U) = N(T) + O(Ulog N) + O; (N) + Oy ((QAA_ 1) log(T + U)) ,
(6.30)

which completes the proof of Theorem Now for N < T°M) and For U > T* for some
positive constant 5, we have

I .fNO(T+U)—N0(T)
Toee N(T +U)— N(T)

Since the right-hand sides of and are also lower bounds for the number of simple
zeros of Ly(N;1/2 + it) with T < ¢t < T + U, then the liminf in (6.31]) continues to equal
1 when one replaces N°(T' 4+ U) — N°(T) on the left-hand side of (6.31)) by the number of
simple zeros of Lf(N;1/2 4+ it) with T' < ¢t < T 4 U. This implies that as T — oo, 100%
of the zeros of L¢(N;s) are simple and lie on the critical line, which concludes the proof of
Theorem [L.7}

=1. (6.31)

ACKNOWLEDGEMENT

The authors are grateful to the referee for many useful comments and suggestions.



22

1]

(10]
(11]
(12]
(13]
[14]
[15]
[16]
[17]
(18]

[19]
[20]

21]
22]

23]

JUNXIAN LI, ARINDAM ROY, AND ALEXANDRU ZAHARESCU

REFERENCES

T. M. Apostol. Introduction to analytic number theory. Springer-Verlag, New York-Heidelberg, 1976.
Undergraduate Texts in Mathematics.

T. M. Apostol and A. Sklar. The approximate functional equation of Hecke’s Dirichlet series. Trans.
Amer. Math. Soc., 86:446-462, 1957.

B. C. Berndt. On the zeros of a class of Dirichlet series. 1. Illinois J. Math., 14:244-258, 1970.

B. C. Berndt and M. I. Knopp. Hecke’s theory of modular forms and Dirichlet series, volume 5 of Mono-
graphs in Number Theory. World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2008.

K. Chandrasekharan and R. Narasimhan. The approximate functional equation for a class of zeta-
functions. Math. Ann., 152:30-64, 1963.

P. Deligne. Formes modulaires et représentations l-adiques. In Séminaire Bourbaki. Vol. 1968/69: Exposés
847-363, volume 175 of Lecture Notes in Math., pages Exp. No. 355, 139-172. Springer, Berlin, 1971.

P. Deligne. La conjecture de Weil. I. Inst. Hautes Etudes Sci. Publ. Math., (43):273-307, 1974.

R. D. Dixon and L. Schoenfeld. The size of the Riemann zeta-function at places symmetric with respect
to the point 1. Duke Math. J., 33:291-292, 1966.

S. M. Gonek and A. H. Ledoan. Zeros of partial sums of the Riemann zeta-function. Int. Math. Res. Not.
IMRN, (10):1775-1791, 2010.

S. M. Gonek and H. L. Montgomery. Zeros of a family of approximations of the Riemann zeta-function.
Int. Math. Res. Not. IMRN, (20):4712-4733, 2013.

A. Good. Approximate Funktionalgleichungen und Mittelwertsétze fiir Dirichletreihen, die Spitzenformen
assoziiert sind. Comment. Math. Helv., 50(3):327-361, 1975.

M. Knopp, W. Kohnen, and W. Pribitkin. On the signs of Fourier coefficients of cusp forms. Ramanujan
J., 7(1-3):269-277, 2003. Rankin memorial issues.

R. E. Langer. On the zeros of exponential sums and integrals. Bull. Amer. Math. Soc., 37(4):213-239,
1931.

A. Ledoan, A. Roy, and A. Zaharescu. Zeros of partial sums of the Dedekind zeta function of a cyclotomic
field. J. Number Theory, 136:118-133, 2014.

C. G. Lekkerkerker. On the zeros of a class of Dirichlet series. Van Gorcum & Comp. N.V., Assen, 1955.
G. Pélya and G. Szeg6. Problems and theorems in analysis. II. Classics in Mathematics. Springer-Verlag,
Berlin, 1998. Theory of functions, zeros, polynomials, determinants, number theory, geometry, Translated
from the German by C. E. Billigheimer, Reprint of the 1976 English translation.

R. Spira. An inequality for the Riemann zeta function. Duke Math. J., 32:247-250, 1965.

R. Spira. Approximate functional approximations and the Riemann hypothesis. Proc. Amer. Math. Soc.,
17:314-317, 1966.

R. Spira. Zeros of approximate functional approximations. Math. Comp., 21:41-48, 1967.

E. C. Titchmarsh. The theory of the Riemann zeta-function. The Clarendon Press, Oxford University
Press, New York, second edition, 1986. Edited and with a preface by D. R. Heath-Brown.

T. Trudgian. A short extension of two of Spira’s results. to appear in J. Math. Inequal.

S. Wigert. Sur 'order de grandeur du nombre des diviseurs d’un entier. Ark. Mat. Astron. Fys., 3:1-9,
1906-1907.

C. E. Wilder. Expansion problems of ordinary linear differential equations with auxiliary conditions at
more than two points. Trans. Amer. Math. Soc., 18(4):415-442, 1917.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET, URBANA, IL
61801, USA
E-mail address: j1i135@illinois.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST GREEN STREET, URBANA, IL
61801, USA
FE-mail address: roy22@illinois.edu

SIMION STOILOW INSTITUTE OF MATHEMATICS OF THE ROMANIAN AcADEMY, P.O. Box 1-764, RO-
014700 BUCHAREST, ROMANIA AND DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, 1409 WEST
GREEN STREET, URBANA, IL 61801, USA

E-mail address: zaharesc@illinois.edu



	1. Introduction
	2. Preliminary Results
	3. Proof of Theorem ??
	4. Proof of Theorem ??
	5. Proof of Theorems ?? and ??
	6. Proof of Theorems ?? and ??
	Acknowledgement
	References

