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ABSTRACT. Hardy, Littlewood and Pdlya first introduced the notion of similar or-
dering of pairs of rationals, and A.E. Mayer proved that pairs of Farey fractions in
Fq are similarly ordered when () is large enough. We generalize Mayer’s result to
Ducci iterates of Farey sequence and visible points in convex regions. We also study
the distribution of generalized indices of these sequences.

1. INTRODUCTION

For a positive integer () the Farey series F¢ of order () is defined as the set of reduced
fractions between 0 and 1 with denominators less than or equal to Q). Denote by N(Q)
the number of elements in F¢ and write these elements in increasing order as

=D =2 < <y = D@ (1.1)
4 a2 aN(Q)
To study the basic properties of Farey series the reader is referred to the classical book
by Hardy and Wright [12 Chapter I1I]. Hardy, Littlewood and Pélya [11] introduced
the notion of similar ordering for pairs of rational numbers as follows: two fractions
v =¢and o = Z—: are called similarly ordered if (a — a’)(¢ — ¢') > 0. Mayer [14]
proved that any two neighboring Farey fractions are similarly ordered. Furthermore,
he showed that for large values of (), not immediate neighbors in Farey series are
similarly ordered too. More precisely, for any positive integer k there exists a number
Q(k), so that for any @ > Q(k), and any 1 < j < j' < N(Q) with 7/ — 7 < k, the

: Qs . .
numbers - and = are similarly ordered.
” :

The notion of similar ordering can be naturally extended for two sequences of numbers.
We say two sets of real numbers, A = {ay,...,a,} and B = {b,...,b,} are similarly
ordered if (a; — a;41)(b; — biy1) > 0 for all i = 1,...,n — 1. In this term Mayer’s first
result states that the sets of numerators and denominators of any Farey sequence are
similarly ordered. We denote by ¥ = ¢! the Ducci operation on a tuple of numbers,
namely YA = {|a; — az|, |az —as|, . .., |a,_1 —an,|}. Also denote by *) A = (xp*=DA)
the k-th iteration of the Ducci operation. The first main result of this paper is the
following theorem.

Theorem 1.1. For any positive integer k, there exists a number Qo = Qo(k) such
that if Q@ > Qo is a positive integer, and A and Q are the sets of numerators and
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denominators of the Farey series Fq, respectively, then the sequences v® A and v*®Q
are similarly ordered.

The next theorem of this paper shows this phenomenon in a more general setting.
A lattice point on the plane is called visible if there is no other lattice point on
the line segment connecting it to the origin. For a region  C R? we define F =
{(q1,a1),(q2,a2),...,(qn,an)} as the set of visible lattice points of 2 in the order of
increasing arguments. In what follows Fg should be interpreted as a circular set, mean-
ing that (¢1,a;) should be considered not as the first element but rather the successor
of (gn,a,). We also define

QQ = {Q1’Q27--->C]n} and AQ = {alaa%"'?an}

as the sets of first and second coordinates of the points in Fq, respectively. For a tuple
of numbers X' = {1, xs,...,2,} we define the analogue of the Ducci operator

1;/'\’ = 1;(1))( =A{lz1 — xa|, |xe — x3|, ..., |T0 — 21|},

and naturally ¢/ ® X = 1/;(@5(’“*1)2\?). Note that ¢ does not make the tuple shorter unlike
1. The following result demonstrates the phenomenon of similar ordering for the sets
Aq and Qg for certain regions €.

Theorem 1.2. Let Q C R? be an open convex region with piecewise smooth boundary
and containing the origin. Then for any positive integer k there exists a number xy(£2, k)
so that for any x > xg the sets ¥ Qo and V¥ ALq are similarly ordered.

Since Farey fractions also correspond to visible points in the plain this theorem is in
the same spirit as Theorem [I.1 However, it cannot be considered as a generalization
of Theorem since the region for which the set of visible points corresponds to Fq
is the triangle with vertices (0,0), (0, Q) and (Q, Q) which apparently does not satisfy
the requirements of Theorem [1.2]

Another aspect that we are going to study in this paper relates to the index of Farey
fractions. In [I0], the index of the i-th fraction 7; = 2 in Fg is defined as

Q+ Qi—lJ _ Y1+ Qi1 Qi1+ A

qi qi B a;

’

=) = |
and it was proved in [10] that

Z v, =3N(Q) — 1.

Moreover, from [6], the following

Z vivie; = A(J)N(Q) + 0;(Qlog” Q)

holds, where A(j) is some constant < 1+ log j. In [13], Haynes considered the j-index
of v; as

vi(%i) 1= Qirj1qio1 — @Gic1Gigjo1,
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and showed that v2(y;) = vg(y;). The study of v,(q;) arises naturally in problems
where the denominators of the fractions are restricted to an arithmetic progression
with composite moduli (see [Il, 2, [7]). It was shown in [I3] that for any integer j > 0,
there exists a real constant B(j) such that

1 N(Q)
NQ) £

1=

as (Q — oo. Later, in [3], Badziahin and Haynes considered the distribution of v;(v;) =
k with some divisibility constrains on the denominator of 7;. This is fundamental in
the study of gap distribution of special subsets of Farey fractions such as in [5]. We
are going to consider the quantity

mw:Bm+@(

(k) (k)
k k k k k a;_ (2N
Vj(' )(%‘) = az(Jr)jflqgf)l - az(f)lngr)jfl = —det ( (k;)1 (;)j 1) (1.2)
;i1 Qi1

for the sequences 1¥*)(A) and ¢»*(Q), which generalizes the j-index of elements in Fo,.

We will prove the existence of the limiting distribution of Vj(.k) as () — oo and this can
be generalized to visible points in convex regions with rectifiable boundary. It turns
out that the limiting distribution is independent of the region.

2. PROOF OF THEOREM [L.1]

We need some preliminary lemmas before we prove the main theorem.

Lemma 2.1. Let —, —22 .. 2
4 qit1 Qit-j

be consecutive Farey fractions in Fg. Then

Q
max\q;, Gi+iy > ——-
{4 Givj} .

Proof. Suppose ¢;, ¢i+; < % and consider the following fractions:

bmzw, m=1,...,7.
¢i + MQGi;
Then
by — by, y = Qitjdi — QiGi+j >0
(@i +mqip1)(qi + (m — 1)Giy;) ’
and also ¢; + mg;+; < @, which gives at least j Farey fractions between % and Zi—:,

which is a contradiction.
k) )
the 7-th element

of w(’“)é\,’ . Clearly, xgk) is a linear combination of z;,x;y1,...,Z;1x. The next lemma
gives a bound on the coefficients of that combination.

Let X = {x1,29,...,2,} be a set of real numbers. We denote by xf
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i+k

Lemma 2.2. Let x ) be given by the linear form L( )(X) = c(k)xj Then for any
Jj=t
1=1,...,n— k we have
|c§]j)| <okl forallj=ii+1,...i+k.

Proof. We proceed by induction on k. For k = 1 we have Lgl)(.l’) = T; — Tiyq OF

LZ(-l)(X) = 2;41 — x; so in both cases cfj = +1. Suppose |Cz(',kj_1)| < 2¢7%. Then

i+k—1 i+k
k k-1 (k—1
L9 () = (10X - L (0] = | Z cy = D eyl
Jj=i+1
i+k—1
k ) (k-1
= zz xl+ Z ( - l+1j))x - z+lz+kxl+k’
J=i+1
Thus, c( ) = :l:c(k Y and cl Hk = :|:CEJrl l)Jrk, SO \c )|, ]cl erk| < 282, For intermediate
1nd1cesgzz+1 z+k—1
hr J=1ei -l < 267 g2k =2

g

Lemma 2.3. Let X; = {0,...,0,2;,y;,2; —y;,0,...,0},j = 1,2 be two sets starting
and endz’ng with n zeros and satisfying x; > 2"y;, for 5 = 1,2. Then all the terms
of ¥ 5,7 = 1,2, are either of the form xr; — oy; or By;, with 0 < a,8 < 27, for
0<r S n. Moreover, the sequences V"X, and V"X, follow the same pattern for
0 < r < n, meaning that if the i-th term of YA, is 1 — ayy, then the i-th term of
WXy is ko — aye. Likewise, if the i-th term of WX, is Byi, then the i-th term of
WXy is Bys. In particular, this means that Y™ X, and Y™ X, are similarly ordered.

Proof. We proceed by induction on r. The statement is obviously true for r = 0.
Suppose both parts of the claim are true for » — 1. Then any term in the r-th Ducci
iteration of X; has one of the following forms with 0 < ay, ag, By, 2 < 2771

(1) |Bryj — Bayj| = |B1 — Balyj, and 0 < |8y — Bo| < 27,
(2) |z; — ary; — Pyl = xj — (1 + F1)yj, and 0 < oy + 1 < 27,
(3) [(zj — awy;) — (2 — awy;)| = [a1 — azly;, and 0 < [y — ap| < 27,

This proves the first statement of the lemma and also shows that it is uniquely deter-
mined if a certain term of @Z)(T)Xj is of a form x; — ay; or Sy;. This in turn implies that
YA and "X, are similarly ordered. O

Lemma 2.4. Let k be a fixed positive integer and % be a fized proper fraction. Then
Q > (2k + 1)q implies that F¢ has the following pattern around %:

u—ka u—2a u—a u a z z—a z—ka
<< <-<-<Z< <<
v — kq v—2¢ v—q v ¢ w w-—¢q w — kq

(2.1)
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where w,v € (Q — q,Q], w = —a(mod q) and v = a(mod q).

Proof. We prove the lemma only for the right side of %; the argument for the left side
is identical. First, if Z is the successor of g, then by the basic properties of consecutive
Farey fractions, gz — aw = 1 and ¢ + w > @, which implies @ — ¢ < w < @ and
w = —a (mod q). Next, denote the i-th term to the right of Z by Z—, i.e., the sequence
is % << fu—ll < ‘z—z < .... We prove the lemma by induction on k. For k = 1, the
condition is @ > 3¢. Now, we know that w|(w; +¢) and 2w > 2(Q —q) = Q+Q —2q >
Q + q > w; + g, hence w = wy + ¢, or equivalently w; = w — ¢. By the property of
consecutive Farey fractions, z; is uniquely determined by z,w and w,. Since z; = z —a
satisfies zjw — z(w — ¢) = 1, then z; = z — a. Next, suppose the statement is true for
k—1,1ie., 2z, = z—ia and w; = w—iq for i = 1,2, ..., k—1, and show that Q > (2k+1)g
implies z;, = z — ka and w, = w — kq. Indeed, we know wy_1|(wy_2 + wg). On one
hand,
wpr=w—(k—1g=w—(k—2)qg— q < wg_s + wy.

On the other hand,

Bwp—1 =3(w—(k—1)¢) =w— (k—2)g+ 2w — (2k — 1)q

>wk,2—|—Q+Q—(2k+1)q>wk,2+QZwk,2+wk.
Therefore, 2wy, _1 = wy_s + wy, which implies
W = 2Wg—1 — Wi = 2(w — (k —1)q) — (w — (k — 2)q) = w — kq.

Again, z is uniquely determined by z;_1,qx_1 and wy. Since zp = z — kq satisfies
ZpWp—_1 — Zp—1Wy = 1, then the proof is complete. O

Lemma 2.5. Let % be a fized proper fraction and suppose Q > 28+1q%. Let N be the set
of 2k + 2 neighbors ofg in Fg and let A and Q be, respectively, the set of numerators

and denominators of the fractions in N'. Then ™ A and ® Q are similarly ordered.

Proof. Notice that since @ > 25+1¢% > (2k + 1)g, then by Lemma [2.4| A is of the form
. One can explicitly compute 1A and ¥ Q and see that they are indeed similarly
ordered. Hence we will hereafter assume that £ > 2. We also assume for concreteness
that u > z; therefore also v > w. The other case is handled in a similar way. Now the
second Ducci iterations of the sets A and Q have the following forms:

A® =D A =H0,...,0,u — 2a,u — 2,z — 2a,0, ...,0},
~—— S~——

k-1 k-1

0¥ =y@9 =1{0,...,0,v — 2¢,v — w,w — 2q,0, ..., 0},
k-1 k-1

and it suffices to show that 1*=2 A and *=2Q® are similarly ordered. We will
prove that A® and Q® satisfy the conditions of Lemma and that will finish the
proof.
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First, we have v > Q) — ¢, so v — 2q > @) — 3q. On the other hand, w > @ — ¢, so
v—w < q. Thus

v—2q> 2" =3¢ > (2" = 3)g > 2%¢ > 2 (v — w),

which is the condition of the lemma for Q2.
Next, ¢+ < ¢ implies v < ¢v < 2Q. On the other hand, u = %_1 > %(Q —q) — %. So
the following bounds for u holds:

1
2Q—a——<u<2Q. (2.2)
q q q

Similarly, o < = implies z > 2w > %(Q—q) = gQ—a. On the other hand, z = %ﬂ <
2Q + %. Thus

1
gQ—a<z§gQ—i-—. (2.3)
q q q
The bounds ([2.2)) and (2.3)) imply v — 2 < a+ 1 < ¢. Finally,
1
w2520 a-t 20> 4> (26T1q — 4)g > 27q > 2 (u — 2),
q q q
which is the condition of Lemma for 9@, [l

Now we are ready to prove the main result.

Proof of Theorem [I.1 Define the function K (k) = 2*"1(k + 1) for k > 0. We show
by induction on k that if Q > 2**1K?(k), then ¢»* A and ¢*)Q are similarly ordered.
The statement is trivially true for £ = 0, and the case when £ = 1 can be proven by
elementary arguments. In fact, in these two cases the statement is true for any value of
Q. Indeed, if we assume that ). A and ¥ Q are not ordered similarly, then there are three
consecutive terms ‘;—: <o< Z—Z in Fg such that (|a" —a|—|a—d'|)(|¢" —q|—|¢—¢']) <O.
This means that |a” —a| — |a — d/| and |¢” — ¢| — |¢ — ¢'| have opposite signs. We will
show a contradiction in the case when |a” —a| —|a—d'| > 0 and |¢" —¢q| — |¢ — ¢'| < 0;
the other case can be done in a similar way. By the basic property of neighboring Farey

1 !
qa 1 1 q'a
_+__a>a+___
q q ‘ ’ q q

: a’ a 1 a” a 1
fractions, =T and 7 =g T 3 S0

, hence

1 1
q”—q+5’>‘q—q’+5' and |¢" —q| <|¢—q.

The only non-trivial case when these two inequalities can hold together is when g—¢' >
0,¢"—q<0and |¢" —q|—|¢g—q| < %, that is when ¢’ —¢” < % Now, ¢ —¢" # 0, since
otherwise we would have |¢" — q| = |¢ — ¢'|; therefore ¢ —¢"” = 1, which is possible only
if @ = 1. This further implies that ¢ —ad’'¢ =1 and a"qg—d' +1 =1, i.e., (a" —d')qg =1,
which can’t be true since ¢ # 1.

Next, we assume that ¥*~5 A and ¥*~YQ are similarly ordered and show that our
choice of @) implies that ¥*® A and ¥ ®Q are as well. Suppose the contrary holds:
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assume the similarity of 1/ A and 1*) Q is violated at the i-th position, i.e., agi)l —a®

and q +1 — qz( ) have opposite signs. This means that

(@ =) — t(a® = o™)| > 1. (2.4)

for any ¢ > 0. Let ¢; = min{q;, ¢i+1, ..., ¢i+k+1} and take t = Z—j If we had ¢; < K (k),

then by Lemma »® A and ¥*) Q would be similarly ordered. Thus, we should have
q; > K (k). Now, for all r =d,i+1,...,i+k+1,

i+k i+k
ar ‘_ LIS o GO R
qr & g e an| = adm

For each I =4,i+1,...,i+k we have min{q, ¢11} > % and max{q, ¢+1} > ¢;. Hence
A PLE

q;Q
which implies |a, — tq,| < 2 k+1) for all = i,i+ 1,...,i + k + 1. Recall that a¥ =
al(»f:l) - agkfl) qz(_’ill) - ql-(kfl) . Suppose the values of az(»k*l and az+1 Y are

computed in terms of elements of A by the linear forms Lgkfl) and Lg +I , respectively:

and ¢F =

i+h—1 itk
k—1 k—1 k—1 k—1)
az( ) = Lz( )(-’4) = Z Ci,rQr, z(+1 = L§+1 (A) = Z di .
r=t r=i+1

The induction hypothesis implies that the linear forms for qz-(k_l) and qg_]:l) should have

(k—1)

the same coefficients as those for q, and aZ 1 Y. that is

i+k—1 i+k
k-1 k-1 k-l
qf ) = LE )<Q) = E CirQr, q1(+1 )= z+1 Z dirGr-
r=t r=itl

Moreover, 1 *~Y A and ¢*~Y Q being similarly ordered implies that ag:l) — agk_l)

(k—1) (k—1)

and

Qi — G are of the same sign. Then,
k—1) k—1
) th( )‘ = |az+1 ) ( | _t| z+1 _Qz( )|‘
k—1 k—1 k—1 k—1
= (a§+1 )~ @7(; )) - t(q§+1 )~ Qz( )>‘
k-1 k—1 k-1 k—1
= |(@f7" = taf7?) = (@Y — 1))
itk itk—1
= Z dzr ar tQT Z ci,r(a'r _tQT) .
r=i+1 r=i

Now, by Lemma , |di.rl, |cin] <2872 for all r =i,i+1,...,i+ k, and hence
S22k 1) 25k 1)
4; 4;

’a?‘” - tq§’“)‘ <2k +1)
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(k) (k)

By the same argument this bound holds for |a;; —tg; ;| as well. Hence,
k k k k k k k k
(aiy — o) —t(g}) —df ))‘ < |afh —tah| + o —tg; )‘
2k+1 k 1 2
< ﬂ < 17
4d;
which contradicts 2.4, This completes the proof. O

3. PROOF OF THEOREM [1.2]

This section is devoted to the proof of Theorem [1.2] which proceeds along the same line
as that of Theorem [I.I One needs to prove the analogs of Lemmas [2.1] - 2.5 and then
proceed as in the proof of Theorem [I.I}] Notice that all these lemmas except Lemma
can be generalized easily in this setting. We are only left to prove the analog of
Lemma [2.4] which will be shown in this section by geometrical arguments. We need
several lemmas leading up to it. In the following lemmas D, (P) is used to denote the
disk of radius r centered at the point P.

Lemma 3.1. Let Q C R? be an open, bounded, convexr region with a piecewise smooth
boundary and containing the origin O. Then there exist numbers € and h satisfying the
following property: if p is a ray starting at the origin and intersecting the boundary of
Q at the point B, and P. and N, are the interiors of the angles at B of size 2¢ with the
bisectors coinciding with positive and negative directions of p, respectively, then there
exist h and € such that

N.NDy(B)CQ and P.NQ =1,
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Proof. Let the numbers R and r be such that Q C Dg(O) and D,.(O) C Q. We
will show that € := arcsin }% and h := r satisfy the lemma. Indeed, let BT} and BT,
be the tangent lines to the circle of radius r centered at O and denote § = ZTBO.
Since (2 is convex, then the open triangle ABT T, C €. Moreover, since |BO| > 2r,
then Ny N D,(B) C ABTT». Finally, since sinf = |B7"—O| > + = sine, then No C Np.
Therefore, N. N D, (B) C Q. To show the second part we again use the fact that
sinf > sine, which implies that P. C P so it is enough to show that Py N Q = 0.
Suppose contrary holds: assume there exists a point P € P, N Q¢ Then by convexity
of Q the line segments P77 and P75 lie in €. In particular, the points Q1 = PTiNT,B
and Qo = PT; N'T\B are in ). Therefore the line segment ()1Q2 C () so the point
Q = Q102N p € Q) as well. However () is on the continuation of the line segment OB
which is a contradiction with the fact that B is a boundary point.
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g

Remark. It can be seen from the proof of lemma that if € and h are the constant for
region €2, then one can take € and xh as the constant for x€2.

Lemma 3.2. Let Q C R? be a convex region and let Ay = (a1, q), Ay = (ag,q2) €
be consecutive points of Fq. Then

det <a2 al) =1.
g2 q1

Proof. We apply Pick’s theorem for the triangle OA;A;. There are no lattice points
on the sides OA; and OA; since the points A; and A, are visible, and there are no
lattice points on the side A; A, and in the interior of the triangle since A; and A, are
consecutive in Fq. Therefore Area(AOA;A;) = % —1= %, and the lemma follows
from

det (“2 al) = 2Area(AOA Ay).

g2 q1

U

Lemma 3.3. Let Q C R? be a convex region and let (ai,q1), (g2, a2), (g3, a3) € Q be
consecutive points of Fq. Then (qs,a3) = —(q1,a1) + t(qz, az) for some integer t.
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Proof. By Lemma we have det <a2 a1> = 1 and det (a3 a2> = 1. These two
a2 ¢ a3 g2

as + ap ao
g3 +q1 Q2
the second, i.e., (¢35 + q1,a3 + a1) = t(q2,a2). Now we are left to show that ¢ is an
integer. If not, then (¢ — |t])(ge, as) is lattice point on the line segment connecting the
origin to (g2, az), contradicting the visibility of (g2, az). O

imply that det ( = 0, which means that the first column is a multiple of

Now we are ready to prove the analog of Lemma and thus complete the proof of
Theorem [1.2]

Lemma 3.4 (Analog of Lemma [2.4). Let k be a fized positive integer and let (q,a) be
a visible point in the plane. Let Q C R? be an open, bounded, convex region with a
piecewise smooth boundary and containing the origin O. Then there exists a number
xo(q, Q) so that for any x > xy the k + 1 predecessors and k + 1 successors of (q,a) in
Fzq are of the following form:

(v—kq,v—ka),...,(v—q,u—a),(v,u),(q,a), (w,2), (wW—q,z—a),...,(w—Fkq, z—ka).

Proof. We will again prove the lemma only for the successors of (¢, a), since the proof
for the other part is almost identical. Let (w, z) be the successor of (¢, a) in F.q. Then
the point (g, a) + (w, z) is outside x(2, since its argument is between the arguments of
(¢,a) and (z,w). This means that ||(w, z)|| = oo as © — oo. Therefore we can choose
T so that x > xg implies

2

(g a)l[ (Nl (w, 2) || = (2K + 2)[[(g; @) )
(k+Dl(g, a)l| <h, (3.1)

I(w; )|l = (k + 2)[(g; @),

< sine,

where € and h are the constant of Lemma[3.1]for the region ). Note that we use the re-
mark of Lemma3.1]for the second inequality of (3.1)). Denote the i-th successor of (w, 2)
by (w;, z;), i.e., we have the sequence ordered as (g, a), (w, 2), (w1, 21), . . ., (Wk, 2). We
prove by induction on k that the lemma holds true with a value of zy for which the
conditions are satisfied. Since the reasoning here is mostly geometrical it is con-
venient to make some notations. Denote the points M := (¢,a), A := (w, z) and A, :=
(w,z) —i(g,a) for i =1,... k. Also, denote D := —(q,a) +2(w, z),C := (q,a) + (w, 2)
and let B be the point of intersection of the line segment AC with the boundary of €2
(see the picture below).
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D(2w — g, 2z — a)

For £ = 1 by Lemma we know (wq, z1) is of the form —(g,a) + t(w, z) for some
integer ¢ (dashed line on the picture). We will show that the point corresponding to
t = 1 is inside and the one corresponding to ¢ = 2 is outside €2 and that will prove
that (wq,21) = A;. Since ||A;1B]| < 1AL C| = 2||(g,a)|| < h, and sin(ZOBA)
sin(ZOAA,) = 2’?;%“ﬁiiﬁﬁ = @ z)” @ < sine, then by Lemma Ay is inside €.
Next, let E be a point on the continuation of the ray OB. Then

LDBE =1 —Z0BD
2Area(AOBD) < 1
|OBI[-[|BD] — |OB]l- |BD]

Now, two sides of AADC are AC = (¢,a) and AD = (w—q, z—a) so Area(ADCA) =
%. Moreover,

|OB| > [OA]| = |AB]| = [[(w, 2)|| = [AB[| = [|(w, 2)|| = [[(g, &)[| = [l(g; @),

|DB|| > [|[DA|| - |AB|| = [(w — ¢,z — a)|| = [|[AB]| > |[(w, 2)|| — 2[/(g, a)][,
thus

sin(ZOBD) =

i 1 .
sin(£DBE) = sin(20BD) < - smiitw = 2@ a =~ S

therefore, by Lemma the point D is outside 2. Next, suppose the statement is
true for k — 1, ie., (w;,2) = (w —iq,z — ai) for i = 1,...,k — 1 and show that
the conditions imply (wg,z2x) = (w — kq,z — ak). By Lemma we have
(wp, 2k) = —(Wg—2, 2k—2) +t(wk_1, k1) for some integer t. We will show that the point
corresponding to t = 2 (which is Ay) is inside and the one corresponding to ¢t = 3 is out-
side 2 and that will prove the statement. Since | AxB|| < ||AxC|| = (k+1)||(q,a)| < h
and sin(ZOBAy) < sin(Z0OAA;) = < sine, then by Lemma Ay is

k
.. [ (w,2)[]-1k(g,a
inside €.
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M(q,a)

Next, let F' be the point corresponding to t = 3, i.e., (2w — (2k + 1)q,2z — (2k + 1)z2).
Then

2Area(AFBO)
|OBI|[BEF]|

sin(ZFBE) = sin(ZFBO) <

|OB]| = [[(w, 2)[[ = [l(g,a)[| = (k + DIl(g; a)]-

IBE|| = [AF|=[[AB| = [[(w=(2k+1)q, 2= (2k+1)a) = [l(g; )| = [[(w, 2)[| = (2k+2)[|(¢, o)

Moreover Area(AFBO) < 2(k+1)5 = (k+ 1). Thus

2(k + 1)
(k + DIl(g, a)[|([l (w, 2)|| = (2k + 2)[|(g, a)]])

therefore by Lemma [3.1] the point F' is outside €.

sin(ZFBE) < < sine,

4. STATISTICS OF GENERALIZED INDEX OF FAREY SEQUENCE

In this section, we focus on the distribution of the generalized index I/](-k) (i) defined

by 1} First we give a relation between ka) (i) and v5(7;). To do this, we will need
the patterns of pairs of (v2(7;), v2(7i+1)). To simplify notation, we use v; for the index
of ~; from [I0], which is the same as v5(y;) in [13].
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Lemma 4.1. If vy; = r and v;41 = t are indices of two consecutive Farey fractions,
then the possible combinations of (r,t) are as follows:

r=1,1t> 2,
r=2t=1,23,
r=3,4,t=1,2,
r>5t=1.

Proof. If v; = 1, then ¢;411 = ¢; — ¢i—1, and gi12 = Vig1@iv1 — G = Vig1Giv1 — Giy1 — Gim1 =
(Viv1 — 1)giy1 — Gi—1, which implies that v, > 2. If v; =r > 2 and v;; = t, then

r< qi—1+Q <r+1
tgrqqﬁf{ <t+1’ (4.1)

which implies that

qi-1 (t+1)r—1"tr—2 r+1r—1]

To guarantee the intersection is non empty, it is equivalent to

142 2
(t+1)r1<ﬁ PN t>0
> t<14-%

If r > 7, then we have t = 1. In the cases when r = 6,t =2 or r = 5,t = 2, we see
that the system [4.1] has no solutions. This proves the lemma. O

Lemma 4.2. We have V§1)<")/7;+1) = vo(it1) — 2, where u§’“) (Vix1) 1s given by .

Proof. Note that from the definition

(k) (k)
k k k k) (k a1 Q-
VE )(%‘) = a’z(-l-)j—lqz(—)l - az(—)lqz‘(Jr)j—l = det ( (k)l (75J l) 7
41 9151

which means

(1) |a; — aita] |aip1 - ai+2|)
v i = —det )
1 (Vi) (|q, = Gir1| G+ — Gisol

Each pair of consecutive denominators (g;, ¢;+1) corresponds to an integer lattice point
(z,y) with  +y > Q. Moreover, the quantity L%J gives the index of the fraction

Ai41

“tL_ So the region
qi+1

W (Q) = A{(z,y) : (x+y) > Q,k <

corresponds to fractions with index k. Also note that in this region
)

SR A Gy
k+1 " k-1
Next, the condition (¢; — ¢;+1)(Gi+1 — gi+2) > 0 holds if the point (x,y) is in the region

Dp(Q) = {(z,y) : (v —y)(z — (k= 1)y) > 0}, (4.3)

xZQ<kz+1} (4.2)
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which doesn’t intersect (2;(Q) as long as k > 3. Therefore, for v5(v;11) > 3, we have
(¢i — @i+1)(¢is1 — @iv2) < 0, which gives

(1) Qit1 — A  Qip1 — Q42
v ir1) = —det = 1v2(Yi+1) — 2.
! (’y +1) (QiJrl — 4 {Yi+1 — Qi+2) 2(7 +1>

For v5(vi11) = 1, we have ¢;11 > ¢; and
&(1) (1(1)1 ;11 — Q; QG4
det |ty @) | = det <q.+1 - q-) =1=—1p(yim1) + 2.
qi i+1 [ 1 [
For vy(vit1) = 2,
qi(l) qi(i)l 4 — dit+1 Git1 — G "
This completes the proof. Il

Next we consider yf) (7Vit1). We first give formulae for al@) and qZ@).

Lemma 4.3. The following is true for az(~2) and qZ@) :

(2)_{ 0 if Vigr =2
4= 12¢;i — Visrqiva| if vigr # 2
R if vVigr = 1,252 > 2
—Git1+2¢ if v =172 €1,2)
=4 0 if Vign =2

2 2

; qi+1
Vit1Gi+1 — 26]1 Zf Vit1 = 3’ o € [Vz'+1’ viy1—1
2 2

qi
2¢; — Vis1Qiv1  Uf vign > 3, €

L i Vig1+1? vip D
a(2) B O Zf Vit1 = 2
’ 12a; — vig1ai1] i Vi # 2
( . _ qit1
ait1 — 20, if Vipp = 1,52 =
. 1 git1
—Giy1 +2a;  ifvin =172 € [1,2)
=¢ 0 if Vigr =2
Vit1Qi41 20/7, Zf Vit Z 37 qi € [yi+%7 Vi+151]
. . N . > qi+1 )
L 2@1 Vit1Qi41 Zf Viy1 =2 37 a € vit1+17? vigq

Proof. Since the sequence starting from ¢; is of the form ¢;, ¢iv1, Vir1¢i01 — ¢, then
after the first iteration, we get |¢iv1 — ¢il, | (Vi1 — 1)@iv1 — @i|.  If vi41 = 1, then
Gi1 — 4| = Giv1 — @ | (Vi1 — 1)@iy1 — @] = ¢ If vipr = 2, then it is easy to see
that ql@) = 0. If v;41 > 2, then we have |¢iv1 — ¢| = ¢ — @1, |(Vier — V)Giv1 — @] =
(Viv1 — 1)¢is1 — ¢;- The proof of the second formula follows from the fact that agl)’s
and qgl)’s are similarly ordered for any Q. U
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Lemma 4.4. The following formula is true for V( )(%+1)~'

(0 if Vi1 —2)(vig2a —2) =0
—Vitz +4 if vigr = Lvige 2 3 and (%2 — 225 (52 —2) > 0
V(i) = { Viee—4  ifvign = 1wy > 3 and (qz_tl — (R 9) <0
vt i 23, = Land (U3 — ) (2 = 55) 2.0
vt a2 = Land (82 T <

Proof. If v;11 = 2, or v, = 2, then qz@)

which gives
@ (2
a; a:
det ( %2) %—2"_)1> =0.

4q; i1
If v;11 # 2 and v # 2, then from Lemma [4.3]

al? a? 12a; — Vit1Gi1]  |20i11 — Vig2a,40]
det 7 i+1 _ det 7 1+1Wi41 1+1 1+2Wi42

@ (2 20 — Ui i10; Vi1 — Ustols

q; q;+1 2¢; — Vis1Gir1| 2611 — VisaGivo]

= 0 and a§2) =0 or qﬁ)l = 0 and a’z('-Q&-)l =0,

= det 12a; — Vig10i1]  |Vigaai — (VigaVige — 2)aig|
2¢; — visrgina|  |Vieegi — Wisavive = 2)gial )

If ;11 = 1,149 > 3, then the above simplifies to

2 2
det o al)\ _ det (12@ = @il |Viroai = (vig2 = 2)aip|
bl @ | =det{y, _ i (s — D
i i+1 | q’t QH-l | |Vl+2qZ (Vz+2 )Ql+1 |

_{ Vipp —4, i (B2 — 225 (8 —2) >0,

qi Vit2 2

a4, f (B TR 9y <,

Qi Viyo—2

If Vito = ]_, Vit Z 3, then

2 2
det ol o) _ get [Pai —vinain| lai = (Vi = 2)ain|
N o) TN - vengial g - (i1 - Dl
q; i1 % i+1qi+1 qi — Vi1 — qi+1

_ { Vi+1_47 if (‘qutl _yl:?)(qzq_tl_%ﬂ) 207

—vip +4, if (qm - )((Z_tl -2

Vip1—2 Vit1

Note that by Lemma [4.1] this formula covers all cases. O

In the rest of the section, we consider the distribution of the values of the quantity
*) a(k) a( )
Vi (Vigr) = —det q(k) 5

(2

) We define
+J

Pt Q) = g {i < M@ =k =120 (i) =1}, (4.4)
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as the “frequency” of V](-k) admitting the value t. We are going to prove that the
limiting distribution of Py ;(¢, ()) exists as () — oo, and give the explicit formulae for
j =1,k < 2. We need to understand the frequencies of consecutive indices of Farey
sequence.

Lemma 4.5. Let Q C [0, Ry] x [0, Ry] be a region in R? with rectifiable boundary O
and let g : Q2 — R be a C* function on . Suppose R > min(Ry, Ry), then we have

Z g(a,b) // x,y)dxdy + O(||Dg||sarea(2) log R)

(a,b)eQNZ2,,
Q
o) (HgHoo (R + %R() + length(09) log R)) ,

where Z2,, is the set of visible points in Z*.

Proof. This is Lemma 2.1 in [6]. O
Lemma 4.6. If c € (0, 1], then

#reFor<eh=#{(@a):

1<q1,42<Q,q1+¢2>Q,gcd(q1,92) =1,
30<a1<q1,0<a2<q2,8.t. a2q1—ai1q2=1,a2/q2<c

Proof. This is Corollary 1.2 in [4]. O

Lemma 4.7. Let Py(r,t) be the probability of (r,t) appearing as a pair of consecutive
indices in the Farey sequence JFq, and let P(r,t) be the limit of Py(r,t) as Q@ — oo.
Then P(1,2) = P(2,1) = P(2,3) = , P(1,3) = P(3,1) = 1, P(1,4) = P(4,1) =

15’ 105’
=, P(2,2) =%, P(3,2) = %, P(4,2) = 1z and
8 _
P(r,t) = t(t+1)8(t+2)’ r=1,t2>5,
m, T Z 5,t =1.

Proof. From Lemma , we see that Fy corresponds to visible points in the triangle

defined by the points (0,Q), (Q,0), (Q, Q). From (4.2)), we see that
#reFot=#(a-1,a) 1< qi1,6 < Q, i1 + ¢ > Q,ged(qi-1, @) = 1}.

Applying Lemma 4.5, we have N(Q) = 5Q* + O(Qlog Q). The condition v; = r and
Vi1 =t is given by (4.1). Thus
#{vi € Fq:vi=rvi =t}
1<¢i-1,¢:<Q,qi—1+¢;>Q,gcd(gi—1,¢:)=1,
=# (Qifla Qi) : rgi‘”—qlf"? <r1p< Ut 44q

T re—4i-1

If we define the region
0<z,y<l,z+y>1,
R(T7 t) = {(%, y) : r§%“<ril,t§r73:tlx <t+1} ) (45)
Then from Lemma [4.5]

2

#H{v € Fo :vi=rviy =1t} = i%area(R(r, 1)) +0(QlogQ),
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which gives
P(r,t) = 2area(R(r,t)).

Now, the problem is reduced to computing the areas of R(k,t).
R(1,2) is the triangle with vertices

1 4 1
- = =, 1
() ()
so the area is %. R(1,3) is the quadrilateral with vertices
14 25 1 1
A IR _71 ) _71 )
#3)-G1) (21) )
4

so the area is j5z. For t > 5, R(1,t) is the quadrilateral with vertices

t—3 t+2 t—2 t+3 t—l1 t—21
t+1't+1) " \t+2"t+2) ' \t+1"" )" t )7

Similarly, for r > 5, R(r, 1) is the quadrilateral with vertices

. 4
which has area ST

r—1 2 T 2 1 2 12
r+1"r+1) ' \r+2r+2)’\"r4+1)"\U'"1r)’

which has area r(r+' Next, R(2,1) is the triangle with vertices

1)(r+2)
12 2 3
o' a o\ B0 7(171)7
33 55

. R(2,2) is the quadrilateral with vertices

(.69 ()

which has area +. R(2,3) is the triangle with vertices

10
11 2 4
a'a0 | 17_ ) 17_ )

which has area —. R(3,1) is the quadrilateral with vertices

30
171 ) é7§ ) 17§ ) 172 )
2°2 T 5 3

R(3,2) corresponds to the quadrilateral with vertices

CEDEDD

which has area ==. R(4, 1) corresponds to the quadrilateral with vertices

35
3 2 21
==\ 525 | 17§ ) 171 )
55 33 7 2

which has area %

4

which has area 15+
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which has area —. Finally, R(4,2) corresponds to the triangle with vertices

35
21 2
oo | 17_ ) 17§ )

which has area 2%0. O

Finally, we are able to provide the values of limiting probabilities for some particular
values of k, 7 and t.

Theorem 4.8. We have the following limits:

lim Po;(1,Q) =1, o
Q—o0

1
o1 4.7
lego 1,1( 7@) 3’ ( )

8
lim Py ,(t, Q) = 120, e
Jim. 11(t, Q) (t+2)(t+3)(t+4) -

s ift =0,

1 if t =1,
R 19
Jim_ 2.1(1, Q) u ift=—1, )

8 if |t] > 2,

(t1+4) ([el+5)(t]+6)?

where Py, ;(t, Q) is defined by .

Proof. For k =0, we have ufo) (Vig1) = — det (Zl ZHI) =1, so 1) holds trivially.
i it

For k = 1, by Lemma yfl)(%ﬂ) = Vo(viy1) — 2, thus (4.7) and (4.8) follow from
Lemma

For k = 2, by Lemma [4.4] we have
(i) = 0
if and only if (vi+1 — 2)(Vig2 — 2)(Vis1 — 4)(Vip2 — 4) = 0. Thus by Lemma [4.7]
&ﬂ%ﬂ&@:P@%+P@D+P@%+P@@+P@%+P@®+P%U+P%m
1 1 1 1 2 2 2 1 61

~15 15 5 15 35 35 3 105 105

If Viy1 = 1, Viyo = 3, then
1, if % >3
2 ) Y
1 (i) = { Sl if2< En <3
’ - @ — 7

The first case corresponds to the triangle with vertices

() ()
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the area of which is == and the second case corresponds to the quadrilateral with
the area of which is —2-

120
vertices
1
R § ) 17 1 ) 17 1 ) ga ? )
4" 4 3 2 7T
168 °

If Viy1 = 1,V7;+2 =rr > 5, then
—rpd, i<

2
V{ )(%’-H) :{ r— 4, ifiQ < Uitl < 9

qi

The first case corresponds to the triangle with vertices

r—2 r r—1 1 7“—21
r+2'r+2) ' \r+1 ")’ r )7

The second case corresponds to the triangle with vertices

r—3 r—1 r—2 r 7“—21
r+1"r+1)'\r+2'r+2)’ r )7
2

r(r+1)(r+2) "

2

with area m .

with area

If v =3, =1, then
1 if & < 2
2 ) = 3
Y i) = { R
! 33— ¢ —

The first case corresponds to the triangle with vertices

RN

whose area is 155. The second region is the quadrilateral
11 4 3 31 1 2
27 2 Y 77 7 Y 47 2 Y Y 3 Y

frvi1=rv,e=1 r>4 then

5

whose area is 63

2 T_47 lfql#g
V£)(%‘+1):{ —r 44 1fﬁ >

k3

I3 I

The first case correspond to the triangle with vertices

r 2 1 2 12
r+2'r+2)'\'r+1)°\""r)’

2
r(r+1)(r+2) "

r—1 2 T 2 12
r+1'r+1)'\r+2r+2/)'\""1r/)’

___ 2
r(r+1)(r+2) "

the area of which is The second case corresponds to the triangle with

vertices

the area of which is
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The case det = —1 comes from the pairs (1, 3), (3,1), (5,1) and (1,5) which give a total

area of o5 + 155 + 10z + 10z = 35- The case det = 1 comes from (1,3),(3,1),(5,1) or

(1,5) which give a total area of 12 + 195 + 10z + 10z = 135 Lhus (4.9) follows from
the fact that the Farey sequence correspond to the triangle (0, 1), (1,0), (1,1) with area
1

1 0

2
Theorem 4.9. Ift > 223, then
8

lim Py, (—t,0Q) = : 410
g Paa(=,Q) (t +4)(t +5)(t + 6) (4.10)
16
lim Py, (t,Q) = . 411
Jim Paa(t, Q) (t+4)(t +5)(t + 6) (4.11)
Proof. From Lemma 1 in [3], we know that if 1,1 > 9, then v; = 1,0 = 1 and

vi_1 = viy3 = 2. This allows us to compute the probability of large values of 1/%3) (i)
If » > 9, then there are three cases for the triple (v;i1, Vite,viy3). We first give the
probability of such triples’ appearance.

The probability of (¢;,gi11) € .7-"5 such that (vi41, Vite, Vi) = (2,1,7) corresponds to
the region defined by
2 < <3
1< <2
|

: : : : : r—=5 r—3 r—4 r—2 r—3 r—1 r—4 r—2 :
which is 4a quadrilateral with vertices (I73,7=3), (5, =55 ), (5 =), (5, 5°) with

r(r+1)(r+2)"

Y

area

The probability of (¢;, gi+1) € ]-"32 such that (vi41, Vite, virs) = (1,7, 1) corresponds to
the region defined by

1< <2
PSSt
y—x
1< elyg—rz <7 T 1
which is zZ quadrilateral with vertices (%73, ), (553, -55), (55, 1), (%52, 1) which has
area m

The probability of (¢;, gi11) € ]-"% such that (vi41, Vite, virs) = (1, 1,2) corresponds to
the region defined by
r< “”TH <r+1
1< @% <2
2 < ry—z+l - g

)

(r—-1)y—=z
which is a quadrilateral with vertices (E, T%), (7 T%), (1, r%), (1, %), with area

4
r(r+1)(r+2)°

Now we consider the value of y£3) (7i+1) in each of the three cases above.
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If Vit1 =T, Viyo = 17 Vits = 2, then
3 T_47 lfLSqZJrlS%?
V£ )(’Yi-&-l) - { —r 44, if !

+2 i
S qi+1 S
and both of them have probability ( 4

[N )
|w

Y

—_

T qi

If viy1 = 2,340 = 1,443 = 1, then

: —2 i 2
y(3)< 4 ) - r — 4, if —:_4 S qqt1 S 2
1 Ui+1) = —r _+_4’ if ril < qz‘qfl < :;21’

and both of them have probability m.

If viy1 = 1, V40 = 1,513 = 1, then

Vf)) (Vis1) =7 — 4,

and this has probability m.

(3)
To compute v, (vi41), we need Vi, Yit1, Vit1, Vit2, Vits. If Vig1, Vigo, Vips < 8, then

7 ()] < 2+ Uiavigavis)” < 2%
Thus, if {¥ (7,,1) = t, for some |t| > 223, there must exist j € {i + 1,i+ 2, + 3} such

that v; > 9, which will be in one of the three cases discussed above. Thus the theorem
follows by combining all three cases. O

Note that the bound for ¢ is not optimal, and numerical computations suggest that the
formula holds when ¢ > 5.

Next we show the existence of limg_,o Py ;(n, Q). First we note that there is an alge-
braic relation between v;(v;) and v5(;), where t =4,...,1+ j — 2.

Lemma 4.10. For any v; € Fo,

1) = (25 ) K)o (1P (i),

where (5) is the Kronecker symbol and Kj(x1,...,x;) are known as the convergent
polynomials (continuant polynomials), and they appear in the study of continued frac-
tions (See [9], Section 6.7). In fact, these polynomials are defined inductively by

Kj(l‘l, e ,C(]j) = ijj—l(Il, e ,J]j_l) +Kj_2(l’1, Ce ,[Ej_2>, Ko() =1 and Kl(l') = X.

Proof. This is Theorem 1 in [13]. O
Theorem 4.11. For any k,j,n, limg_,o Py j(n, Q) exists.

Proof. For any k, we know that qi(k) = Z’::o CirQi+r 1s a linear form. Replacing ¢4, =
k —
Vitr—1Gi+r—1 — Qitr—2, We can see that qf ) = gk,i(Qia Qi+1,Vig1, - - - Vi—i—k) = )\qi,qi_H (Uk)%+

Ngirairs (Uk)Qit1, which is linear in ¢; and g;41 for a fixed k-tuple (Vi41,Vito, ..., Vitk).
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Next, given a k-tuple, depending on %+l there are at most 2¥*2 choices for A and
. . k' ~ N — ~ —
n. Similarly, ¢ = Grji(@ir G Vit - Viejek) = Mgogeor (06 + g s (06 i1

Thus, for a fixed (k+ j) tuple @ = (11, ..., vk ), there are at most 2872 lines o, (0)x +
Bs(V)y = 0,5 < 282 that divide the region R(v,u) defined in into at most
2F+2 1 1 parts, such that V](.k) (7i1+1) is a constant on each region. Denote these regions
by Rs(7),s < 282 + 1, and let the constant be f(7,s). Then given ¥ € ZF*7 | there

exists a unique index s, 4,,, such that (&, 45*) € R, . (¥). Thus

Pri(n, Q) = Z YooY, Wf@s)=n)

veZr s (%, IEL)eR (D)
gcd(qz,qu) 1

vEZ’“ S Rs 'U)
_ ooy log @)
=2> > U(f(Ws)=n) [[ ldedy+ O (== ),
= Q
VEZ S Rs(ﬁ‘)
Since for a given n, there are finitely many ¢ and s such that f(¢,s) = n, then

limg_so0 P j(n, Q) exists.

g

5. STATISTICS OF GENERALIZED INDEX OF VISIBLE POINTS IN CONVEX REGION

q; 415
(gi, a;) belongs to a convex region €2 with rectifiable boundary. Let

(k) (k)
In this section we generalize the statistics of Vj(k) (Vig1) = — det <afk) aé}g)‘j), where

1 . (k) a)) al)
~ A S Na(Q) + k=107 (g1, ai1) = —det | Gy G | =t ¢,
7 i+

Pk,j,ﬂ(ta Q) = NQ(

where (g;,a;) is the i-visible point in the region Qf2, (qgk) a(k)) is obtained from &

a4

iterations of ¥ and Nq(Q) is the number of visible points in Q2. First we consider
a convex region T, 3o bounded by y = ztana, y = wvtan§ and y = @, where 0 <

™

a < B < Zand z,y > 0. From Lemma , we know that there are approximately

Q?(cot a—cot 3)
2¢(2)
the Farey fractions with denominators < @ which belong to the interval [cot 3, cot .

visible points in T, g . In fact, the visible points in 7T, g ¢ correspond to
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By Lemma [4.6] we see that

1<q1,92<Q, ,ged(q1,q92)=1,
#{y e Fg:v<cota} =# {(Qb(b) : SapaesQate>Qsed(n.oe)=1 }

" 30<a1<q1,0<a2<q2,5.t. azq1—a1g2=1,a2/q2<cot o

Q
=Y Y Y tge=1(modg)

g2=10<a2<g2 cot & Q—q2<q1 <Q
ged(g1,q2)=1

We will show the existence of limg o Prj7, 5, (7, Q) for any fixed k, j,n. To prove
this, we need the following lemma which is closely related to Kloosterman sum results,

proved by Estermann in [8], using Weil’s estimates of exponential sums over prime
fields (See [15]).

Lemma 5.1. Suppose that Z; and I, are subintervals of [1,q|, then

©(q)

#{(x,y) €Ty x Iy : xzy = 1 (mod q)} = q_2q|Il||IQ| + 0 <ao(q)a (q)q% log? q> ’

1
2

where oc(n) =3 4, d° and o(n) = 3, wcaqany=1 1 8 the Buler Phi function.

Proof. This is Lemma 1.7 in [4], which employs incomplete Kloosterman sums to esti-
mate the error term. U

Lemma 5.2. Suppose [ is piecewise C* on [a,b], Then

> s0=22 [0 (a (Il [171). 6

a<k<b
ged(k,d)=1
W(k) 1 u/% ( ( }/b />:>
(k) = [ f+O (logb (|Iflle + | -
Z eI ) g [fllee+ | 1F (5.2)
Proof. These are Lemmas 2.2 and 2.3 in [4]. -

Lemma 5.3. For any k,j,n, the limit limg_,o Prj1, 5, (t, Q) = pr;(t), exists, where
prj(t) is a piecewise smooth function.
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Proof. Applying Lemma [5.1] and [5.2]

1<q1,92<Q,q1+q2>Q,gcd(q1,92) =1,
e Fo:v<cota}= :
#{7 QT } # (Ch’ QQ) 30<a1<q1,0<a2<qz,s.t. azq1—ai1g2=1,a2/q2<cot c

Q
=Y Y Y tam=1(modg)

g2=10<a2<qg2 cot a« Q—q2<q1 <Q
ged(g1,q2)=1

_Z< el cota+0<ao( )o ;(q)qélogfq))

= ;ZE;; Q%+ 0(Qlog Q) + i (O <00(Q)U%(q)q% log® q))
= 5@ 0 (7@, (@01 1e Q)

This also shows that

cot a — cot 3

#{ye Fg:cotf <~ <cota} = 22)

01
2

Q*+ 0 (00(Q)73(Q)QF 105° Q)

We now prove the existence of limg o Prj1, 5, (7, Q). From the proof of Theorem
4.11}, we see that for a fixed ¥’ € ZF and s, for any (q’ qa“) € R4(v), I/](-k)<<qi+1, ait1))
is a constant denoted by f (v, s). Also,

1<¢1,92<Q,q1+¢2>Q,gcd(q1,92) =1, }

# < (q1, g2) : 30<a1<q1,0<a2<q2,5.t. azq1—a1g2=1,a2/g2<cot
(&, "4 ERS(®)

Q
= Z Z Z 1(q1a2 = 1 (mod g))

g2=10<az2<cotaga Q—q2<q1<Q
gcg_(th,%):l
(%1%1)6728(6)

- cota f} (22 ()@ + 0 (sula)oy a)a* 067 )

N C(Z_t gQ /IQ fm@)(q)dq +0(QlogQ) + i (O <00< %( )q2 log’ q>)

COtOéQQ//1+O o0(Q %(Q)leon)a

Rs(0)
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where [z, (q) is the length of line segment of (1 — ¢/Q, 1] N Rs(¥). Thus,

]P)k’j’Ta,ﬁ,l (n> Q) Z Z Z ]l(f(ﬁa S) = n)

Ty B, 1 ’UEZk S (qZ ‘hgl )ERS( )OTQ,B,l
ng(‘h Qz+1)71

~ 6Q*(cot ar — cot 5)
~ 72N(Q)(cot a — cot 3) PP IVICE —n)/ 1+O<00(Q)a

N|—=

ezt s Ry (@)
—2221 vs—n//l—l—O oo(Q %(Q)Q %log2Q>,
vezk s R (9)

which proves the existence of limg .o Py 1, ,, (1, Q) for fixed &, j,n. We also see that
the limit is independent of «, 8, which completes the proof. O

Theorem 5.4. Given any convex region () with rectifiable boundary and any integers
k? j’ t)
él_fgo Prjolt, Q) = pr,;(t).

Proof. We are going to use T, g, to approximate (). It is enough to consider * :=
Qn{(x,y):y >x,y >0,z > 0}. Denote

Eapmarq = Tapnq \ Tapme,
hence

1
area(Eagmmq) = §Q2(M2 —m?)(cot a — cot 3).

Let A= (/4 =009 <y < -+ < apy1 = 7/2) be a partition of [r/4,7/2] with norm
|A|| = maxocp<n(pir — o) and let Ok, & € [ag, apy1], 0 < k < n. Suppose the
boundary of Q* is defined by the curve y(Q2). Let yo(0r) = mip = mingepa, ap,] ¥()
and yo(§k) = My, = MaXae(ay,ap] Yoo Let E(2, A, Q) be the difference of the region

Q) and UZ:O Tak,ak+1,ka7 then

area(E(Q, A’ Q)) < Z area(EOék,akH,mk,Mk,Q)

=0
1 . 2 2
=3 Z(cot ag, — cot ag1)| Mg — mi|
=0
1 n
< 5 (cot a, — cot agr1) ([ya(&e)? — valow)?| + lyalaw)® — ya(6r)?])
=0

When Q?||Al| — 0, area(E(Q,A,Q)) < Q?|yallollyallcl|All — 0. Thus, we fix a
large @ such that after k-iterations, the sets of first and second coordinates of the
visible points are similarly ordered. Then fix n large enough and A so that [|A[| < &,
thus the visible points in QQ and (J;_, T, a,,1,m.¢ are ordered the same way, except
for O(Q?/n) terms. Then after k-iteration, the sequence {(¢®,a™) : (¢,a) € QQ}
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and U'_{(¢"®,a®) : (¢,a) € Ty, as1.mo} differ by at most O(k(nQ + Q?/n)) terms.
Thus,

Prjo(t, Q) = Nﬂl(Q)# {z < No(Q) +k — 1: " (gir1, air)) = t, (@5, a5) € QQ}
- Nﬂl(Q) #FQl: I/J('k)<<Qi+l>ai+1)) =t, (g, a) € U Torarsrme@s ¢ +O(knQ + kQ*/n)
r=0
P N
0Pt n];;;z((@@) Torsoriam (@) +O(kn/Q + k/n)

Choose n = Q2 then we see as Q — o0,

llmPk]QtQ—QZZ]l —t//

vezZk s R (7)
since
Qh—r>n Pk’JTO‘T%HWQ —QZZH US —t //
vezk s R (9)
and

Z::o NTar,arﬂ,mr (Q) _ 1
No(Q) =110 (5)
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